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We argue that a finite proposition system in the sense of Jauch and Piron that admits a unital set of states
is necessarily purely classical. Based on this result, we investigate the extensibility of o-additive states on
projection lattices to all projections of a separable Hilbert space.

1. INTRODUCTION AND COMMENTS

The starting point of most quantum logic approaches to
quantum mechanics is the assumption that the proposi-
tion system L (set of yes-no experiments) has the struc-
ture of an orthomodular poset. The structural terms such
as order and orthogonality are interpreted in a more or
less operational manner. One distinguishes the cases
where the center of L is equal to {0, 1}, not equal to L,
or equal to L and refers to L as a purely quantal, quantal,
or purely classical proposition system. The next concept
introduced is that of a state of a physical system which
mathematically turns out to be a probability measure on
the orthomodular poset of propositions.

One of the purposes of this note is to examine the fol-
lowing condition imposed by Jauch! and Piron? on the
states of a proposition system (in their case, at least an
orthomodular lattice):

If wkx)=owly)=1, then wlx Ay =1
This condition which relates the quantal to the classical

“and” has been advocated by these authors in numerous
papers.

In Sec. 4 of this paper we show that a finite proposition
system in the sense of Jauch and Piron that admits a rea-
sonable set of states (unital set of states) is purely clas-
sical (i.e., a Boolean lattice). Likewise, a quantal pro-
position system in the sense of Jauch and Piron with a
unital set of states must be necessarily infinite.

Theorem 4.3 which establishes this result is based upon
a “Hilfssatz” (Theorem 3.5) whose proof is in Sec. 3.
Both theorems will be of importance in the theory of strong
polytopes.? This (mathematical) theory is partially de-
signed to make the connection between the empirical
logic approach*5 and the convex set approach®? to quan-
tum mechanics in the case of a finite system, i.e., finitely
many yes-no experiments.

In Sec. 5 we investigate the extensibility of g-additive

states from projection lattices to all projections of a
separable complex Hilbert space. Based on the results
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in Sec. 4 we then show (Theorem 5.3) that a finite quantal
proposition system which can be ‘“realized” in Hilbert
space always has at least one state that is not induced
by a “Hilbert space state.”” In a sense, Hilbert space as
the state space of a finite quantal proposition system is
too small.

2. PRELIMINARIES

Let {L, <} be a poset with a least element (0) and a
greatest element (1). We say y covers x, in symbols x < y,
if x <z <y implies that z = y, x,y,ze L. An element
xe L is called an atom if 0 < x. L is called atomic if
for every xe L — {0} there exists an atom ye L such
that y < x. L is called atomisticif x = v{yeL|y < x, ¥
atom} for all xe L — {0}.

An orthocomplementation on L is a mapping x — x'
on L such that (i) x” = x, (ii) x v x' exists and is equal to
1, and (iii) if x < y, then ' < x’. A poset admitting an
orthocomplementation is called orthocomplemented. Note
that if x v y exists, then x’ A y' exists and x' A ' =
(x v y). A pair x, y € L is said to be orthogonal, denoted
x L y,if x < . An orthocomplemented poset {L, <, '} is
called an orthomodular poset if (i) x L y implies that x v p
exists, and (i) x < y implies that there exists z e L such
that x L z and x v z = y. One can actually show that
z = x" A y. An orthomodular poset that is indeed a
lattice is called an orthomodular lattice8 It is a well-
known fact that an atomic orthomodular lattice is atom-
istic.?

Let {L, <, '} be an orthomodular poset. A mapping
v:L - R (R the real numbers) satisfying (i) v(0) = 0,
(i) if x Ly, then v(x v ) = »(x) + v(y) is called a
signed state. If we define (fpy + tv)) (x) = tp(x) +
tva(X), t,t2€ R, vy, v, signed states, xe L, then the
set of signed states W becomes a real vector space. A
signed state w for which w(l) = 1 and w(L) = [0,1] € R
is called a state. Clearly, the set of states (2 is a convex
subset of W. (2 is said to be strong for Lif {we Q]w(x) =1}
S {weQ|w(y) = 1} implies that x < y. Qs called unital
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for L if for every xe L — {0} there exists a state we Q
such that w(x) = 1. The implication “strong => unital”
holds true.

Let {L, <,’} be an orthomodular lattice. A state w
is said to be Jauch-Piron if w(x) = w(y) = | implies that
w(x ~ y) = 1. The set Qis said to have the Jauch—Piron
property if every element w € Q is a Jauch-Piron state.

Theorem 2.1: Let {L <,’} be an atomic orthomodular
lattice and assume that Q has the Jauch-Piron property.
Then Q is strong if and only if it is unital for L.

Proof: Assume that {we Q|w(x) = 1} = {we Q|w(y)
= [} for x,ye L. If x = 0 then clearly x < y, so assume
that x # 0. Let z be an atom such that z < x. Since @
is unital there exists a state o such that w(z) = 1, thus
w(x) = 1 and therefore w(y) = 1. The state w being
Jauch-Piron, we get w(z A y) = |. This implies that
z A y#0. Now, zisan atom and 0 # z A y < z, hence
z Ay = z or equivalently z < y. This is true for all atoms
z with z < x. L is atomistic, thus x = v {ze L|z < x,
z an atom} < y. The converse is obvious.

3. A “HILFSSATZ"

We list several definitions and facts concerning poly-
topes!? that will be used in the sequel.

Let W be an Euclidean space and P be a convex subset
of W. An element w € P is called an extreme point of P
provided w = tw; + (1 — Day, @, ws e P, te(0,1)
implies that @ = w; = w,. The set of extreme points of P
is denoted by ext P. A convex, compact subset P of W
is called a polytope if ext P is finite. A polytope may be
equivalently defined as the convex hull of a finite subset
or as a bounded set which is the intersection of finitely
many closed half- spaces. By the theorem of Minkowski-
Carathéodory, P = con ext P. Note that dim P + | <
fext P (dim P = affine dimension of the affine span of P
in W; we put dim @ = —1). If dim P + | = #ext P,
then P is said to be a simplex. Clearly, if P is a simplex
then ext P is an affinely independent set in W; if V¢ W
is a finite affinely independent subset then con V is a
simplex with dimcon V = $ V — |.

Let P be a polytope. A subset a < P is called a face of
P provided that for w;, wy € P, 1€(0, 1), tw; + (1 — Dy
€a < wp;, wgea. A face is a polytope in its own right.
If b 1s a face of a which is a face of P, then b is a
face of P:if bis aface of P and b < a, then b is a face
of a. Note that ¢ = aff ¢ N P. The set-intersection of a
family of faces of P is again a face of P. Therefore, the
set of faces of P ordered by set inclusion, denoted by
{F(P), =}, is a lattice with 0 ( = @) as the least, and
I (= P) as the largest element (as usual A denotes
infimum, v denotes supremum). Note that F(P) is a finite
set. An element a e F(P) covered by 1 is called a facet of
P; an element a e F(P) that covers 0 is called a verrex
of P. A face a # 1 is equal to the infimum of all facets
containing it. The set of vertices of a face a is denoted
by V(a). Note that V(a) = V(1) n a and that V(1) =
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{w}|lweext P} If 0 < by < by < -« < b, < 1, b,e F(P)
(+=0,12, - r), then dim b, = i.

Let we P, the face a(w)= A {be F(P)|we b} is called
face generated by w. Clearly, a v b = a(a U »). The
interior of P is defined to be the set P/ = {we P|a(w)
=1}. Note that P/ = P (= topological interior of P
in the Euclidean topology relativized to aff P). If P #
& then P/ £ @.

If P is a simplex, then § < ext P implies that con Se
F(P). Using this fact one easily shows that {F(P), <! is
a distributive lattice. We get immediately:

Lemma 3.1: Let P be a simplex and assume that V' <
V() If v {rlveV'} =1, then V' = V(]).

Lemma 3.2: Let P and Q be polytopes. If (i) P < O, (ii)
dim P = dim Q, and (iii) F(P) — {1} < F(Q), then P = Q.

Proof: Note that aff P=aff Q, since dim Q=dim P and
P < Q. Therefore, given v e Q, there exists w,, wy € P and
t > 0 such that y = tw + (1—1) w,.

Due to compactness of P, sup{se R|sw, + (I — s) wne
P} is finite and attained, denoted by sy. Clearly s > 1.
Since sw; + (I — S ¢ P for all s > 55, we have wy =
sowy + (1 —sp)wp e P — P Thus a(wg) e F(P) — {1}.

Now, if 0 <t < s, then clearly ve P. If t > sy, then
wo = S/t — {1 — Daft) + (1 — spdwy = s¢ v/t + (} —
Sp/ewy, with o/t (0,1). Since al(we) € F(Q)., v, ws € 0, we
get v, wy e alwy). Hence ve P.

Lemma 3.3: Let P be a polytope and assume that its
face-lattice admits an orthocomplementation ¢ —~ &' such
that {F(P), <, '} is an orthomodular lattice. Then for
any face a, dim a + | = number of elements in a maximal
orthogonal set of elements of V(a).

Proof: We can assume that a # 0. Let {v, vy, -, 1)
be a maximal orthogonal set in V(a). We extend it to a
maximal orthogonal set in V(1), say {vy. vz -,
vmj. Denote b, = viily, for 0 <j<m~ I

Suppose that b, < ¢ < b, v v, , =5, By ortho-
modularity, there exists de F(P) such that d # 0,d L b;
and ¢ =b; vd, but v; o <b,, d<b, hence v, =
b, A (b; v vjip) and d = b A (b; v d). Having b; v d
=c< by v, we get 0#d< vy, v, being an
atom, we conclude that d = v;.5. Thus ¢ = b,,|. By
orthomodularity and maximality of the set in question,
we also get b,,_; = | and b,_;, = a. Therefore, 0 < by <
by < ... <by-y = I, thusdima = dimb, | = k ~ L.

Vi Voo gt

Lemma 3.4: Same assumption as in Lemma 3.3. Let a
€ F(P). If every face b with b < a is a simplex, then a is
a simplex.

Proof: We can assume that dim a > 0, so # V(a) > 2.
Let {v, vz, -**, ¥, V,uy} be a maximal orthogonal set
in V(a). By Lemma 3.3, dima = m. We introduce the
following notation: F = {1,2,3,--, m + 1}, S({) =
con {w;liel} and b(I) = v, v, where I € F and {w,}
=y {ieF).

If I ¢ F, we get by orthomodularity (see proof of the

G. T. Rittimann 190



foregoing lemma), b(I) < a. Thus for all I < F, b(I)is a
simplex.

Assume that I c F. Since {v;|liel} = V (b(I)) and
[0, b(I)] is a sublattice of F(P), thus vic;v; = VeV =
b(I), we get by Lemma 3.1, ¥(b(I)) = {v;|ie I}. There-
fore, b(I) = S(I) for all I = F.

Clearly S(F) < a is a polytope and every face of S(F)
is of the form S(I) for some I = F. Thus every face of
S(F) different from S(F) is a face of a.

In view of Lemma 3.2 we are going to show that S(F) is
an m-dimensional simplex; to do so, it is enough to prove
that {w,, Wy, **s Wy Wmy1) is affinely independent. Clearly,
{w}, Wz, ", w,} is affinely independent since S() (I ={1, 2,
---, m}) is a simplex and V(S(I)) = {w,lie1}. If w,. €
aff {w, -, w,}, then aff S(/) n P = b(I). Hence v,,.; <
Ve orb(I) = v, pv; = a, which is a contradiction.

Therefore, S(F) is a simplex and dim S(F) = m =
dim a. Using Lemma 3.2 we conclude that S(F) = q,
thus a is a simplex.

Theorem 3.5: Let P be a polytope. If its face lattice
admits an orthocomplementation & — &’ such that
{F(P), <,’}is an orthomodular lattice, then P is a simplex.

Proof (by induction): All faces of dimension less than or
equal to zero are simplices. Assume now, that all faces ae
F(P) with dima < m — 1 are simplices. Let b e F(P)
with dimb = m. If a < b, then dima < m — 1. By
Lemma 3.4, b is a simplex. Thus all faces with dimension
less than or equal to m are simplices for —1 < m <
dim P. Therefore, P is a simplex.

4, THE JAUCH-PIRON PROPERTY

Recall that the set of signed states W on an orthomodu-
lar poset {L, < , '} is a real vector space containing the
set of states (2 as a convex subset.

With every x € L we associate a linear functional on
W as follows:

) = vx),ve W.

Note that f,, = fi — f, and that the set of linear func-
tionals obtained in this fashion is total, i.e., f,() =0
for all x e L implies that » = 0. If {L, <, '} is a finite
orthomodular poset, then {f,|xeL} is a finite total set,
hence the dual W*, and finally W is finite dimensional.

Lemma 4.1: Let {L, <, '} be a finite orthomodular
poset. Then £ is a polytope.

Proof: One verifies immediately that Q = 0, f!
[0, 1} n fit [1, 00). Thus Q is the intersection of finitely
many closed half-spaces.

Recall that W is finite dimensional. Since {/f,|xe L}
is a total set, a local base for the unique Hausdorff to-
pology on W (e.g., Euclidean topology) is given by the sets
{N(e, x)|xe L, e > 0}, where N(e, x) = {ve W| |f.()] <
e} together with their finite intersections.
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Now, Q < 2/e N(e, x) for all xeL and ¢ > 0. This
shows that O is bounded. Hence {J is a polytope.

Let {L, <,’} be an orthomodular poset. Denote M
= {xe L| exists we  such that w(x) # 0, 1}. Clearly, if
xe M, then x'e M. If x¢ M, then either w(x) = 0 for
all we or w(x) =1 for all we Q. For if there exist
w1, wo € §F such that wi(x) # 0and wy(x) # 1, then w((x) =
1 and wy(x) =0 since x¢ M. Now (w;/2 + wy/2) (x) =
@1(%)]2 + wo(x)/2 = 1/2. But w/2 + wy/2 € Q, thus (w/2
+ w2/2) (x) = 0 or 1, which is a contradiction.

Given xe L, we define o(x) = {a)eQ|w(x) = 1}. If
tw; + (1 — Hwseo(x), te(0, 1), w, wye Q, then (tw; +
(I = Dw) (x) = tw(x) + (I — Dwx(x) = 1. Since wi(x),
w{x} [0, 1] we conclude that w;{x) = ws(x) = I. Hence
wy, wy € 0(x). The set g(x) € Q is clearly convex, hence
o(x) is a face of Q. Furthermore, note that ¢(0) = 0, (1)
=1(=0),and o(x) = /71 (1) n Q.

Theorem 4.2: Let {L, < ,’'} be a finite orthomodular
poset. Then for every facet a of (2 there exists an element
x € L such that ¢(x) = a.

Proof: (i} Assume that M = @. Furthermore, assume
that Q # @. If there exists w;, wy € 2 such that w; # ws,
then (fw; + (1 — Dwy)(x) =1 or O for all xelL and
for all 1€ R (see the remark made above). We have
(tfw; + (1 — Day) (1) = 1. Therefore, twy + (I — Hw, €
@ for all re R, which is a contradiction since Q is
bounded (Lemma 4.1). Hence O = {w}. This shows that
if M= ¢ then dim Q < 0. Clearly, for these cases the
assertion holds true.

(i1) Assume that M # @. First we show that Q = n .,
[fii(—o0, 1] n aff Q]. Let ve W and assume that v(x)
< I, for all xe M, and that v = rw; + (1 — ) wy for
some wy, we € 2, € R Sincev(l) = 1 and v(x") = v(1) —
v(x) < 1, we get v(x) > 0 for all xe M. If x ¢ M then
v(x) = tw(x) + (I — Hay(x) = 0 or 1. Therefore, v is a
state on L. The converse is obvious.

Now, if a = @&, we are done. If ¢ # @ then ¢/ # @.
Select w e a/. We claim that there exists x € M such that
fdw) = 1. If it is not so, then we n ,_p [fi'(— o0, 1) N
aff @] = Q. Thus we Q% since w is contained in the
intersection of finitely many open sets in the Euclidean
topology relativized to aff 2 and this intersection is con-
tained in Q. Since Q% = Q7 we get | = a(w) < a which
contradicts the assumption that a is a facet.

Now let x be an element of M such that fi(w) = L.
Since we f7(1) n Q = a(x), we conclude that @ = a(w)
<o(x). But o(x) # 1, or else x ¢ M. Since a is a facet,
we get a = g(x).

Theorem 4.3: Let {L, <,’} be a finite orthomodular
lattice. Its set of states Q is unital and has the Jauch-
Piron property if and only if {L, <} is a Boolean lattice.

Proof: A finite orthomodular lattice is both atomic and
atomistic. Hence, if Q is unital then, by Theorem 2.1, Q
is also strong. Therefore, the mapping xe L — g(x) €
F(Q) is an order isomorphism, i.e., x< y < g(x) < a(y).
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Note that in this case the above mapping is one-to-one.
Using again the Jauch-Piron property of £, we get
(A jerX;) = A 0(x,), the infimum of faces being equal
to their set intersection.

Let ae F(Q) — {1} and let {b;, by, ---, b,,} be the set
of all facets each of which contains a. Then a = A5,
By Theorem 4.2, to every 1 < i < m, there exists an
element x;€ L such that b, = g(x;). Now o(AZx;) =
APy o(x;) = Ayb, = a. Therefore, the maping x — o(x)
is an onto order isomorphism.

Given a€ F(Q) define a' = g(s7(a))’. One immedi-
ately verifies that @ — 4’ is an orthocomplementation on
{F(Q), <} that makes {F(Q), <, '} into an orthomodular
lattice ortho-order isomorphic to {L, <, '}. Using The-
orem 3.5, we conclude that Q is a simplex. The face-
lattice of a simplex being distributive, we conclude that
{L, <, '} is a distributive, complemented lattice, hence a
Boolean lattice.

The converse of the theorem is easily shown.

5. PROJECTION LATTICES WITH THE
EXTENSION PROPERTY

Let H be a separable complex Hilbert space of dimension
greater than or equal to three. B(H) denotes the set of
bounded linear operators on H and P(H) denotes the
set of orthogonal projections on H. We define a partial
ordering in P(H) as follows: E < F<> EF = E (= (¢, E¢)
< (¢, Fg) for all ¢ e H). Then the poset {P(H), <} isa
complete lattice with the identity operator as the greatest
element and the zero operator as the least element. The
mapping E - E+ = 1 — E is an orthocomplementation
that makes {P(H), <, 1} into a complete orthomodular
lattice.

A subcomplete sublattice {L, <} of {P(H), <} that
contains 1 and is closed under the mapping E — E* is called
a projection lattice. Clearly, {L, <,*} is a complete
orthomodular lattice. Note that the set of projections of
a von Neumann algebra equipped with the induced order
is a projection lattice.!1

We are going to consider g-additive states on projection
lattices. Generally speaking, a state w on a orthomodular
poset L is said to be g-additive provided that for every
countable set {x;}%2,; = L of pairwise orthogonal ele-
ments for which v2,x; exists, w(v2;x;) = L2 0(x,)
holds true. It is obvious that, by restriction, every ¢-ad-
ditive state on P(H) induces a g-additive state on every
projection lattice. A projection lattice {L, <} is said to
have the extension property provided every g-additive
state on L can be extended to a g-additive state on P(H).
The issue of this section is to give a characterization of
those finite projection lattices that have the extension
property.

We need the following lemmas:

Lemma 5.1: Let D be a von Neumann density operator
and £ be a projection on H. Then tr (DE) = 1 if and only
if DE = D.
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Proof: Assume that tr(DE) = 1. Then tr(DE-) =
tr(D(1 — E)) = 0. Since 0< D = D* we get 0=
tr(DE*) = tr(E+ DE+) = tr(E+ 4/ D «/DE*) = tr((+/ D E*)*
(/D EL)). Having 0 < (4/ D EY)* (/D EY) we conclude
that (v D EY* (/D EX) =0, thus +/ D E* =0. Hence,
0= +D+DE'=DE* =D — DE. Therefore, D= DE.
Conversely, if DE = D, then tr(DE) = tr(D) = 1.

Lemma 5.2: Let F, Ec P(H) and D be a von Neumann
density operator. Then tr(DE) = tr(DF) = 1 implies that
tr(D(E A F)) = 1.

Proof: tr(DE) = tr(DF) = 1 implies that DE = DF =
D. Multiplication is continuous in the strong operator
topology, thus D(E A F) = D s-lim,_., (EF)" = s-lim,,_,
D(EF)* = D. Thus, tr(D(E A F)) = 1.

Theorem 5.3: Let {L, <} be a finite projection lattice.
The following statements are mutually equivalent:

(1) L has the extension property;

(i) {L, <} is a Boolean lattice;

(iii) the elements of L commute pairwise.

Proof: (i) <> (iii): A well-known fact.

(i) = (ii): Assume that for every state we (L) there
exists a g-additive extension w™~ to P(H). By Gleason’s
theorem!2 there exists a von Neumann density operator
D such that @ (E) = tr(DE) for all Ee P(H). Now if
w(E) = w(F) for E, Fe L, then tr(DE) = tr(DF) = 1.
Thus, w(E A F) = o (E A F)=tr(D(E A F)) =1 by
Lemma 5.2. Thus 2 (L) has the Jauch-Piron property.

Given Ee L — {0}, select ¢ e E(H) with |¢] = 1.
Then the linear operator Dy, defined by Dy¢ = (¢, ¢) ¢,
is a one-dimensional projection, hence a von Neumann
density operator having the property that D E = Dy,
Then the mapping Fe L — tr(DyF) is a state on L and
tr(DyE) = tr(Dg) = 1. Thus Q(L) is wunital for L.
Therefore, by Theorem 4.3, {L, <} is a Boolean lattice.

(i) = (i): Let {L, <} be a finite projection lattice and
assume that it is Boolean. Let {E|, E;, -, E,} be the
set of atoms in L. We have E; L. E, for i # jsince L is
Boolean and also v2,E, = Y E; = 1.

Now, let w be astateon L. For every 1 < i < m selecta
normed vector ¢, € E,(H) and define ¢ = X% v w(E;) ¢:-
Then ||| = since X7 E; = | and D, becomes a von
Neumann density operator. The mapping F — tr(DyF)
is a g-additive state on P(H). One easily verifies that
tr(DyE;) = w(E,).

Since every nonzero element in {L, <} is the sum of a
subset of the atoms {E;, E,, ---, E,} and the trace-func-
tional is linear, we get the assertion.

One final observation:

Theorem 5.4: The projection lattice of a von Neumann
algebra, acting on a separable complex Hilbert space H,
and not containing a type I, factor as direct summand
has the extension property.

Proof: Let N be a von Neumann algebra not contain-

G. T. Rittimann 192



ing a type I, factor. We denote by {L(N), <} the pro-
jection lattice of N. Let 4 € N and w be a g-additive
state on L(N). Let {E;}, resp. {F;}, be the spectral
family of (4 + A*)/2, resp. (4 — A*)/2i. We have {E;},
{F} = L(N).

Lodkin has shown!3 (‘“‘generalized Gleason theorem™)
that the positive functional

74 = fRdwE + i{2do(F),

is linear in N. Clearly, f|L(N) = w. Recall that if H is
separable and g is a positive linear functional on a von
Neumann algebra ¥, then g| L(N) is a g-additive state on
L(N) if and only if g is ultraweakly continuous on N and
g(1) = 1.1 Furthermore, to every positive, ultraweakly
continuous linear functional g on N there exists a posi-
tive, ultraweakly continuous linear functional g~ on B(H)
such that g~ |N = g and g~(1) = g(1).15

Thus, f is a positive, ultraweakly continuous linear
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functional on N. Let f~ be a positive, ultraweakly continu-
ous extension to B(H). Then f~|P(H) is a g-additive
state on P(H)and f~|L(N) = fIL(N) = o.
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A recently developed formulation of the inverse source problem as a Fredholm integral equation of the

first kind provides motivation for the development of analytical characterizations of the nonuniqueness in
the inverse source problem. Nonradiating sources, i. e., sources for which the field is identically zero
outside a finite region, are introduced. It is then shown that the null space of the Fredholm integral

equation is exactly the class of nonradiating sources.

1. INTRODUCTION

Recently, Bleistein and Bojarksi! presented a new
formulation of the inverse source problem for the scalar
wave equation. The source function is shown to be a
solution of a Fredholm integral equation of the first
kind. Here we consider that equation and the extension
of the formulation to Maxwell’s equations, as well.

We show that the solutions to these integral equations
are not unique. We further relate this nonuniqueness
to features of the direct radiation problems.

More specifically, we give analytic characterizations
of sources which produce no radiated field. We show
by example that such nonradiatiating sources do exist.
Furthermore, we exploit our representation of the
class of nonradiating sources to show that they are also
the elements of the null space of the integral operator
which arises in our formulation of the inverse source
problem. This is true both in the scalar and in the
electromagnetic case. Thus, if nonuniqueness is to be
viewed as a flaw, in these cases it is a flaw of the direct
radiation phenomena, rather than a flaw of our formu-
lation of the inverse problem.

For sources known ¢ priori to be impulsive with
known time of impulse, we find a unique solution to the
scalar inverse source problem. For the vector problem,
information about the vector nature of the source is
required, as well. Research is presently in progress
on the other types of additional information that suffices
to make the solution of the inverse source problem
unique.

We note that the existence of nonradiating sources has
been demonstrated earlier in the literature. For ex-
ample, one can use Green’s theorem to replace a source
distribution in a domain by a monopole-dipole distribu-
tion over any surface bounding that domain (see, for
example, Ref. 2, p. 192) such that each yields the
same field outside the bounding surface. This demon-
strates nonuniqueness. The “difference” of these source
distributions then yields zero field outside the bounding
surface.

An alternative demonstration of nonradiating sources
proceeds as follows.® Let us suppose that we seek
a nonradiating source for the wave equation, for ex-
ample. Let fbe a function which is zero outside a finite
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domain. Apply the wave operator to f and let this new
function be a source for the wave equation. The solu-
tion to the inhomogeneous wave equation with this
source is f, itself, which is zero outside a finite do-
main. Thus, the source is nonradiating.

In an earlier paper, Miiller? also discussed (far field)
approximately nonradiating sources from the point of
view of efficiency of radiating systems.

We repeat that the additional characterizations of non-
unigueness which we present here are relevant to our
analysis of the inverse source integral equation. We
remark that Friedlander presents one of our character-
izations as an asymptotic result. That is, for the wave
equation, he shows that the radiated field is zero to
order 1/7, with » being the distance from the origin,
if the Fourier transform of the source distribution is
zero on the hypercone, w=ck. Here w is frequency,
¢ is sound speed, and % is wavenumber.

2. SOME REMARKS ABOUT DIRECT PROBLEMS

Here we shall discuss the direct problem. Our ob-
jective is to bring out certain features of the direct
problem which are relevant to the uniqueness or deter-
minacy of solutions of the inverse problem.

To begin, let us consider the wave equation

1 o
(Vz— ?é?) U(r,t):—F(r,t), r:(rl,rz,rg)z(x,y,z),

2.1)
with

Ulr,#)=0, F(r,)=0, t<i,. 2.2)

Here V? is the three-dimensional Laplacian and ¢, is
finite. Furthermore, we shall assume that the source
distribution is confined to (assumed to be nonzero only
in) a finite domain /) ,. This domain is assumed to be
contained in a large domain /) (see Fig. 1). Ultimately,
in the inverse problem, we shall assume that the radi-
ated field is observed on 3/).

We introduce the time transform,

ulr,w)= [ Ur, D expliwt) di (2.3)
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and the space-time transform
ulk, w)= [ [ [ [ Ulr,t) explilwt -k - r]} at &

= ([ ulr,w)exp(- ik -r)dr. 2.4)

Here, the domain of integration is all of space in the
latter, all of space—time in the former. Throughout,

we shall adhere to this convention of denoting functions
in space—time by capital letters, their temporal Fourier
transforms by lower case letters and temporal-spatial
transforms by lower case letters with tildes (~) over
them.

The time reduced problem equivalent to (2.1) is

(V2 +w? Aulr,w) = - Ar,w) (2.5)
with # outgoing, which we represent as
expliwr/c) =~
ulr, w) ~ E‘—I’G;— Uy, w), r— . 2.6)
Here, we have introduced the notation
r=|r|, r=r/r. 2.7

We shall refer to u,(?#,w) as the phase and range novmal-
ized far field amplitude.

We introduce the outgoing Green’s function

)= exp(iwk/ c)

R
R, 47R

, R=|r-r'|, 2.8)

and can then express the solution to (2.5) and (2.6) as

ulr,w)= [ [ [ fr', w)gR,w) & . 2.9)
)

0
Let us define a positive number “q” such that the sphere
of radius a centered at the origin contains the domain
D, and that this sphere, in turn, is contained in /).
For »>a, we may represent u by

W i P (wv/ €)Y, (8, ¢)

1=0 m==1

u(r,w)=

Xfaf;m(f, w),{w?/ cr'?dr, (2.10)

r>a.

Here, we have used the representation of g valid for
r>a, v <a (Ref. 5, p. 541). In this equation

finl?' @)= | "sing’ a6’ f:' g’ ', w)Y3,(6', ¢'),

1=0,1,2,---, |m|<L (2.11)
These functions are also the coefficients of f in the

expansion

FO,0)= 250 L foulr, )Y (6, )

1=0 m=-1

(2.12)
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with respect to the complete set of functions Y,,(6, ¢).
From the form of (2.10), we see that the radiated field
(i.e., u for v> a) depends only on the projections of the
coefficients f,, on the functions ¥%j,(w7/¢), |ml<1.
Thus, we can create a source for which there is no
radiated field by setting these projections equal to
Zero.

We introduce the following:

Definition 1: Let f(r,w) be a source function which is
nonzero only inside a finite domain /),. Such a source
will be called nonradiating if the solution (2.9) is zero
outside of some sphere containing /).

By studying the spherical harmonic expansion of the
solution we have proven the following.

Lemma 1: A source f, nonzero only inside a finite
domain /) ,, is nonradiating if and only if the integrals

Cim= [ finl?, @Yy w7/ )7 dr (2.13)

are gero for all /=0,1,2,---, |ml<], with the sphere
of radius a sufficiently large to contain /).

We shall now generate a nonradiating source by using
this idea of projection. Let fbe given by

jolw?/ c)
B(r) - w02 , r<a,
fr,w)= Is7i3wr/ cyar @.14)
0, r>a.

Here 5(r) is the Dirac delta function. The function f was
constructed merely by seeking a function exactly of the
form (2.12) but having the same projections ¢,, as the
delta function. One can now verify by direct substitution
into (2.9) or (2.10) that, in fact, for this source, the
radiated field is identically zero.

We note here that the integration in (2.15) can be
carried out explicitly to yield

£, ) =0(z) - (2~“’)

c

Folwv/ ¢)
[2wa/ ¢ - sin2wa/ )|

, rY<a.
(2.15)

Indeed, we can even obtain F(r,!) explicitly. The result
after much calculation is

F(r,t)

o o (- 229 (- )
IS IER O
(Y [C-2p (-0 (3

g
DN} =

F(r,t)=0, r>a. (2.16)

The main point of this result is to explicitly exhibit that

the source has finite extent both in space and time, i.e.,
the source is physically reascnable,
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We see in this example that by observing the radiated
field outside r=a, we cannot distinguish between the
impulsive source 5(r) and its “equivalent source”
implicit in (2.13). Indeed, if we replace a by a’ <a
in (2.13), we obtain a whole continuum of equivalent
sources indistinguishable from &(r) on the basis of
observations of rvadiated field data, alone. We emphasize
this latter point since, as we shall indicate below,
certain types of additional pieces of information will
suffice to eliminate such nonuniqueness.

We shall now derive an alternative characterization
of nonradiating sources. To do so, we consider the
space—time Fourier transform of the source, namely,

foe,w)= [ f [ fle, w)exp(~ &k - 1) d°r, (2.17)
re<g
and substitute in this formula the identity (Ref. 5, p.
567),

exp(o ik - 1) =41 25 2, (= i), (0T, (@, BYE(®, 0.

1=0 m=-1

(2.18)

Here (8, ¢) are the polar angles of r and (a,8) are the
polar angles of k. We find that

]N’(k,w):41r i 5:/

1=0 m==1

(= 'Y, (@, ) / " fonlr, )i (k) 2,
0 2.19)
with f;, defined by (2.11),

If f is a nonradiating source, then the integrals on
the right in (2.19) are all zero when

w=ck. (2.20)

This is a four-dimensional cone in (k, w)~space and we
see that on this cone the transform f(k, ck) is zero.
Alternatively, if 7(k, ck)=0, then, by the completeness
of the functions Y, {(a,B), the integrals in (2.19) must
all be zero for w =ck. Thus we have proven the
following:

Theorem 1: Let f(r, w) be a function regular enough
to have an expansion in spherical harmonics and non-
zero only for » < g for some finite ¢. Then f(r,w) isa
nonradiating source if and only if

fk, ck)=0,
The energy radiated at frequency w can be shown to
be proportional to the integral of |f|% over the surface
k=w/c; see, for example, Ref. 6, Sec. 1.2, Thus,
the sources we have defined as nonradiating indeed do not
contribute to the radiated power.

(2.21)

We turn now to the case of Maxwell’s equation, in
which there arise new features not present in the scalar
case. We consider electromagnetic fields E and H which
arise due to a current density J. Again we shall use
lower case letters for temporal transforms and (an
over tilde) on lower case letters for full spatial temporal
transforms.

We quote the following”:

e(r,w)=iw [I+ 5?2 VV] -a(r,w), 2.22)
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rir,w)=p"'vXxa(r, w). (2.23)

Here, u is the magnetic permeability, a(r,w) the
vector potential,
alr,w)=p | g(R,w)jt’,w)dV", 2.

with g defined by (2.8), /is the 3X3 dyadic identity
operator, and VV is the dyadic differential operator
with elements

24)

3
a7,

v

(vv),y:;r- , A, v=1,2,3. (2. 25)
A

As above, our interest is in nonradiating sources.
For this purpose, we use (2.24) to rewrite (2.22) as

e(r,w):-iwu/g(R,w)[1+ g-zvv] jir,w)dv'.
(2.26)

We now introduce the notion of a nonradiating current
density.

Definition 2: Let j(r,w) be a current density which is
nonzero only inside a finite domain /),. Such a source
will be called nonradiating if the solution (2. 26) is zero
outside some sphere containing /).

We note that outside of /),, e and h are related
through a curl. Thus, if e is zero, so is h.

1t follows from (2.26) that j is nonradiating if and
only if the three components of

C2
are nonradiating in the sense of Definition 1. Thus,

from Lemma 1, we conclude the following:

Lemma 2: A source j nonzero only inside a finite
domain /), is nonradiating if and only if the integrals

a ¥ 2r
c,mzf drf sin9d9/ o, (wr/ ¢)
[} 0 o]

XY’;‘m(G,¢)[I+ :—Zvv] j(r, w) (2.27)

are all zero, 1=0,1,2,-.., Iml</[.

Paralleling the discussion of the scalar case, we in-
troduce the Fourier transform

fff [1+ (f;vv] J(r, w)exple & - 1) dr

2 ~
- [1_ %kk] j, w). (2.28)
Here kk is the dyad with components
(kk)lu:k).ku’ A v=1,2,3. (2. 29)

We now apply Theorem 1 to each component of the
transform here. Alternatively, we can expand the ex-
ponential according to (2.18) and compare each coeffi-~
cient to the ¢;,’s in (2.27). Either of these methods
leads to the following conclusion.

Lemma 3: A source j, nonzero only inside a finite
domain /) ,, is nonradiating if and only if

(1~ %R] - §ik, cr)=0. 2. 30)
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Here k% is the unit dyad formed by dividing by £? in

(2.29). We note that I- kkis a projector since
[[-FRR=I-Fk, (I-FER), =(-FkE),. (2.31)

This projector annihilates the “radial” component of a
vector in k space,

[I-FR]- b=k~ R(k-B) =0, (2.32)

while leaving the “angular” part of the vector unchanged.

Thus, the restriction that j be nonradiating means
that on the four-dimensional cone, w =ck, § is wholly
in the % direction. (In particular, it might vanish com-
pletely.) The amplitude of this vector on w =ck can be
expressed in terms of the charge density through the
continuity equation,

V. i(r,w)+iwp(r,w) =0, (2.33)
Upon applying the Fourier transform we have
BTk, w) =wpk, w)/ k. (2.34)

Now, if (2.30) holds, i.e., if j is nonradiating, then
Tk, ck) = cpk, ch)k (2.35)

which explicitly exhibits T as a vector along % when
w=ck.

It is interesting to further study the implications of
(2. 34). To this end, we introduce

Ty=(-Be=Fkwpk, wk. 2. 36)

That is, L is a particular solution of the transformed
continuity equation. To invert the spatial transform
here we employ the following:

(i) multiplication by #k is the transform of V;
(ii) k72 is the transform of (47»)!;

(iii) the transform of a product is the convolution of
the transforms, Thus, we conclude that

_ —iw Vip(r',w)  _,

Iv= y /]] —g —dv
DO

_ —iwV /f/p<r',w> ,

= AV,
DO

R:[r—r'),

(2.37)

That j, is nonradiating may be checked directly by sub-
stituting (2. 37) into (2.24), observing that a is then the
gradient of a scalar and hence a in (2.23) is identically
zero. Then e is zero, as well, outside of /),. The
remaining part of j,

-2k =7 =74, (2.38)

may be written as the cross product of % with a vector
whose radial component is arbitrary. The inverse
transform of this cross product is a curl of a vector.
It is this part of j which produces a radiated field,
except when Lemma 3 is satisfied.

Again, from Ref. 6, Sec. 1.2, we note that the power
radiated at frequency w is proportional to {{I - k&]-j}?
integrated over the surface 2=w/c. Thus, as in the
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FIG. 1.

ah

scalar case, our definition of a nonradiating current
distribution is consistent with this definition of radiated
power.

To recapitulate: For the scalar wave equation we
have demonstrated a whole class of source distributions
which are nonradiating. For Maxwell’s equations, the
class of nonradiating sources was even richer since it
included sources determined from the scalar character-
ization and still others which arise as a consequence of
the specific vector nature of Maxwell’s equations.

3. THE WAVE EQUATION—-FAR FIELD
OBSERVATIONS

We shall consider here the problem defined by (2.1)
and (2.2). Our objective is to derive a fundamental
identity relating the Fourier transform, f(k,w), of the
source distribution, F, to the phase and range nor-
malized far field amplitude, u,, defined in (2.6). We
shall then discuss some of the implications of this
identity for inverse source problems. The constraints
on F imposed below Eq. (2.2) still apply. The signal
U(r,t) is observed over the entire boundary 3D in Fig.
1. (If the observations are not made in the far field,
38U/ an must be observed, as well.) We seek informa-
tion about F in terms of the values of U observed on
oD,

We turn immediately to the time transformed prob-
lem (2.4) and (2. 5) and the solution representation
(2.9). We are interested in values of R on /). As our
definition of “far field” (»>> ') observation, we require
that 3/) and /), are such that the expansion,

R~y-v-r', rcdD, v'c /), (3.1)

is valid. We use (3.1) in the phase of the Green’s func-
tion (2. 8) and replace R by 7 in the amplitude of the
Green’s function. The solution formula (2. 9) then
becomes

ur, )~ /ff el ‘2‘1[:»; ror'l i, w) &,
b
0

A comparison of (2,6) and (3. 2) yields the result

uo('?,w):jfj exp(— iw7 v/ c)f(v’,w) & .

0
0

Since f=0 outside of /),, the integral here can be ex-
pressed in terms of the spatial temporal transform,
(2.17),

redf).
(3.2)

(3.3)

uo(;’,w)=;(w;/ c,w). (3.4)
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If we identify the direction of observation with the direc-
tion of k,

Y=k, (3.5)
then (3.4) yields information about f,
F&, ck) =uy(k, ck). (3.6)

By observing everywhere on 3/}, we obtain (3.6) for
all directions of k. Thus we obtain the Fourier trans-
form f(k, w) on the four-dimensional cone

(3.7

Unfortunately, (3.6) provides insufficient information
about the transform of the source distribution to allow
for the determination of F through Fourier inversion.
However, it should be noted that (3.7) is the same cone
on which we found that the transform was zero for
nonradiating sources. Thus, were we to obtain informa-
tion about f here elsewhere but on the cone, we would
be obtaining information about the nonradiating part of
F from radijated field observations, alone. We note,
further, that if f(k, ck)=0, i.e., the source is non-
radiating, then u,(k, ck)=0. This is Friedlander’s
result.

w=ck.

We close this section with a single example in which
additional information about the source distribution
allows us to determine it completely. Let us suppose,
then, that we know a priori that the source is impul-

sive, i.e., that F has the form
F(r,t)=F,(r)5(t) (3.8)

and we wish to determine F,. In this case, the temporal
transform defined by (2,17) is given by

flr,w)=Fo(r), (3.9)
and from (3.6)

Folk) =uy(k, k), (3.10)
which allows us to completely determine F, by

Fy(r)= @1;)-3 /f f exp(ik - Puy(k, ck) d°k. (3.11)
For example, if the actual source was

Fr,t)=8{(r - r,)5(1), (3.12)

then the actual solution to the reduced problem would be

ulr,w)=g(|r ~1,|,w) ~expliwr/ c — iwr -1/ c)/ 4nr.

(3.13)
Thus, ideally, we would observe on 3/),
Uo(¥, ) =exp(= iw7 - o/ ) (3.14)
or
uo(lz’,, ck)=exp(ik - r,). (3.15)

By inserting this result in (3.11) we obtain

F(r)= —(%)3 /f/ explik: (r —r )|k =56(r - 1)
(3.16)
which is, indeed, the correct source.

We remark that g priori knowledge of a multiplicative
time dependence &(¢) presents little added difficulty
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here. In this case, we replace (3.8) by

F(r,t)=F,(r)e (), (3.8)
and correspondingly,

fr,w)=F,(Now), (3.9)

I’;‘O(k) :uo(’}, Ck)/¢(Ck), (3. 10)’

Fy(r)= (—2—1}—)3 ff[ exp(ik - T)uy(k, ck) ¢ (ck) dsé. Ty

The fact that the assumption (3. 8) leads to a unique
determination of the source, shows that if, in (2.5),
the source f(r, w) is replaced by f(r), then the inverse
problem has a unique solution. This could cause the
unwary to conclude that the full inverse problem has
a unique solution, which is, of course, not true.

4. THE WAVE EQUATION—-GENERAL CASE

In this section we remove the restriction of far field
observations by use of an inverse source integral equa-
tion developed by Bleistein and Bojarski.' The basic
idea is to use two “independent” Green’s functions,
say, the outgoing function (2.8) and the incoming
Green’s function

g R,w)=exp(~iwR/c)/41R (4.1)
to form the Green’s identities
—ulr,wly(0;0) + [ | | gR, w)f(r’, w)d®
0
= fn' - V' g -gV'u)ds', 4.2)
90
Culr, ol (030 + [ [ [ 2R, 0) S, 0) a5
)
(4.3)

:ffn’ - WV g* - g*V'u)ds'.
00

Here, R=Ir—r'l, y();r) denotes the characteristic
function of /), i.e.,

rc
y(D;ir) = {1 <0
0rfp,
#' is the unit outward normal to /) and V' denotes the
gradient in the prime coordinates (integration variables).
We note that

“4.4)

g8, 0) - (R, 0) = 5 SinWR/ €)= 2 jo (@cﬂ) ,
4.5)

with j, the spherical Bessel function of order zero., We
subtract (4. 3) from (4.2) to obtain the integral equation

S S fidwR/ e’ ) = 0(r,w), R=|r-r'|

Do 4.6)
with
o(r,w)=[ [ n « [ulr’,w)VjwR/c)
Y
~jolwR/ IV ulr’,w)] dS’. 4.7
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Here, the right side is a function of the observed values
of u and 3u/9n on 8. Thus, this is a Fredholm integral
equation of the first kind for the unknown source f.

As in the previous sections, we assume that f vanishes
outside a domain 2,c . Thus, on the left side, we
replace the domain of integration by all of 3-space. We
then take the spatial Fourier transform (2.4) in (4. 6),
taking advantage of the convolution form on both sides of
the equation to obtain

Folwk/ o)f (k, w) = — j,(wk/ c)ﬁw ] exp(- ik - r')n’

X [iku(r’, w) + V'ulr’, w)}ds'. (4.8)

At this point, it appears that we can solve for the spatial
temporal transform of F by cancelling the common fac-
tor ]~0 Unfortunately, this is not possible since

~ wk 273 w
Jo = =—70(k=-~

which is zero, except on the four-dimensional cone,
w=ck. Once again, we can only determine f(k,w) on
this cone as

4.9)

}(k, ck)=— fa ) J exp(-ik- ' - Liku(r’, ck)y +V'u(r’, ck)] ds’

(4.10)

Thus, we again obtain an equation of the type (3.6),
except that the right side is a more complicated function
of k. To recapture (3.6) from this result, one must use
the far field approximation (2.6) and then calculate the
integral here by two-dimensional stationary phase.

Let us return now to the example of Sec. 3 in which
we assume that F is impulsive and given by (3.8). Then
in place of (3.10) we find that

fo(k):—f”f exp(~ ik - v )’ - ldku(r’, ck) + V'u(r’, ck)] as’
(4.11)

and F,y(r) is given by the inverse transform of this func-
tion. One can further carry out the calculations in the
special case (3.12) to reproduce the source by invert-
ing the transform here when u is given by (3.13).

Again, our comment at the end of the previous sec-
tion about nonuniqueness in general despite uniqueness
in the specific example should be noted.

5. INVERSE SOURCE PROBLEMS FOR
MAXWELL'S EQUATIONS

We shall consider here the inverse source problem
for Maxwell’s equations. Our discussion shall parallel
that of Secs. 2 and 3. Our objective is to derive the
analog of the identity (3.6) for the case of far field ob-
servations, then to derive an exact integral equation
such as (4. 6) for this vector case and finally to derive
the extension of (4. 10) to this case.

We assume that (time-transformed) fields e and h
arise due to a current distribution j confined to /J; of
Fig. 1 and that these fields are observed on/). The
fields are outgoing, which we characterize, in analogy
with (2.6) by
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exp(iw7/ c)

iy (5.1)

e(r,w)N eo(;’)w)) Y ®,
)~ exp(iw?/ ¢)

dnr (5.2)

h(r,w ho(7, w), 7—co.
We shall first consider the case of far field observa-
tions. In analogy with (2.9) we begin with the solution

formula (2.22).

We use the same assumptions and criteria for far
field here as were used in Sec. 3, thereby obtaining in
analogy with (3.2)

)~ iwy expliwr/ c) (
4rv

x /ffexp(—iw;-r'/c).‘l(r',w)d“r’. (5.3)

Here, #7 is the three-dimensional dyadic formed from
the components of #. By comparing (5.1) and (5.3) we
conclude that

e(r,w I-77)

e,(7,w)=iwp{ - #7) -J (¥ ¢, w), (5.4)

with J the fourfold Fourier transform of j with each
component transformed as in (2. 4). This result is the
analog of (3.4). If, again, we identity # with % (3.5),
then in analogy with (3.6), we obtain

e(k, ck) =icku(l - k&) Tk, ck). (5.5)
Thus, we obtain the nonradial portion, ]— k(I:e -i), of the
transform of? only on the four-dimensional cone, w
=ck. We have seen why this is to be expected from the
point of view of the direct problem. We further note
here that the presence of the projector /- 77 in (5.4)
and, consequently, [- 2k in (5.5) reflects the property
that e, is transverse to the direction of propagation.

In order to parallel the discussion of Sec. 4, we be-
gin from a vector generalization of (4.2) for Maxwell’s
equations. To do so, we introduce the Green’s dyadic

2
G(R,w)=<1+£—5VV)g(R,w), R=|r-r']. (5.6)
The scalar Green’s function g is defined in (2. 8) and

the dyadic operator appearing here is defined below
(2.24). Similarly,

2
G*(R,w):(l+§vv)g*ue,w), (5.7)
with * denoting complex conjugate.
The Green’s identity corresponding to (4.2) is”
e(r,wly(D;1)—iwp [ [ [ GR,@)-j(r’, w) &
2
=J, [ {&x (V" xe)-ex(v' xG)} . (5.8)

The function y(/); r) is defined in (4.4). If & is replaced
by &* here, the equation remains valid, as well. The
difference of these two equations leads to the analog of
(4.6) and (4.7), namely

—iwp /ff[(l+ wiz V’V')ju(%%)] Ji’, w)d¥r =6(r, w),
)

(5.9)
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e(r,w):ffﬁ'.{[(ui—:v'v) 'jo(%ﬁ)] X (V' xe)
ijv'x[(1+wi:v'v> ]0(“’—5’)]} v, (5.10)

Integration by parts in (5.9) yields the following alterna-
tive form:

—iwu’/-f'/jo(%)(ﬂr wizV’V) G, w) By =0(r, w).
)

(5.11)

Equation (5.9) or (5.11), along with (5. 10) provides the
generalization of (4.6) and (4.7) to the inverse source
problem for Maxwell’s equations, As in Sec. 4, these
are Fredholm integral equations of the first kind. By
taking the spatial Fourier transform in either equation,
we obtain the generalization of (4. 10),

—ickp( - FRY Kk, ck)
= J,, J exp(= ik -x) - {(I - kR) x|V xe(r’, ck)]

+e(r’, ch) x|k x (I - BB)]} dS’. (5.12)

Thus, on the four-dimensional cone w = ck, we obtain
an expression for that part ofi which gives rise to the
radiated field. This type of result is consistent with our
analysis of the direct problem in Sec. 2.

We close this section with a simple example in which
a unique solution is obtained for j despite the inherent
nonuniqueness in (5.17). Thus, let us suppose that the
original time dependent source is impulsive and re-
stricted to being horizontal. Therefore,

J(r, N=J,0)6(t), JTo=J,,7, +J 75 (5.13)
In this case, we would seek a solution of (5.12) of the
form

In addition, from (5.12), J(k) must satisfy the equation

(I = kk) K = (I = BR) T, (K). (5.15)
This equation has as a particular solution

(= 7R) -To(k),
and as a general solution

J&®) = (I - kk) -T,(k) + p&)E (5.16)

with ¢(k) an arbitrary scalar function of k. We now use
the constraint in (5. 14) to conclude that

YR+ vy == 17 = (75 - )R] -To(k) = (75 - BB - Tp(K). (5.17)
Thus we can solve for y(k) and conclude that, indeed,
1) =T, ). (5.18)

We note that we have used the fact that the source was
impulsive —information of the type used in the scalar
problem—and, in addition, we used information about
the vector nature of the source distribution. Together,
this added information sufficed for the unique deter-
mination of J and hence J(r,#). As in Sec. 4, we could
as well solve the problem if 6(¢) were replaced by a
known time dependence &(t).
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6. NONUNIQUENESS IN INVERSE SOURCE PROBLEMS

We shall discuss here, the integral equations (4.6)
and (5.11). We shall show that both integral operators
have nontrivial null spaces, i.e., that in both cases the
homogeneous equation has nontrivial solutions. We shall
also show that, in fact, the null spaces are the sets of
nonradiating sources defined in Sec. 2.

We begin by defining the null space for the scalar
problem.

Definition 3: The source function
flr,w)= [ F(r,t)expliwt)dt

is said to be in the null space N(a) if f vanishes for
r>a and

S [ [ iolwR/e)(x' ,w)d® =0, R=|r-r'|.
ria

(6.1)

(6.2)

We note that jo(wR/ ¢) has the spherical harmonic
expansion

© 1 !
a(%) =41 2, 2 jz(wl)jx(%) Y16, 9)Y 7,67, 0").

120 m=-1 ¢
(6.3)

By comparing (6.3) and (2.10) we see that j, and g have
the same r’ dependence at each order [,m. Thus we
conclude the following.

Lemma 4: f(r,w) is nonradiating and vanishes outside
r=a if and only if fis in N(a).

Proof: Let f vanish outside »=a. Substitute (6.3)
into (6.2) and conclude that such a function f is in N(a)
if and only if the coefficients c,, defined by (2.14) are
all zero. However, the vanishing of these coefficients is
exactly the requirement for a source which vanishes
outside » =a to be nonradiating. This completes the
proof.

We conclude from this that the nonuniqueness in the
inverse source problem is a direct consequence of the
fact that the direct problem admits nonradiating
sources. Thus, if this “defect” is to be overcome, it
must be done by finding additional information about the
source over and above observations of the radiated
field.

Let us now turn to the question of eigenfunctions.
Thus, we consider the equation

f j fjo(wR/c)zp(r’,w)d37’:Mp(r,w), rea (6.4)

rf=a

with ¢ =0 for » > q. Since j, satisfies the homogeneous
Helmholtz equation, we conclude that

A[V2+w2/cz]¢(r,w)=0. 6.5)

Here A =0 yields the null space N(g) while for » #0 we
find that the normalized eigenfunctions are

Yl 0y = N7 (w/ )Y, (6, ¢)H{a - 1),

1=0,1,---, |m]|=1, (6.6)

and
An=4TN, 1=0,1,2,- -+ |m| <. 6.7
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Here, H denotes the unit step function and
N = [ " filwr/ v dr.

The eigenvalues are seen to be positive. Actually, the
integral in (6. 8) is given in Ref, 8. The eigenvalues are
then given by

3 2
Am= %{[L(a%o)] =i (‘i;“i) Jin (‘j:’_)},
1=0,1,2,---, 6.9)

Furthermore, for fixed frequency and increasing [ we
find that

1a® feaw\? 1 1

Therefore, the eigenvalues decrease rapidly to zero.
Thus, the inverse problem is confirmed to be both ill-
posed and ill-conditioned, as is well known.

{6.8)

|m[$l.

(6.10)

Since N(q) is not empty lcf. (2.15)], the eigenfunc-
tions are not complete. Indeed, for any function f(r, w)
which vanishes outside v =a, if we subtract its projec-
tion on the eigenfunctions, we obtain a function in the
null space. We denote the projection on the null space
by

x 1

Pof=f- :@O };'d,mzp,m(r,w). (6.11)
Here i
dp= [ [ [ Ax, oWk (r,0) dr=N;c,
1=0,1,2,*+, [m[<1,  (6.12)

with the ¢, ’s defined by (2.12) and (2. 14). In fact, the
source (2.15) is just the function P,8(r).

The analogous results for the electromagnetic case
follow almost immediately, because the kernel of the
integral operator in (5.11) is exactly the same as it was
for the scalar case. Thus we state the following with-
out proof:

Lemma 5: Let the current density j be confined to a
finite domain/),C/). Then the null space for the in-
tegral equation (5.11) is exactly the class of nonradiat-
ing sources.

7. CONCLUDING REMARKS

We have shown that our formulations of the inverse
source problem in acoustics or electromagnetics admit
nonunique solutions. When this nonuniqueness is
characterized by a null space of source functions, that
collection of sources turned out to be exactly the set of
‘“nonradiating” sources for the corresponding direct
problem, Thus, we concluded that unique determination
of a source distribution requires other information in
addition to observations of the radiated field.

One example of such ‘“additional information” was
provided for the scalar problem, namely, the case of a
known multiplicative time dependence. (In the vector
problem, additional information of the vector nature of
the source was required, as well.) Research is now in
progress on a systematic investigation of such “ addi-
tional information. ” We cite some preliminary results,
below.

If the radial dependence can be characterized by a
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known multiplicative factor in the source, then explicit
solutions of the scalar problem can again be determined
much as in the case of known multiplicative time
dependence.,

If the (7, t) dependence can be split off as a known
multiplicative factor, this will suffice for unique deter-
mination of the source.

If the source is known to have no component in the
null space, then, in fact, it is exactly given by its
eigenfunction expansion.

We may alternatively take the point of view that we
seek only an “equivalent” source. That is, for a given
radiated field, we might seek a source with a pre~
scribed temporal dependence. For example, (3.10) or
(4.11) are expressions for F (k) when F,(x) is an
equivalent source with impulsive time dependence no
matter what the actual source distribution happens to be.

Finally, we mention the synthesis problem. Here, we
seek a source distribution which is to provide a pre-
scribed radiated field. In the scalar problem, let us
denote the unknown spatial array by F,(r) and the
response to a pure frequency, v, by U(r,v). Thatis,
corresponding to the source distribution,

Fo(r)exp(-ivt),
the wave equation (2.5) has solution
Ulr,v)exp(- ivt).

If U(r,v) were given for all v, then (3.10) or (4.10)
provides a solution for F,(k) when « is replaced by the
function U appearing here.

The solution presented here avoids many real and
practical issues. Typically, one is not given the radiat-
ed field for all frequencies. Indeed, one is more likely
to be given the radiated power density in a limited band
width, rather than the field itself. Furthermore, this
solution has a nonradiating component which we could
extract via use of the projection (6.9). Presumably, we
might use the added freedom of nonradiating sources to
generate sources satisfying other constraints, such as
being confined as nearly as possible to a region in
space, such as a horn or a surface. Research on this
approach to synthesis is presently in progress.

*This work partially supported by the Office of Naval
Research,

IN. Bleistein and N.N, Bojarski recently developed formu-
lations of the inverse problem in acoustics and electromag-
netics, DRI Report #MS-R-7501, NTIS #AD/A-003 588 (1974).
2J.A. Stratton, Electromagnetic Theory (McGraw-~Hill,

New York, 1941),

3F.G. Friedlander, Proc. London Math. Soc. 3, 27, 551—576
(1973).

4C. Mtiiller, IRE Trans. Antennas Propag. AP-4, 3, 224—32
(1956),

%3.D, Jackson, Classical Electrodynamics (Wiley, New

York, 1962),

®L.B. Felsen and N, Marcuvitz, Radiation and Scattering

of W;wes (Prentice-Hall, Englewood Cliffs, New Jersey,
1973).

"Chen-To Tai, Dyadic Green’s Functions in Electromagnetic
Theory (Intext Educational Publishers, Scranton, 1971).

8G.N. Watson, A Treatise on the Theory of Bessel Functions
(Cambridge U, P., Cambridge, 1958), 2nd ed.

N. Bleistein and J.K. Cohen 201



Subalgebras of the similitude algebra and their invariants

Anthony Peccia*

Centre de Recherches Mathématiques, Université de Montréal, Montreal, Canada

(Received 27 August 1976)

The subalgebras of the similitude algebra have previously been classified into conjugacy classes; in this
article these classes are classified into isomorphism classes. For each conjugacy class of subalgebras, the
invariants are also calculated. All the results are summarized in tables.

1. INTRODUCTION

A general method for obtaining the subalgebras of a
given Lie algebra was given in Ref. 1. The method con-
sists of an iterative procedure for reducing the problem
of finding the subalgebras of L with nontrivial ideal N,
to that of finding the subalgebras of the ideal N and
those of the factor algebra. If the algebra L is simple,
then matrix realizations of the algebra are used to ob-
tain its subalgebras. In a later paper,? this method was
used to obtain all the subalgebras of the similitude al-
gebra (the semidirect product of the Poincaré algebra
and the dilatation operator).

The subalgebras were classified into conjugacy
classes under the connected component of the similitude
group, and a representative algebra for each class was
also listed. Two algebras L and L’ are conjugate under
agroup G if 3g € G such that gLg"! =L’, The virtue of
such a classification is clarified by considering the
physical interpretation of such a class,

Identifying the elements of the subalgebras with the
infinitesimal transformations on space—time (i.e.,
rotations, boosts, translations, and etc.), the state-
ment that two algebras are conjugate is equivalent to
the statement that the two algebras describe the same
set of transformations {(or observables) as viewed from
different coordinate systems, while, unconjugate al-
gebras describe physically distinct operations; for ex-
ample, the algebra of rotations is physically distinct
from the algebra of translations.

Below, the algebras are reclassified into isomorphism
classes. Each isomorphism class corresponds to an
orbit of GL(»,R) acting on the subalgebras of dimension
n. In terms of the structure constants, the statement
can be rewritten in a more explicit form. Two algebras
L and L’ of dimension » and structure constants ¢*

ij

ci* respectively, are isomorphic if 3ge GL(r,R) such

that
B0 s = €LY

Since conjugate algebras have the same structure con-
stants, they are trivially isomorphic, and so only the
conjugate classes of subalgebras are classified into
isomorphism classes.

The main interest in this type of classification rests
on the fact that through isomorphism all algebraic
properties obtained for one algebra are immediately
transferable to all algebras within the same class, Fur-
ther, a knowledge of a suitable choice of structure con-
stant within the orbit may greatly reduce the difficulties
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and complications arising in the actual calculation of a
particular result.

For each representative algebra, a basis for the set
of invariants is obtained. Here, by invariant is under-
stood a function of the elements of the algebra such that
the function commutes with all the elements of the al-
gebra. The function is assumed to be at least first dif-
ferentiable in all variables, so that any invariant with
a finite range of eigenvalues is ignored, like the sign of
the energy in the Poincareé algebra.

This paper constitutes a sequel to a paper by Patera
et al® in which the conjugacy classes of the subalgebras
of the Poincare algebra were classified into isomor-
phism classes, and the respective invariants, for each
representative of a conjugacy class, were calculated.
Since some of the conjugacy classes of the Poincare al-
gebra are also conjugacy classes of the similitude al-
gebra, parts of their results are contained in this ar-
ticle, providing an independent check for these results.,

In Sec. 2, the general method employed in classifying
the conjugacy classes of subalgebras into isomorphism
classes, and in calculating the invariants is discussed.
The calculation of the invariants and the role which these
might play in labeling the irreps of an arbitrary Lie al-
gebra has been the subject of considerable investigation
recently,®*%® From Schur’s lemma, it follows, that
within the irreps, the invariants are of the form aJ
where ) € C and 7 is the identity operator for the rep-
resentation; showing that ) is distinct within the different
irreps would lead to applications analogous to those of
the Casimir operators for these (generalized) invariants.
Two special types of invariants, the Casimir operators,
and the rational invariants were systematically treated
by Abellanos et al.* Rational invariants are elements
of the quotient field of the enveloping algebra. In other
words, they are ratios of homogeneous polynomials on
the algebra. Considerations on the more general in-
variants along with additional references can be found
in the above mentioned paper by Patera el al®; also a
short treatment will appear in the conclusion. For a
discussion of operator caculus see Ref. 7.

Section 3, containing the main results, consists of a
list of representative algebras for the conjugacy classes
of the similitude algebra and their respective invariants.
The algebras are organized first by dimension and then
for each dimension, they are grouped into isomorphism
classes. Each isomorphism class is designated by a
notation which refers to a standard basis that char-
acterizes that class, whenever such a basis exists.

This notation is consistent with the one used by Patera,?®
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who listed the standard basis of the Lie algebra char-
acterizing each isomorphism class. Comments on the
classes and the invariants also appear in Sec. 3. Sec-
tion 4 is reserved for the conclusion.

2. METHODS

All the conjugacy classes of the subalgebras of the
similitude algebra, listed in Ref. 2, are reorganized
first by dimension and then for each class the invari-
ants are determined, A knowledge of the invariants,
often, aids the mapping of conjugacy classes into iso-
morphism classes.

An algorithm for obtaining the invariants is achieved
by reducing the problem to that of solving a system of
linear first order partial differential equations. This
method has been discussed in detail in the
literature. 58

In one paper,® for each of the isomorphism classes
of dimension » <5, the method was used to obtain the
basis for the set of its invariants. (However, here, for
each representative algebra the invariants were inde-
pendently determined.) The method consists in identify-
ing the adjoint representation of a Lie algebra with a

set of c-number first order linear differential operators.

That is, let L be an n-dimensional Lie algebra, then
VX,XecL, letad(X,)X, = [X‘,Xj]z ckX,
and replace
a
adX, — xkc,’f, 5;;,

where x; are c-numbers. The equation for the invari-
ant is

[X;:F(Xl;Xzy-‘“’Xn)]:O VX{EL (1)
and reduces to

9

axl F(xl.’xz, ..

x,cl, ox)=0, i=1,2,3,...,n.

The invariant thus formed must then be converted from
a function of c~number variables to an operator func-
tion. Simple identification of X; « x; will be sufficient,
in the sense that the resulting function will indeed be
an operator invariant, i.e., satisfy (1), only if all the
x, appearing in the function mutually commute. In the
case where the function is a homogeneous polynomial
(a Casimir operator) it is well known that the invariant
operator must be fully symmetrized in all its variables.
The reason being, that if » and v are polynomials in
the x; and

du
x,ck, a; =v, then [X,,U]=V (2)

provided U and V are the polynomials with the same
coefficients as u and v and are fully symmetrized in the
corresponding X, ¢ L.

All the invariants found for these subalgebras are of
the form

m
exp(U,,,/U,) o Uy,

where the U;’s are relatively prime homogeneous poly-
nomials in the x;. The exponents as well as the coef-
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ficients may be complex numbers. Then replacing x;

by X, in each polynomial and symmetrizing each in-
dividual polynomial will lead to an operator invariant.
The proof essentially follows from (2), as for Casimir
operators, and is based on the assumption that [[Xi R UJ],
U,]]=0 V X, L, for all polynomials U, featured in the
invariant. This assumption was indeed satisfied for all
invariants found here and elsewhere.®5 It can be shown
that for semisimple and nilpotent algebras, the Casimir
operators are sufficient to define a basis for the set of
all invariants. Further, the number of independent in-
variants for an algebra of dimension »n is nmod(2).

As was mentioned earlier, in order to classify the
conjugacy classes into isomorphism classes, the rep-
resentative subalgebras, for each conjugacy class, are
first organized by dimension. Then for each dimension
they are further reorganized by the dimension of the
derived algebra; this last step can be repeated as many
times as is required.

All isomorphism classes for real Lie algebras of
dimension # < 5 have been listed by Mubarakzyanov® and
later reproduced in a more accessible paper.® For al-
gebras of dimension <5, the classification is reduced
to identifying each representative subalgebra with an
abstract representative of the isomorphism classes
listed in Ref. 5. The classes are denoted by A% "¢
where n identifies the dimension of the subalgebra, m is
used to index the different isomorphism classes for the
same dimension, and the parameters «,** @, are used
to select a particular class out of an infinite set of iso-
morphism classes. The structure constants are func-
tions of the parameters a,***a,. For example, A} ;
with standard basis ¢, ¢,, ¢; such that [¢,, ¢,] =¢,,

[ca, €3] =he, with =1 <k <1 is such an infinite set of iso-
morphism classes.

Since no complete classification of isomorphism
classes for real Lie algebras of dim = 6 exists,® a
slightly modified approach is used. The algebras are
first reordered as before, and then for each set con-
sisting of say an algebra of dimension » with a derived
algebra of dimension ! and second derived algebra of
dimension [’ and etc., the invariants are used to group
the algebra into possible isomorphism classes. At this
point, it often is evident which algebras are not iso-
morphic. Then from the so chosen candidates for a
specific class (the number of candidates is not large),
their largest Abelian ideals are identified and by com-
paring the respective factor algebras, the algebras are
classified into isomorphism classes. As a further test,
the explicit transformation, which transforms the
structure constants of one algebra into those of the other
algebras within the class, is constructed. For the
similitude subalgebras, isomorphism classes of dim
= 6 are found to contain at most two sets of conjugacy
classes,

3. ISOMORPHISM CLASSES AND INVARIANTS

The usual basis for the similitude algebra is used,
with the L;’s representing the rotation generators, the
K,;’s representing the boost generators, D representing
the dilatation generator, and the P,’s representing the
space~time translations. Then the commutation rela-
tions are
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(L, L) =Ly, (K K l==¢€,L,,

K

E?

(L,,P;]=¢,,P

ijk” R?

(LK ]=¢

[Ki)Pj]zéijPO [K,"Po]:P,-:

[D,Pu]:zPu, [Li’PO]:Ov
[D,L,']:O’ [D,Ki]:03
i,9,k, :—‘1,2,3.

The invariants of the Poincaré algebra S, | are well
known,

ma=Pi—Pi-Pi_P3 WP=W,W*

where W, =e, M P, is the Pauli—Lubanski spin op-
erator with M,, =K, and M“ =e anw while the invariant
of the similitude algebra S, ; consists of the ratio of
these two operators which reduces to the spin operator
in the frame with the eigenvalues of P, =0 (the rest

frame).

The results of the classification and the basis for the
invariants are summarized in Tables I—IX. The nota-
tion S; , refers to the conjugacy classes as found in Ref.
2. When listing the elements of a subalgebra, the semi-
colon is used to indicate that all elements to its right
belong to the derived algebra.

All one-dimensional subalgebras are isomorphic and
appear in Table I. The n-dimensional subalgebras ap-
pear in Table n, except for those of dimension 10 and
11 which are listed in Table IX.

If an infinite set of isomorphism classes contains

an infinite set of conjugacy classes, then the param-
eters of the set of isomorphism classes are functions
of the parameters of the set of conjugacy classes. The
function need not be one to one, and such a case arises
in classifying the set Sf ,; for each ¢, the corresponding
class of S¢ , is associated with an element of Af , such
that P=tanc. The range of ¢ is 0<c¢<m, c+#7/2 which
implies that — = <tanc <=, and tanc#0; however, the
range of the parameter P is P >0. This suggests that
classes with Itanc! equal are isomorphic. This can be
verified by a slight rearrangement of the basis of the

TABLE I, One-dimensional subalgebras,

representative algebra of S¢ .. In this case, as for all
those of dim < 5, the range of the parameters for the
set of isomorphism classes has been defined.® For the
higher dimensional case, even though the infinite sets
of isomorphism classes have not been constructed yet,
the problem can be treated analogously. For example,
consider S$§5,, with &® + %#0 from Table VII; since

the invariant has the exponent 1+, it follows that al-
gebras with distinct 5’s are not isomorphic. However,
S%?,, is isomorphic to S;3:%,; this can be seen by inter-
changing P, with P, and L, + K, with L, - K, in the or-
dered basis of §¢;°,. All other cases can be approached
in a similar manner.

4. CONCLUSION

As was mentioned earlier, the greatest utility of such
a classification of subalgebras lies in its capacity to
remove redundancies in computations. The availability
of a suitable choice of structure constants for a partic-
ular class can reduce the complexities in a particular
calculation,

It is expected that the invariants obtained here will
provide a useful tool in the representation theory of these
algebras, much like the Casimir operators do, in the
case of semisimple Lie algebras. The extension of
special function theory, via group theory, in order to
include these invariants should produce new and useful
results.

On the physical aspect, the eight-dimensional algebra
S,,; is importantly contained in the “infinite momentum
frame”??'!! calculations, in Dirac’s “front frame”
dynamics,®? and in the investigations of “Galilean sub-
dynamics.”*®* One of the invariants of this algebra is

P,
L3 Po'Ps

(L, +K,)- P——OP_‘ P, (L, - K,) (3)
and because of its somewhat extensive use in physics,

it has already been named the lightlike helicity or the
null-plane helicity.?®!® The name is appropriate, since
for zero mass particles with discrete spin, L, + K, and
L, - K, are both zero and so (3) reduces to L,. The
similitude algebra is another example of an algebra with
nonpolynomial invariant which has reached prominence
in physical applications.?’

Class Notation Generators Range of parameters Invariants
Ay Sit,6 L, —tancKs; O<c<y, c*7/2 generator
Sys,10 Lgy; "
Si2,20 4L+ Po+ Py "
Sia, 2L 3+ Py; "
Si2,22 2Ly— Py "
S13,9 Ks; "
S13,15 2K; — Py; "
Sia;s Ly+Ky; "
Si4,20 2Ly + 2K =Py~ Py, "
Su,2 Ly+K;— Py "
Sis,8 Py—Py; "
Sis,9 'l "
Sis;10 Py; "
Si5;22 D; "
15,41 D +2acoscLy—2asincKs; 0=<c<g,a>0 "
Si5,42 D-L,~-Ky; "
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Further investigations along these lines should reveal the relevant and operational properties of these more
general invariants, despite their present rather precarious mathematical status,
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TABLE II, Two-dimensional subalgebras.

Class Notation Generators Range of parameters Invariants
24, Ss,6 Ly, K33 both generators
S10,5 Ly+Ky, Li=Ky; "
Sio,13 Ly~Ky+ Py, Ly+Ky; "
s11,12 D, COSCLa—SinCKz; 0O<e<r, c#n/2 1
11,18 D +2aLj, coscL,—sincKy; " a>0 "
Si,1 L;, Py—Py; B
Siz,8 Ly, Py; "
12,9 Ly, Py; "
Si2,11 4L;+Py+ Py, Py—Py; "
Sio,18 2L+ Py, Py; "
Si2,19 2Ly - Py, Py; "
Si2,3 D, Ly; "
Si2,41 D-2aK3, Ly; a>0 "
Si2,42 2D~ 4K+ Pyt Py, Ly; "
Si2,46 2D~ 4K3+x(Py+ Py, AL+ (Po+Py); —OLx <o "
S13,8 Kj, Py; "
S13,11 2K3— Py, Py; "
Sis,2 D, K3; "
S13,30 D+2aLj, Ky; a>0 "
Sya,7 Ly+Ky, Py—Py; "
S8 Ly+ Ky, Py "
514,17 2L,+ 2K~ Py~ Py, Py—Ps; "
Su,18 Ly+Ky~Py, Py—Ps; "
Sia,19 2L,+ 2K =Py~ P3, Py; "
Si4,30 D, Ly+&y; "
Sy4,51 D+L,—K;, Ly+Ky; "
Sis,5 Py P3, Py; "
815,6 PO, P3; "
Sts,2 Py, Py; "
815'35 D+2(l(COSCL3—S'lIICK3), PO_P3 a=1’ C'—‘37r/2 "
A, Sg,9 Ky; Ly+Ky none
Sg,11 2K3—Py; Ly+ Ky "
8“'5 coscLy~sincK;; Py~ Py 0<c<qy, c2n/2 "
S13,7 K3; Py~ Py "
Si3,13 2Ky —Py; Py~ Py "
514,49 D-2aK; Ly+K, a#0 u
Su,s50 2D +4Ky+ Py~ Py; Lo+ K, "
Sy, 6 D -Kj; 2Ly+ 2K —Py— Py "
514,63 D—2K3+b(L1—-K2+P1); L2+K1-P2 b=0 "
Sts,19 D; Py~ Py "
S15,20 D; Py "
S1s,21 b; p, "
515'35 D+ 2a(coseL; - sincKy); Py— Py a>0,a»1
0=<c<2r, c23n/2 "
Sys,36 D-L,~Ky; Py—P; "
Si5,31 D+2aLy; Py a>0 "
515,38 D +2aLy; Py a>0 "
Si5,39 D —2aKy; Py a>0 "
515'40 D+2L4+2K; Py "

TABLE III. Three-dimensional subalgebras.

Range of
Class Notation Generators parameters Invariants
344 Sy, 12 D, Ly, Ky; all generators
Sto,4 Ly+Ky, L1—K,;, Py—Py; "
S10,10 Ly+Ky, Li=Ky+Py, Py—Py; "
S1g,18 D, Ly+Ky, Ly—Ky; "
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TABLE M. (Continued).

Range of
Class Notation Generators parameters Invariants
Si2,5 Ly, Py, Py; all generators
12,39 D~2aKy, Ly, Py—Py; a=-1 "
Si3,6 Ky, Py, Py; "
S, Ly+Ky, Po~Py, Py; "
14,12 2Ly+ 2K~ Py~ P3, Py— Py, Py; "
15,2 Py~ Py, Py, Py; "
Si5,3 Py, Py, Py; "
Sis5,4 Py, Py, Py; "
A A, Sg,8 (PY®(Ky; Ly+ Ky P,
Se2s (D) B (Ky; Lo+ Ky D
Sg,5 (L3) @(K3; Po— Py L,
11,11 (D—2cotcL; + 2K,) ©(cotcLy~Ky; Py— Py O<c<y, c#n/2 D—2coteLg+ 2K,
Si, 11 (D+ 2{a = cotc) Ly + 2K;) a#0
@ (cotcLy—Ky; Py~ Ps) O<ec<y, c#*n/2 D~ 2(a cotc) Ly+ 2K,
Si2,29 (Ly) ©(D; Py~ Py) L,
12,30 (L3) B{D; P3) L,
Si2,31 (Lo ®B(D; Py L,
12,39 (L3) ©(D - 2aKy; Py— Py) a#=0,-1 L,
12,40 (L3)®(2D—4K3+P0+P3;PO—PS) L,
Siz,45 4L+ Po+ Py B(2D = 4K, +x[Py+ P3l; Py~ P;)  —w<x <o 4L+ P+ Py
S13,5 (P)) ©(Ky; Py—Py) P,
13,11 (P ©(2K;~ Py; Py—Py) Py
Si3,22 (D+ 2K ©(D —2K3; Py—Ps) D+ 2K,
13,23 (Ky) ©(D; Py K,
13,29 (Kp) @(D+2aLy; Po—~ Py a#0 K,
S, 28 (Ly+ Ky) D(D; Py— Py Ly+ Ky
Sis,2s (Ly+K)DWD; Py Ly+ K,
14,45 (Py— Py} H(D - 2aK3; Lo+ Ky) a==1 Py-p,
14,46 (Ly+K)BD+Ly~Ky; Py—Py L,+K,
Sis,31 (Py= Py &(D—2aK,; Py =1 Py—P,
Sts,33 (Py—Pg) ©{D+2alcoscLy — sincKql; Py— Py  a=1, c=q1/2 P,— P,
Ay Sio,11 Ly+Ky—Py, Ly —Ky+bPy—Py; Py— Py b#0 Py— Py
S1o,12 Ly+Ky~Py, Li—Ky—Py; Py~ Py "
14,5 Ly+Ky, Py; Py~ P, v
14,6 L,+Ky, Py—bP(; Pj— Py h=0 "
Si4,13 2Ly +2K—~Py~P3, Py; Py—P3 v
Si4,14 Ly+ Ky =Py, Py; Py—=Py "
14,15 2L+ 2Ky — Poy— Py, P, —bPy; Py—P; b=0 "
S14,16 Ly+Ky— Py, Py~bPy; Py— P, b= 0 "
Ag2 Sg,15 2K3+Py; Lo+ Ky, Py— Py (P~ Py expl(Lo+K)/(Py~ Pyl
Sg, 16 2Ky = Py+ bPy; Ly+ Ky, Py— Py b0 (P~ Py expliL,+ K)/b(Py— Py)
Sis,30 D—cose(Ly+Ky) +sinc{Ly —Kj); Py, Py~Ps O<e<r (Py =~ P3) exp{Py/ (P~ Py
Ays S5 Ky; Lo+ Ky, Ly—K, (Ly~K/(Ly+ Ky
Ss,7 K33 Ly+Ky, Py~ Py (Ly+ K}/ (Py~ Py
Sg,14 2K3—Py; Lo+ Ky, Py—Py "
Sy, D+ 2aLy—2bKy; Ly+Ky, Li~K, a=0, b0 (Ly+K)/(Ly =Ky
S10,25 2D+ 4aLy+r 4Ky+ Py~ Py, Ly+ Ky, Ly — K, a=0 "
Sie,32 D—2Ky; Lyv K, Li—Ky+ Py (Ly~Ky+ Py)/(Ly+Ky)
15,16 D; Py, Py~ Py (Py~=P3)/ P,y
Sis5, 17 D; Py, Py (Py—P3)/(Py+ Py
Sis,18 D; Py, P,y P,/ P,
15,32 D -cosc(L,+ Ky} +sinc(Ly—Ky; Py, Py—P3 c=0 (Py~Py)/P,
A Sit,4 L;—tancK;; Py, Py O<c<y, c®q/2 P}~ P}
Si3,4 Ks; Py, Py "
13,12 2K3=Py; Py, Py "
814.48 2D+4K3+P0—P3; L,+K, P, PZ(L2+K1)
AL
h=a/(1+a) Sis, a5 D—2aKy; Ly+K,, Py—P, a=0, -1 (Ly+ K/ (Py—Pye
=a 514’“ D—2aKy; LytK,, P, a?0 (L2+K1),/P§'
=3 14,59 D—Ky; 2L,+2K, — Py— P3; Pg— P (2L, + 2K, — Po— P/ (Py— Py
=3 Sy4 60 D—2Ky; Ly+Ky=Py; Py=Py (Ly+ K= Py)%/(Py=Py)
=5 Sig, 61 D—Kg; 2L,+ 2K~ Py—P,; P, (2L2+2K11—P0-P3)2/P2
=1+a Sys,31 D-2aK,; Py, Py— P, a=0, —1 (Py—Py%/p,
= i—:a—-“—fl—‘n’lc‘i S15,33 D+ 2a coscLy —2a sincKy; Py+ Py, Py— P, 0=c<2t, c#3p/2 (Py+P)1asiac/(p,_ pyi-9stnc

a>0,a=1
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TABLE M. (Continued).

Range of
Class Notation Generators parameters Invariants
Si2,5 Ly, Py, Py; all generators
12,39 D~2aKy, Ly, Py—Py; a=-1 "
Si3,6 Ky, Py, Py; "
S, Ly+Ky, Po~Py, Py; "
14,12 2Ly+ 2K~ Py~ P3, Py— Py, Py; "
15,2 Py~ Py, Py, Py; "
Si5,3 Py, Py, Py; "
Sis5,4 Py, Py, Py; "
A A, Sg,8 (PY®(Ky; Ly+ Ky P,
Se2s (D) B (Ky; Lo+ Ky D
Sg,5 (L3) @(K3; Po— Py L,
11,11 (D—2cotcL; + 2K,) ©(cotcLy~Ky; Py— Py O<c<y, c#n/2 D—2coteLg+ 2K,
Si, 11 (D+ 2{a = cotc) Ly + 2K;) a#0
@ (cotcLy—Ky; Py~ Ps) O<ec<y, c#*n/2 D~ 2(a cotc) Ly+ 2K,
Si2,29 (Ly) ©(D; Py~ Py) L,
12,30 (L3) B{D; P3) L,
Si2,31 (Lo ®B(D; Py L,
12,39 (L3) ©(D - 2aKy; Py— Py) a#=0,-1 L,
12,40 (L3)®(2D—4K3+P0+P3;PO—PS) L,
Siz,45 4L+ Po+ Py B(2D = 4K, +x[Py+ P3l; Py~ P;)  —w<x <o 4L+ P+ Py
S13,5 (P)) ©(Ky; Py—Py) P,
13,11 (P ©(2K;~ Py; Py—Py) Py
Si3,22 (D+ 2K ©(D —2K3; Py—Ps) D+ 2K,
13,23 (Ky) ©(D; Py K,
13,29 (Kp) @(D+2aLy; Po—~ Py a#0 K,
S, 28 (Ly+ Ky) D(D; Py— Py Ly+ Ky
Sis,2s (Ly+K)DWD; Py Ly+ K,
14,45 (Py— Py} H(D - 2aK3; Lo+ Ky) a==1 Py-p,
14,46 (Ly+K)BD+Ly~Ky; Py—Py L,+K,
Sis,31 (Py= Py &(D—2aK,; Py =1 Py—P,
Sts,33 (Py—Pg) ©{D+2alcoscLy — sincKql; Py— Py  a=1, c=q1/2 P,— P,
Ay Sio,11 Ly+Ky—Py, Ly —Ky+bPy—Py; Py— Py b#0 Py— Py
S1o,12 Ly+Ky~Py, Li—Ky—Py; Py~ Py "
14,5 Ly+Ky, Py; Py~ P, v
14,6 L,+Ky, Py—bP(; Pj— Py h=0 "
Si4,13 2Ly +2K—~Py~P3, Py; Py—P3 v
Si4,14 Ly+ Ky =Py, Py; Py—=Py "
14,15 2L+ 2Ky — Poy— Py, P, —bPy; Py—P; b=0 "
S14,16 Ly+Ky— Py, Py~bPy; Py— P, b= 0 "
Ag2 Sg,15 2K3+Py; Lo+ Ky, Py— Py (P~ Py expl(Lo+K)/(Py~ Pyl
Sg, 16 2Ky = Py+ bPy; Ly+ Ky, Py— Py b0 (P~ Py expliL,+ K)/b(Py— Py)
Sis,30 D—cose(Ly+Ky) +sinc{Ly —Kj); Py, Py~Ps O<e<r (Py =~ P3) exp{Py/ (P~ Py
Ays S5 Ky; Lo+ Ky, Ly—K, (Ly~K/(Ly+ Ky
Ss,7 K33 Ly+Ky, Py~ Py (Ly+ K}/ (Py~ Py
Sg,14 2K3—Py; Lo+ Ky, Py—Py "
Sy, D+ 2aLy—2bKy; Ly+Ky, Li~K, a=0, b0 (Ly+K)/(Ly =Ky
S10,25 2D+ 4aLy+r 4Ky+ Py~ Py, Ly+ Ky, Ly — K, a=0 "
Sie,32 D—2Ky; Lyv K, Li—Ky+ Py (Ly~Ky+ Py)/(Ly+Ky)
15,16 D; Py, Py~ Py (Py~=P3)/ P,y
Sis5, 17 D; Py, Py (Py—P3)/(Py+ Py
Sis,18 D; Py, P,y P,/ P,
15,32 D -cosc(L,+ Ky} +sinc(Ly—Ky; Py, Py—P3 c=0 (Py~Py)/P,
A Sit,4 L;—tancK;; Py, Py O<c<y, c®q/2 P}~ P}
Si3,4 Ks; Py, Py "
13,12 2K3=Py; Py, Py "
814.48 2D+4K3+P0—P3; L,+K, P, PZ(L2+K1)
AL
h=a/(1+a) Sis, a5 D—2aKy; Ly+K,, Py—P, a=0, -1 (Ly+ K/ (Py—Pye
=a 514’“ D—2aKy; LytK,, P, a?0 (L2+K1),/P§'
=3 14,59 D—Ky; 2L,+2K, — Py— P3; Pg— P (2L, + 2K, — Po— P/ (Py— Py
=3 Sy4 60 D—2Ky; Ly+Ky=Py; Py=Py (Ly+ K= Py)%/(Py=Py)
=5 Sig, 61 D—Kg; 2L,+ 2K~ Py—P,; P, (2L2+2K11—P0-P3)2/P2
=1+a Sys,31 D-2aK,; Py, Py— P, a=0, —1 (Py—Py%/p,
= i—:a—-“—fl—‘n’lc‘i S15,33 D+ 2a coscLy —2a sincKy; Py+ Py, Py— P, 0=c<2t, c#3p/2 (Py+P)1asiac/(p,_ pyi-9stnc

a>0,a=1
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TABLE 1V. (Continued).

Range of
Class Notation Generators parameters Invariants
A1€3A’§,5
l+a
h=1—, S12, 36 (L3) ©(D— 2aKy; Py, Py) a>0 Ly; (Py—P)¥8/(Py+Pyle
=3 Sis,20 (Po+ P)) ©(D = 2aK,,Py,Py— Py a=1 Py+Py; (Py=Py)¥/ Py
A DA, S, 3 (Pe=Py ®(Ly;Ly+Ky,L—K) Py=Py; (L,+K)?+(L{—K)?
Sg,11 (D) ALy Ly + Ky, Ly~ K) D; "
Sg,3 (K3) ©(Lg; Py, Py Ky; Pi+P3
12,2 (Py—P3) ©(Lg; Py, Py Py—Py; "
S1a,3 (Py) ©(L3; Py, Py) Py; Pi+ P}
Si2,4 (P) ©(L3; Py, Py) Py; "
12,11 (Pg—P3) D (4L 3+ Py+ Py; Py, Py) Py-Py; Pi+ P}
12,12 (P3) © (2L 3+ Py; Py; Py) Py; Pi+ P}
12,13 (P ©(2L;— Py; Py, Py) Py "
ADAT,
P=tanc St g (D) B(Ly—tancKy;L,+ Ky, Ly =Ky O<c<qm,c*n/2 D; {(Ly~K)2+ (Ly+ Kp)?
Ll—Kz—i(Lz+K1) i tane
NI =K, +ilL,+K))
=1/a S10,23 (Py—P,)&® (D+ 2aL;— 2bK;; b=-1,a>0 Py~ P;; same with tanc—~1/a
Ly+K,, Li~K)
=1/a S13,28 (Ky) ©(D+2aLy; Py, Py a>0 Ky (P}+PY{(Py—iP,)/(P+iPy)}/0
A DA, S4,3 (P)) ©(;L;,K(,K)) Py; LI -K}-K}
34,8 (D)®(;L3’K11K2) D; L?!—K%_K%
AB Ay, S3,3 (Po@(;Ly,Ly,Ly Py; L{+L3+L}
S38 (D)®(;Lq,Ly,Ly) D; L}+L}+1}%
Ay St1o,1 L{=K,=P,, 2L,+2K = Py=Py; Py, Py=Py; Pi+(Py—P3(2L,+ 2K, - P,
Py~ Py —P,+2Py) ,
Si0,8 L=K,, 2L,+2K{—Py—Py; Py~ Py; P3+(Py— P (2L, +2K; ~Py— P,)
Py, Py~ Py
Sia;3 Ly+Ky, Py+Py; Py, Pg— Py Py— P3; P{+P}—Pj
14,11 Ly,+K - Py, Py+Py; Py, Py—P; "y
Af,
a=1 81,1 2Ky —Py; Ly+Ky, Li—K,, Py— Py (L~ K3}/ (Py— Py);(Py— Py
x exp((2L,+ 2K ) /(Py— Py}
=1 51,2 D-L,-Ky; Py, Py— Py, Py Py/(Py—Py); (Py=Py) exp(2P/ (P~ Py))
Ay 815,30 D+2L3-2K; Py, Py, Py (Py— Py} explPy/(Py = Py)) ;
(P P3P}/ Py Py
AfY
B=1 v=1 51,4 Ky; Ly+Ky, Li~Kp, Po=P;y (Py=Py)/ (L1 =Ky (Py—Py)/(Ly+Ky)
=t g D+2aLy—2bKy; Lo+Ky, Lyi=K,, a=0,b=0, —1 (Py~P)P/ (L1 —K)1*; (Py— Pyb/
1+b ]+b ’ i K)hb
Py~ P, Lo+ Ky
=3 =3 S10,29 D-2K,; Ly+Ky, Li—K,, Py—P; (Py=Py)/(Ly —Ky?; (Py—Py/(Ly+ Ky)?
B=l—:+t717=1za S14,38 D ~2aK3; Ly+ Ky, Py, Pg—P3 a=0, —1 (Py—Py)/PP®; (Py—Py)®/ (Ly+ K™
=% =3 S14,54 D—-Kjy; 2L,+2Ky— Py~ Py, Py, (Py—Py)?/ P§; (Py—P3)/
Py-P, (2L, + 2K~ Py~ Py)?
1 =1 515,13 D; Py, Py, P3-P (Py~ P3)/ Py; (Pg—Py)/ P,
=1 =1 15,14 D; Py, Py, Py Py/Py; Py/ Py
1 =1 515'!5 D; Py, Py, Py Py/Py; Py/ Py
S S Sis,95 D —2acoscLy+2asincKy; Py, Py, c=n/2, a>0 (Py—Py)/P§e; (Py—P,)/Pf™
l+a 1+a ’
Py— Py
1 1 . a>0 1-a {ea
== =T Sy D - 2a coscLy+2asincKy; Py, Py, c=3r/2, (Py—P3)/Py-%; (Py—~Py)/ Py
l-a 1—a 4 a=1
Py—P,
- i:?z - 1-1-a Sis,29 D ~2aKy; Py, Py, Py a>0 (Py+ P/ (Po— Py)'=%; (Py+ P/ Py
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TABLE 1V, (continued),
Range of
Class Notation Generators parameters Invariants
Apf
@ ,P=tanc S5, Ly—tancKy; Ly+Ky, L{—K,, O<c<nm, c#n/2 (Py= P/ {(L,+ K2+ (L —K)H;
Py— Py Ly r K *+ (L~ K)H
o (L1=Ey—illy+Ky 1 tane
Ei—K2+iiL2+R1i
a= %—”p:-ﬁ- S10,23 D+2aly~2bK;; Ly+ Ky, Li~K,, az0,b=-1 (Py—PyB/t®)
Py~Py (Li—K)e+(Ly+ K%’
{L - K2+ (Ly+ K%
AR A 252 AN
Li—Ky,+ilLy+K))
a=tanc P=0 Sy, L,~-tancKy; Py, Py, Po—P; 0<c<r, c*n/2 P}+ Py (PI+ PY (P ~iP,)/(Py +iP,)|itan
o =1/acosc S5, D+ 2acoscL;—2bsincKs; Py, Py, a>0, c=n/2, 31/2 (Py—-P3)® . (P?+ PY) Py —ip,\ t/acose
Py— P, 0=<c<2r (Pi+ pTasincs ¥\P,+ip,
_1tasinc
acosc
a=1 P:-;— Sys,21 D+2aLy; Py, Py, Py a>0 Py (P}+PY; (PE+PYI(Py~iPy)/
@ (Py+iP,)]/a
o=l P15y D+2aLy; Py, Py, Py a>0 PY(P}+PY;
Ay S14,41 2D -4K3+Py+Py; Ly+ Ky, Py, none
Py~ P,
Si4,56 2D — 4K, +x(Pg=Py); Lo+ K, —P,,  —0<x®, x=0 "
Py Py
Ays 14,40 D—2gK3; L,+K;, Py, Py—P, a=-1 (D+ 2K )Py~ Py + 2Py (Ly+ Ky} ; Py— Py
S14,43 D~2aKq; Ly+K{, Py~cPy, Py—P; a=-1,c#0 c(D+2K3)(Py—Pg + 2(cPy — Py (L, +Kj);
Py=Py
Si4,58 D -2bK;+a(b=1)(Py=Py); a=0, b==1 alD+ 2Ky - 2a(Py+ Py)1(P;— Py
L,+K{=P,, P,—aP,, Py~ P, +2(aP; =Py (Ly+K, ~aP;); Py—P,
AL
h=0 55,5 Ky, P(; L+ Ky, Pg~Pj none
= SB,G Ka, PZ-bpi’ L2+K1, PO—'P3 b=0 "
= Sg, 12 2K3— Py, Py; Ly+Ky, Py—Py "
= 8,13 2Ky~Py, Py—bPy; Ly+K(, Py—P3; b#0 "
= 19,30 D=2K3; Lyt Ky ~Py, b#0 "
Ly—K,+bPy~ Py, Py~ P,
=1 810'31 D—2al;~2Ks; L2+K1—P2, a=0 "
Li-K,=Py, Py—P;
0 514,26 D, Ly+K; Py, Py—Py "
=0 514'27 D, L2+K1; PZ—bPI’ PO_PS b#0 "
=a 14,40 D ~2aK3; Ly+Ky, Py, Py~ P3 a=0, -1 "
=0 14,42 D+Li~K,, Ly+Ky; P, Py—P, "
=a 514,43 D—ZaK:,; L2+K1, Pz"CPi, Po-Pg a#0, =1, ¢c#0 "
0 514'44 D+L1 —Kz, L2+KI; PZ-CPh c#0 "
Py~ P,
=3 Sia,45 D-Kj; 2Ly+2K)— Py~ Py, Py "
P,-P,
=1 Sis,56 2D 4K, +x(Py~Py; Ly+K =P,  x=0 "
Py, Py-P,
=% S, 51 2D~ 2K3+2b(Li~K) +ba(P;=Py; a=0 "
2Ly+ 2K+ Py+ Py —®<hc®
Py~aPy, Po~P;
=b Sis,58 D~ 2bK3+a(b—1){Py— Py ; a#0,b=—1 "
L,+K~P,, P,~—aP,,
Py~ Py —®<h<en
Ay, 10 Se,6 Ly; Ly+tKy—Py; Ly~Kp= Py, Po—Py; 2Py~ Pyl Ly— (L +K,—Py)?
P-P - (Ly—K,~ Py’
810'3‘ D—ZdLa—zKa; Ly+K{~P,, a=0 PO-P3; Z(PO—P (D—2K3)
Ly~Ky~Py, Py—~Py —(L{+Ky= Py —(L1—K2—P5)2
A
1
P:; S10,31 D+2al3=2Ky; Ly+K ~P,, a=0 none
Li~Ky~Py, Py~ P,
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TABLE 1V, (continued).

Range of
Class Notation Generators parameters Invariants
Ag 1 Sg,4 Ly, K33 Ly+Ky, L —K, none
Ss,12 D - 2aK;, Ly—tancK,; Lo+ K, a=z0 "
Li-K, O<c<y,c#n/2
Se, 16 D-2aKy, Ly; Ly+Ky, Ly —K, a=0 "
Sg, 1 2D+4K4+(Py—~P3), Ly; Ly+Ky, "
S¢,20 2D+ 4K, +x(Py— Py, 4L+ Py—Py; —® <x<® "
Ly+Ky, Li—~K,
S1,17 D+2aLs, K3; Ly+Ky, Li—K, a=0 "
Sit;s L,-tancK;, D; Py, P, O<ec<ry, c#n/2 "
11,15 D+2aL,, Ly~tancKy; Py, P, a#0 "
O<c<en, c#n/2
Si2,08 D, L;; Py, P,
12,37 D - 2aK,, Ly; Py, Py a>0 "
S12,38 2D - 4K+ P+ Py; Ly; Py, Py "
St,44 2D+ 4Ky +x(Py+ Pg) ; 4L3+ Py+ Py, —®o<x<® "
pt’ P2
TABLE V. Five-dimensional subalgebras.
Range of
Class Notation Generators parameters Invariants
AG24, Ss,10 (L3) & (D +2Ky; Py+Py) L,
@ (D - 2Ky; Py— P3)
Ay @iA; 5 St,11 (D; Py—Py) & (D + 2K;; (Ly+Kp)/(Ly ~ Ky)
Ll"'Kz, L2+K1)
24 DAz 4 Si3,1 (P)) & (Py) ® (Ky; Py+ Py, Py—P;) (Py~ Py)/(Py+Py), Py, P,
241 @A Si9,1 (P @& (P3)(Ly; Py, Py) P§+P%
AyBAs g Se,10 (D, Py—P)®(Ly; Ly—K,, (Ly = K2+ (Ly + Ky)?
Ly+Ky)
59’2 (Kg; PO—P;;)&(L:;; Pl’ Pz) P%‘FP%
Ay @ AR, Ss,7 (D; Py— Py) & (2Lg — tanc[2K; O0<c<m, c=n/2 UL~ Ky)? + (L, + K%
p=tanc +D); Ly+ Ky, Li~K,) Ly~ Ky — (L, + K,) ) § tane
Ly~ K, +i(L,+Ky)
p=1/a Sy3,26 (Ky; Py— P3) @ (D + 2Ky + 2aLy; a=0 (P} + PN (P ~ iPy)/ (P, +iP,)}t /0
Py, Py
Ay A Si,1 (D; P)@(; Ly, Ky, Ky Li-K}-K*
ArBAg g S5 ¢ (D; P& (; Ly, Ly, Ly) L}+13+L13
A1@® Ay, S14,1 (P) @ (Ly+Ky; Py~ Py, Py, Py— Py; Py; P{— (Py— P;)
Py+ Pg) X (Ly+Ky)
A1®Ay s S15,23 (Py+P3) @ (D+2a(coscLy — sincK,); c=n/2, a=1 P+ Py; (Py— Py)/P%; (Py— P3)/P}
Py~ Py, Py, Py))
A{DAY D
k=0 S, (P @ (K, Py; Ly+K,, Py~ Ps) P,
R=0 St0,16 (L,+K)® (D, L{—K,, Py, Py—P;) Lo+ K,
A1®Ay 10 Sy, (D)®(Ly, Ky; Ly+ K, Li~Ky) D
Sg.15 (Py=~P3) DLy, D—2aK; Ly+K;, a=-1 Py- P,
Sg,9 (K;)® Ly, D; Py, Py) Ky
512'34 (Po"P:;)@(L:;, D—ZaK3; P2, Pl) a=-1 PO_P3
As,g S10,2 Ly+Ky, Li~Ky, Py, Py; Py~ Py
Py, Py; Py— Py,
As s St10,6 Ly—K;, 2L,+2K;—~ Py— Ps, bPy— Py
PI’PZ; PO_P3
Agpe
a=1, ¢c=1 Sy5,12 D; Py, P,, P3, P, Py/(Py~ P3); (Py— P3)/Py,
b=1 (Py— P3)/(Py+ Py)
a=1/(1+a) St5,23 D+ 2a{coscLy —~ sincK,); c=7/2 (Py— P3)/ PY*8; (P, — Py)/ P{*%;
b=1/(1+a) P, b, P;, Py a>0, a=1 (Py — Py)1=¢/(Py+ Py)t*e

c=(1~a)/(1+a)
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TABLE V. (Continued).

Range of
Class Notation Generators parameters Invariants
AE 11
c=1 Sy5,24 D—L,—K; Py, P, Py, P, (Py— Py)/Py; (Py— P3) expl(P,
+Py)/(P; — Py}
4P /(Py— P3) + (P0+P3)2/ (PU—P3)2
AR . 2 _ p2. plip?
bz_}: p=0 S11,1 coscLy — sincKy; Py, P,, P3, Py 0O<c<m, c=n/2 Py— Ps; P{+Py; P.o—ip | i
= 2 oot R Ll S
q=cotc (Py =Py} \ B ¥7p,
- i _ b — 2P
=—11+Z% Sis,23 D - 2a(coscLy — sincKy); Osc<m, c=n/2 (I;‘} f;’) ;(Pﬂpzf;}z ;
Py, P,, P, P, a>0 0re3 ree2
-1 2 P1— 1Py i
=T asine Py = Py) {P1+iPZ
- a Cosc
9% T+ a sinc
Agtly
c=1 b=1 Su,3 Ky; Ly+ Ky, Li—K,, Py, Py—P; (Py~ Py)/(Ly+K,)
=a+l =a S19,22 D-2aKy; Ly+K,, L;~K,, P, a=0 (Py— P3)a/(L,+ K, )1*a
Py— P,y
=2 =1 Sto,28 D-2Ky; Ly+ Ky, Ly—K,— Py, (Py~ Py)/(Ly+ K,)?
Py, Py=Py
= =1 Sy4,23 D; Ly+K,, Py, Py, Py~ Py (P, — P3)/P,
=a+l =1 Sym D=2aK3; L+ Ky, Py, Py, Py—Py a=0 (Py— Py)/ P
= =2 Sy D= Ky; 2L,+ 2K, ~Py—P,, Py, P, (Py— Py)?¥/ P}
Py-Py
Ay
b=1 Sa,6 2K; - Py; Ly+K,, Li—K,, (P, ~ P3) exp{(L, +K,)/
Py—- P, P, (Py = Py)
b=1 S, 35 D+Ly, ~Ky; Ly+K,, Py, P, (Py— P;) exp{2P,/(Py— P,)}
P3;- Py
AR 23
b=1 S1a,54 2D — 4Ky + Py+ Py; Ly+ Ky, Py, P, (Py— P3)/ P}
Py-p,
Al
h=0 Sg,3 K3, Py; Ly+ Ky, Ps, P, P}+ Pt~ P
=0 Ss,10 2Ky — Py, Py; Ly+K,, P;, P, "
=2 Si9,21 D—Ky; Li—K,, 2Ly+2K,— P, (B3 + P} — P§— 2(Py — Po) (L, + K;))}/(Py — Pyl
—P3, Py, Py— P
=1/a 14,31 D~ 2aKy; L,+ K, Py, Py, P, a=0 (P} + P} = P2)in/ (P - Py)?
= Sia, 5 D-2Ky; Ly+K = P,, P,, Py, P, (P} + Pt — PY)/(Py— Py)
Al g
h= S14,24 D, Ly+Ky; Py, P, Py (P}+P§—PR)/(Py— Py)?
Agrds
a=1, b=1 Ss,21 K3, D; Ly+K,, Py, Py— P, Py(Ly+ K ) /(Py— Py)
= = Si3,17 K3, D; Py, Py, Py—Py P,/ P,
==1 = Si3,18 K;, D; Py, Py, P, (Py— P3)%/ P{(Py+ Py)
Al
b=1, y=0 Sa,3 Ly, K3; Ly+Ky, Li—K,, Py~ P; (Py— P2 /{(Ly = K))?+ (L, + K )%}
l+a .
b=—= S5,11 D —2aK,, coscLy—sincK;; a=0 (P, — Py)%a
tane L2+K1, LI-KZ' PO—P3 c<c<m, C¢7r/2 ((L1—K2)2+(L2+K1)2)1*a
Y=-"0 W\
o (Lt =Kz =Lyt K\ 10
L, -K,+ilL,+K;)
l+a
b=—— S, 15 D~2aK, Ly; Ly+K,, Li—K,, a=0, —1 (Py— P32 /{(Ly ~ Ky)?+ (L, + K )?iva
v=0 Py— Py
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TABLE V. (Continued).

Range of
Class Notation Generators parameters Invariants
b=1
y=1/a 81,16 D-2aly, Ky; Ly+ K, Li—K, a=0 (Py— Py
Py~- Py (L~ K2+ (Ly+ K 2
Ly~ K,—illL,+K,) |i/e
Li~Ky+i(l,+K,)
b=1
=-—tanc Si1,8 D, Ly—tancKy; Py, P,, Py—P; 0<c<m (Py— P Py —ip, it
c#r/2 Piz-pﬁ?2 Py +iP;
b=1-atanc
=—tane Sit,14 D~2aly, Ls—tancKy; Py, P, a=0 (Py—~P;)! [Py —ip \~itac
Py-Py O<c<m, c=7/2 {P+ p)imetac \ p, 3P,
b=1, y=0 S12,24 D, Ly; Py, Py, Py— Py (Py— P32/ (P} + PY)
= = S12,25 D, Ly; Py, Py, Py P%/(P§+P§)
= =0 S12,26 D, Ly; Py, Py, By P§/(P{+P})
b=1l+a, y=0 Si9,34 D~—2aKy, Ly; Py, Py, Py— Py a=0, -1 (Py— Py)%/ (P2 + PYlwa
=2 =0 Si2,35 2D~ 4Ky + Py+ Py; Ly; Py, Py, (P, — P4)2/(P{+ Pj)
PO_P3
=2 =0 Si2,3¢ 2D - 4K+ x(Py— P3), 4L3+ P, —w<x<w "
+Py; Py, Py, Py~ P;
As'gs 38'22 D, Ka; L2+K1, Pl’ PO_P3 D*2K3—2(L2+K1)P1/(P0—P3)
S, 23 D, Ky; Ly+Ky, P,—CPy, Py=P; c%0 D ~ 2Ky + 2{Ly+ K{Py — P}/
(cPy—cPy)
As 37 Sg,13 D—2K3, Ly; Ly+ Ky — Py, {Ly+ K= PO+ (L~ Ky~ P}/
Li-K,~P,, Py—Ps (2P — 2P3) + 2L,
TABLE VI. Six-dimensional subalgebras.
Dim, of Range of
derived L Notation Generators parameters Invariants
SL(2,C) 6 Si,2 Ly, Ly, Ly, Ky, Ky, K (D= &4 LK
E(3) 6 Ss, iLy, Ly, Ly, Py, Py, Py Pi+P}+PL P L
E(21) 6 S, Ky, Ky, Ly, Py, Py, P, P}+ P}~ P} PyLy+ (P xR,
5 Ss,2 Ly~tancKy; Lo+ Ky, Ly—K,, O<c<m, c=7/2 none
Py, Py, Py— Py
510'20 D+2aL3—2bK3; L2+K1, Ll_KZ b=0, a=0
Py, Py, Py~ P3 "
5 Sg,2 Ly Ly+ Ky, Ly~K,, Py, Py, Py— Py; Pyly+(PxK)y =P+ T
Py— P
5 Sg,5 ALy + Py+Py; Ly+ Ky, Li— Ky, P0—€3;_P0L3+(l_5><1_03
P, P,, Py— P, —P-L+(P}-P})/4
5 510,20 D~ 2aLs—-2bKy; Lo+ Ky, b=0, —1
L~ Ky, Py, Py, Py— P4 —w0<g<® none
5 Si0,20 D—2aLs—2bKy; Ly+ Ky, =-1 P,-P;, D=2{a(PLy—P-L
Li= Ky, Py, Py, Py— Py —<glw +{PX K3+ Py =P K
- (PXL)3}‘/(PQ"'P3)
5 St0,21 2D+4aLy— 4Ky + Py+ Py; Lo+ Ky, —w<g < none
Ly— Ky, Py, Py, Py— Py
5 S10,26 D—=Ky Ly~ Ky, 2Ly + 2K, "
—Py=Py, Py, Py, Py— P
5 Sia31 D—2aKy; Ly+Ky, Py, Py, Py, Py a=0 PyL/ip,— Py); P3/(PY+ P} — B}
4 S17,10 D, K;; Lo+ Ky, Li— Ky, Py, none
By~ Py
A DA 4 Ss,1 (P)@®(Ly; Ly+ Ky, Py, Py, Pp) P,; P}+P}- P}
4 Sg,19 D, Ki3; Ly+K,, Py, Py, Py— P, none
4 83,20 D, K3; Ly+ Ky, Py, Py, Py "
A3 4PAg 4 Ss,1 (K33 Py, P3)®(Lg; Py, Py) P}~ P} P+ P}
4 Sit,1 D, Ly-tancKy; Py, Py, Py, Py 0<c<m c#m/2 (P} + P}/ (P} — P);

(P} + PR /Py~ PPy — iP)/
(Py + 1Py} tane
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TABLE VI (Continued).

Dim of Range of
derived L Notation Generators parameters Invariants
4 Si3,13 D+2aLs, L;—tancKy; a>0 1, (P2 + p,2)i-ataac (Pz-iP1>“"‘
P,, P,, P;, P, 0O<ec<m, c=m/2 (P, — Py) P2+iP}
4 S, D, Ly; Py, Py, P3, Py (P3+ P}/ (Py+Py); (Py+P%)/
(Po“‘P:;)Z
4 S1z,33 D—-2aKy; Py, P,, P;, P, a>0 (P3+ PPIS/(Py+ Py)?; (PE+ P/
’ (P, - Py)?
4 Sy3,16 D, K3; Py, Py, P3, Py P}/ (P~ P%); P,/P,
4 Si3,95 D+2aLy, Ky; Py, Py, Ps, P a>0 (P = P/ (P*+ P}); (P2+PY)
?(P2 ~iP,)/(Py+iP)}/e
4 Si4,22 D, Ly+Ky; Py, Py, Py, Py (P2 + P} - P?)/P}; (Py—Py)/P,
4 S14,32 D+Li~ Ky, Ly+Ky;
Py, Py, P, P, (P, — Py) exp(2P,/(P,— P;));
(P2+P§+ P} — P/ (Py— Py)?
A2®A14,1Z 82'7 (D; Po"‘P;;)@(L:;, D+2K3; none
3 Ly+Ky, Ly ~K,)
3 {57,2 K3, Py, Py; Ly+ Ky, Li—K,, "
P ~Py
S10,15 D, Li—Kp, Ly+Ky; Py, Py, "
Py— Py
3 Sy.8 D, K;, Ly; Py, Py, Py—P3 "
3 S10,1 Ly + Ky, Ly—Ky, Py+Py; Py— Py; P*+ P} + Py - Pj

Py, Py, Py~ Py

TABLE VII, Seven-dimensional subalgebras.

Dim. of Range of
derived L Notation Generators Parameters Invariants
DO SL (2,C) — ey — e
6 St,4 DI®C; Ly, Ly, Ly, Ky, Ky, Ky D, LK’ LK
A1®E(3) S3,1 (‘PO)GB(;LI: L2, LB! Pl, P27 P(}) Po, }—)'z, 52—1)02
DOE(3) - =
6 S3,6 D; Py, Py, Py, Ly, Ly, Ly P-L/(P+P}+ Py
A,DER,1) -
6 54,1 (P)® Py, Py, Py, Ky, Ky, Ly. Py; PyLy+ (PxK)y; Py?+Py* — Py?
DOE(2,1) _
6 Su,6 D; Py, Py, Py, Ky, Ky, K, (PyLy+ PXK) Y/ (P + Py — Py?)
6 S1,1 Ky Ly~K,, Ly+Ky, Py, Py, Py, P:_py?
Py
6 Sto,19 D-2aL;~2pK;; Li—K,, Ly+K;, a’+bt=0 (Py? ~BY)i%/ (P — P,)?
Pl’ P2v P3! PO
5 S, K3, Ly; Ly~ Ky, Ly+ Ky, Py, Py, (PoLs+ (PXK)y~P+L)/(Py— Py
Py- P,
SG,S D" LS; Li_KZZ’ L2+K11 P1’ Pz, "
Py~P;y
5 Ss,6 D, Ly—tancKy; Ly + K, Li~K,,
P, Py, Py—P; O<c<m ¢c=n/2 Dsinc+ 2{cosc(P L - (PxK),
~PyLy) -
+sinc(PyK; — (PXL); — K+ P)}/
(Py~ Py)
5 St,14 D—2aLy, Ky; Ly+K,, Li—K,, a=0 D+2{a(P-L - (PxK);—PyL,)
Py, Py, Py—P, +(PyK;~ (PXL);~K*P)}/
Py~ Py) o
5 85,10 D~2aK;, Ly~tancK;, Ly+Kq, a=0 Dsinc+2{(@+Dcosc)(P+ L~ (PxK),
Ly~K,, P|, P,, Pj—P, 0<c<m, c=n/2 ~ByLy) _
+§_in£(PoK3—(1_’XL)
-P:R)}/ (Py— Py
5 SG,I Ly, Py+Py; Ly+ Ky, Li—K,,
Py, Py, Py—Py Po‘Pﬁ; IZ’S—PZ: PyLy+ (PxR)y
5 SG,IB D—2aK,, Ly; Ly -K,, Lo+ Ky, _ _
Py, P, P,-P, a=0, -1 (PyLy+ (PXxK)y ~P+L)/(Py~ Py)
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TABLE XII. (Continued).

Dim of Range of
derived L Notation Generators parameters Invariants
5 S, 13 D—2aK;, Ly Ly—Ky, Ly+Ky, a=~-1 Py—Py; PoLy+ (PXEK);—P+1;
Py, Py, Py~ P; 2(P0K3—@XZ)3—-K'p)
+(Py—Py) D
5 56,14 2D—4K3+PD+P3v L3; L2+K1» (P0L3+(}3XI_{)3—I_)'Z)/(P0—P3)
L,—K,, P, Py, P,—P;
5 Se, 18 2D ~ 4K, + x(Py—~ P}, 4Ly+ Py+Py; — o< X< ™ {P2+ P2+ PPl al(P - P)L,
Li—Ky Ly+Ky, Py, Py, Py— Py +P(Li~K,)
Py, Py, Py—Py + PylLy + K1Y/ (Py— Py)
5 S1,8 DaPK3;II;2+K1, Ly - K,, Py, Py, 2(PyK;~ (PXL);—P-K)/(Py—Py)+D
0—+73
5 Ss, 18 D, Ky; Ly+Ky, Py, Py, Py, P, (P}+ Py P/ P}
4 Sy,1 D, Ky: Ly, Py, Py, Py, P, (P}+PY/(P) -~ P}
4 10,14 D, Li—K27 L2+K1; Ph PZ’ P31 Po (Pa—Pz)/(Po-—P3)2
TABLE VIII. Eight-dimensional subalgebras.
Dim. of Range of
derived L Notation Generators Parameters Invariants
6 Sa,1 K3, Ly Ly —K,, Ly+Ky, Py, Pyt —P% (PyLy+ (PXK)y—P+ L)/
Py, Py, Py __(li'Q—PB) -
6 81,5 D, Ly Ly, Ly, Py, Py, Py, Py (P -T)*/Py*, P/ P}
6 S4,5 D, Ls; Ky, K,, Py, Py, P,, P, (PyLy+ (P xK)3)/Py; (PE+P§—PE)/
sz
6 Ss,5 D, Ly—tancK;; Ly+Ky, Li—K,, 0<c<m, ¢#7/2 none
PO’ Pl’ PZ’ PS
6 Ss,9 D-2aK,, Ly—tancKsy; Ly + Ky, a=0 "
L,~K,, Py, P, Py, Py O<c<m, c#m/2 o
6 Se,8 D, Ly; Ly~ K,, Lo+ Ky, Py, (PyLy+ (PXK)3— P+ L)/ (Py~Py);
P17 PZ’ P3 (POZ—PZ)/(P(]-—Pg)z
6 S¢, 12 D—2aKy, Ly, Ly -K,, L,+K,,
Py, Py, Py, Py a=0 " (Pt — BY) /() )2
6 S1,8 D, Ky; Ly -K,, Ly+K,, Py, none
Pi’ PZ’ PS
6 S1,13 D+alL;, Ky; Ly+ Ky, Ly —K,, a=0 "
PO’ Ph PZ! P3
5 Sa,6 D, Ly, Ky; Ly+ Ky, Ly Ky, Py, PoLs+ (PXK)3~ P+ L;
Py, Py—Py Py—Py
p-5% {P-K+ (PxL);—Poky}
P,— P,
TABLE XI. Nine-, ten~, and eleven-dimensional subalgebras,
Dim. of Range of
derived L Notation Generators Parameters Invariants
(6) S5 D, Ly, Ky; Li~K,, Ly+Ky, (PyLy+ PXEK),~ P L)/ (Py—Py)
PO’ Pl’ PZa PS
(10) S1,1 s Ly, Ly, Ly, Ky, Ky, K3, Py, ﬁz_P& w
P,, P;, P
(10) Si,3 D; L, L,, Ly, Ky, K;, Ky, Py, w2/ (P? — P%)
Py, Py, Py

*Permanent address: Physics Department, McGill University,

Montreal, Canada.
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Exact occupation statistics for two-dimensional lattices of

single particles”*

Eizo Miyazaki and Iwao Yasumori

Department of Chemistry, Tokyo Institute of Technology, O-okayama, Meguro-ku, Tokyo 152, Japan
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A general expression is developed which describes exactly the ensemble average number of one- or two-
dimensional structures per arrangement, created when indistinguishable single particles are arranged on a
two-dimensional lattice. The expression obtained is applied to the calculation of some physically important
structures which appear on a rectangular and a closest-packed hexagonal lattice. The problem of nearest-
neighbor pairs is then solved as a special case from the general expression.

I. INTRODUCTION

A statistical mechanical treatment of adsorption,
heterogeneous catalysis, elasticity, alloys, magnetism,
and other cooperative phenomena requires knowledge
of the number of occupied, mixed and vacant nearest-
neighbor pairs. It also requires knowledge of the (par-
tial) structures with more complex configuration which
are formed on an ordered two-dimensional lattice, e.g.,
mixed or vacant structures composed of so-called
“B,-sites”! and of a stepped surface with some “ter-
races.”? These structures are known as active sites in
the sense that they may play important role on adsorp-
tion and catalysis on a solid surface. Several simple
structures among them formed on a rectangular lattice
are shown by dotted lines in Fig. 1.

The question of the nearest-neighbor pairs has pre-
viously been considered, 3=5 and the exact relationships
have been developed which describe the exact occupation
statistics for one-dimensional array of A-bells® and for
two-dimensional rectangular? or other lattices® of single
particles (A =1; here X refers to the number of con-
tiguous lattice sites occupied by a particle).

In the present paper, a general expression is devel-
oped which describes exactly the ensemble number of
the structures created when indistinguishable single
particles are arranged on a two-dimensional lattice.
The expression obtained is then applied to calculation
of some structures which appear on a rectangular and
a closest-packed hexagonal lattices. There the problem
of the nearest-neighbor pairs is solved as a special case
from the general expression,

Il. GENERAL EXPRESSION

As is known, the quantity W(g,N), the number of dis-
tinguishable ways in which ¢ indistinguishable single
particles are arranged on a lattice of N equivalent sites,
is given by

®
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FIG. 1. A representation of
several simple structures
created when single particles
(®) are placed on a rectangu-
lar lattice (O). The struc~
tures are shown by dotted
lines,
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because there are N — g vacant sites and N-g+g=N
individuals to be permuted, of which ¢ are of one kind
and N — ¢ of another. The total number of particles
which appear in all possible arrangements, Ny, is then
written by

N1=qW(q,N)=q(5) (2)

since there are g particles in each of the W(g, N) ar-
rangements. The quantity N, is also derived on the
basis of the following argument: When g particles are
arranged in all possible ways on a lattice of N sites,
a particle at a particular site will occur (}7}) times
since the rest of the particles, g~ 1, can be arranged
in all possible ways on the rest of the sites, N- 1.
There are N distinguishable ways of placing a particle
on the lattice; hence we obtain

=N (270), )

which is equivalent to the ¢(}) in Eq. (2).

These arguments will be generalized to the calcula-
tion of the total number of structures with a one- or
two-dimensional configuration, instead of the particles
in the above case, created when g single particles are
placed in all possible ways on N sites. We define a as
the number of particles included in a structure having
a definite configuration and consisting of z sites, and
we define 0, as the number of distinguishable ways of
placing such a structure on a lattice composing of N
sites. If ¢ particles are arranged in all possible ways
on the lattice, the structure occupying a particular posi-
tion on the lattice occurs (f_'a') times because the g — @
remaining particles can be arranged in all possible ways
on the remaining N - z sites. For the case of single
particle (A =1) the quantity, (}3), is independent of the
position on the lattice, therefore N,, the total number
of such structures created when g particles are ar-

ranged in all possible ways on N sites is given by

Nz=c,(N'z), @)

q—-a

and the ensemble average number of the structures
per arrangement, n,, is

ne=n/ Wi, M=0,(N 5)/ (7)
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=0,q(g-1(g-2)>(g-a+1)(N-g)(N-g-1)
Xeoo(N=q-z+a+1)[NN-1)(N=2)*+ (N~ z + 1]

(5)

or P,, the ensemble average number of the structures
per sites is

Pz:n;/N
=0,q(g-1)g-2)> (g-a+1)(N-g)(N=g-1)---
X(N—g—z+a+1)[NNN=-1)(N=2) oo (N~2z+1)]L.
(6)

In the following sections, we will consider the quantity,
0, for evaluating these quantities, N,, »n,, and P,, for
some structures formed on a rectangular and a closest-
packed hexagonal lattice. The structures considered
here are important for physical and chemical problems.

i, STRUCTURES ON A RECTANGULAR LATTICE
A. r X s rectangular structure

We first consider the case of a rectangular structure
consisting of  columns and s rows which appears on a
similar rectangular lattice composing of R columns and
S rows. There are (R -7+ 1)(S— s +1) distinguishable
ways of placing the structure on the lattice of which
R —7+1 are of one kind along a column and S~s+1 are
of the other along a row. When »#s, there are
(R - s+1)(S—7+1) additional distinguishable ways
which may be obtained by interchanging » and s. Hence
the number of such the structures created when ¢
particles are arranged in all possible ways on a RXS-
rectangular lattice is obtained from Eq. (4) as

[(R-r+1)(S=-5s+1)

+(R_s+1)(s_r+1)](RqS__§s> @
for v#s, and
(R—r+1)S-7r+1) (1;3__(:2) (8)

for r=s.

The number of occupied nearest-neighbor pairs (N“),
number of occupied third-nearest-neighbor pairs with
or without intervening particles (Nyj; or Nyy, respec-
tively) created when g particles are arranged in all
possible ways may be derived respectively by setting
[r=2, s=1, a=2], [+r=3, s=1, a=3], or [r=3,
s=1, a=2]in Eq. (7) as

-2
Nu:(zRS—S—R)(lZS_Z >, ©)
Nyjy= (RS- 2S-2R) (’ZS_';) , (10)
or
Ny = (2RS - 25 - 2R) (I;S_‘;) , (11)

and Ny,, the number of mixed nearest-neighbor pairs
where one site is occupied and another is vacant, is
given by setting =2, s=1, and ¢ =1 in Eq. (7) as

216 J. Math. Phys., Vol. 18, No. 2, February 1977

1 (12)

Niy=2(2RS-S—-R) (RS '2) ,

where the factor 2 prior to the bracket in Eq. (12)
arises from interchangeability between the occupied
site and the vacant site in the mixed nearest-neighbor
pairs. The ensemble average number of these nearest-
neighbor pairs per arrangement, nyy, nyg, 743y, and ng,
are calculated from Eq. (5) and are given by

qlqg-1)

my = QRS -5 - R) gLty (13)

nyo=2(2RS - S— R) Rls%%ll’), (14)

nisy = (2RS - 25 2R) EH% , (15)
and

nyoy = (2RS - 25 - 2R) L4~ V(RS- 1) (16)

RS(RS-1)(RS-2)"

The results (13), (15), and (16) are equivalent to the
equations derived by previous methods. %% Thus, the
numbers of nearest-neighbor pairs may easily be cal-
culated as special cases of Eq. (7).

B. Linear array along a diagonal

Here we consider the case of a linear array consist-
ing of r sites along a diagonal. There are 2(R -7 +1)
(S - +1) distinguishable ways of placing the linear
array on a RxS-rectangular lattice where the factor
2 arises because there are two distinguishable direc-
tions of diagonals on the lattice. Hence, the number of
the linear arrays created when ¢ particles are arranged
in all possible ways on the RXS-rectangular lattice is
given by

RS -
2(R—r+1)(S—r+1)(q J) R (17
so that N{;, the number of occupied next-nearest-
neighbor pairs, i.e., the number of occupied nearest-
neighbor pairs along a diagonal, is obtained by setting
r=2and @ =2 in Eq. (17) as

-2
Nj;j=2(R-1)(S-1) (RS > (18)
g-2
or the ensemble average number of next-nearest-
neighbor pairs per arrangement, n{y, is
nf1=2(R-1)(S-1)qlg - 1)/RS(RS-1). (19)

Equations (18) and (19) are also equivalent to the pre-
viously derived results.*

C. Isolated r X s rectangular structure with filled particles

In this section we consider the case of an isolated
rXs-rectangular structure with filled particles, i.e.,
the structure that is completely occupied by particles
and surrounded by vacant sites of nearest neighbors. In
this case three different configurations should be con-
sidered separately due to the structures forming at (a)
corners, (b) edges, and (c) other positions on a R xS-
rectangular lattice: For the respective case, there are
(a) eight distinguishable ways of placing the structure
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on four corners, of which four ways are obtained by
interchanging » and s when r#s, (b) 2(R-7-1)
+2(§=5-1)+2(R-s-1)+2(S-r~-1) distinguishable
ways on the four edges, of which the last two terms
are of additional distinguishable ways created by inter-
changing » and s when 7#s, and (c) (R~7r=1)(S-s-1)
+ (R -s-1)(S-7-1) ways which are obtained by
referring to Eq. (7). Hence, the total number of iso-~
lated »X s-rectangular structures with filled particles
created when ¢ particles are arranged in all possible
ways is given by summing the above three cases as

s(RS‘rs‘T's) +2(R+s-2r_2)(RS'7s'zs‘r)
q-7s q-7s

+2R+S-25-2) (RS '75'2”'3)

q—-7s

+[2(RS~R~S+rs+r+s+1)

- (R+S)(r+s)] (RS‘ ’;:fsr" 23) (20)
for r#s, and
RS—+#<-2» RS—7* -3y
4( g )+2(R+S—2'r—2)( q-7 )
+(R—r—1)(S—r—1)(RS;r21;4T) (21)

for y=s. When we set r=s=1 in Eq. (21), we obtain
the number of isolated particles created when g parti-
cles are arranged in all possible ways on a RXS-
rectangular lattice as

4 (1313:13) +2(R+S-4) (IZS_‘f)

(22)

+m-2s-2) (%F)

g-1

and the probability that a site is occupied and isolated
is

(RS—g)(RS-g-1)g [4 2(R+S-4)(RS-g-2)
RS)RS)RS -~ 1) (RS - 2) RS-3

L R= 2)(S~-2)(RS—gq—2)(RS~¢ - 3)]
(RS-3)RS-4) )

Equation (23) leads to 8(1 - ) ¢ in the limit as R and S
approach infinity, where 8 denotes surface coverage
defined by 0 =¢/RS. The quantity given by Eq. (23) is
important for some catalysis problems on metal
surfaces.?

(23)

IV. STRUCTURES ON A CLOSEST-PACKED
HEXAGONAL LATTICE

Here we shall consider a few examples of structures
which appear on a closest-packed hexagonal lattice con-
taining M sites along an edge, as shown in Fig, 2. The
total number of sites, N,, is then given as a function of
M by

M1
Ny= 23 6(M=-E)+1=3M(M-1)+1.

k=1

A. Linear array of r-contiguous sites

In this case, there are three different directions on
the lattice, and for each direction there are
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M2
20, -r+1)+2M-1<-7r+1)
k=M

=(M-1)BM-2r)+2M-7r

distinguishable ways of placing the structure on the lat-
tice for yr <M +1 and

LH=2
22 (k-r+1)+@M-1-7+1)=3@2M~7)
k=r

ways for » = M, where the factor 2 prior to the first
terms in the left-hand side of the equations arises from
the symmetry property associated with the axis denoted
by an arrow in Fig. 2 and the second terms are due to
the longest linear array consisting of 2M - 1 sites.
Hence, the number of linear arrays of »-contiguous
sites created when ¢ particles are arranged in all possi~
ble ways is given by

3[(M - 1)(3M - 2v) +2M - 'r]( 2’}:_-017) (24)
for »<sM+1, and
3@M - 7) (;V'-_’a’) (25)

for 2M~ 1272 M, Thus, Ny ,, Ny, s and Nyy,,, the
numbers of occupied nearest-neighbor, next-nearest-
neighbor pairs with and without intervening particles,
are obtained by setting [r=2, a=2], [»=3, @=3],
and [7:3, o=2)in (24), respectively, as

N“'h:3(3M2—5M+2)(];"__22), (26)
N,-3
Nyp, n=303M* - 7M+3)(q"_ 3 ), (27)
and
Nyo,n=3(M: - TM +3) (IZ"_‘23> , (28)

and the ensemble average numbers per arrangement,
Rit,00 M1t n0 2D Bygq,p

(N, —
nyg,p=3(38M* = TM +3) qlg~1)(g - 2) 50

and
_ _glg=DW,~1)_
niolrh_3(3M2_7M+3) Nh(Nh—l)(Nh—z) ) (31)

The ensemble average numbers per site [see Eq. (6)],
Pyy s Pyag,n and Pyy . lead to 36%, 36%, and 36%(1-6)
respectively, in the limit as N, or M approaches infinity.

FIG. 2. Closest-packed
hexagonal lattice with M sites
along an edge. The arrows
denote symmetry axes.
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B. Closest-packed hexagonal structure with /n sites
along an edge

There are
2Mama]
2 2, (k=m+1)+2M-2m+1

ke
=3M-m)M~m+1)+1

distinguishable ways of placing the structure on the lat-
tice; hence the number of such the structures created
when ¢ particles are arranged in all possible ways is
obtained from Eq. (4) as

(304 - m) (M - m+1) +1](1;’h_‘az) : (32)
where z =3m(m - 1) +1, Thus, for example, the number
of structures in which a vacant site is surrounded by
six filled sites, created when ¢ particles are arranged
in all possible ways, is obtained by setting m =2 and
o =6 in (32) as

(BM* - 9M +17) (Aq]h_‘;), (33)

or the probability that a site is vacant and surrounded
by six filled sites is

(g-1)g~2)-"+{g-5)N,—q) (34)

2 q
B = M+ 1) - D= 2) 7+ Ny = )

which is also equivalent to the probability of success
when attempting to place, in a random manner, an
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additional particle on the vacant site in the structure.
The quantity shown in (34) leads to 8%(1 — 6) in the limit
as N, or M approaches infinity.

V. CONCLUSION

We have derived a general expression which describes
exactly the ensemble average number of structures per
arrangement, created when single particles are
arranged on a two-dimensional lattice. The number of
nearest-neighbor pairs of various types is then obtained
easily from the general expression.

*This work supported in part by RCA Research Laboratories,
Inc.

IE, F.G. Herington and E.K. Rideal, Trans. Faraday Soc.
40, 505 (1944); R. van Hardveld and A. van Montfoort,
Surface Sci. 4, 396 (1966); 15, 189 (1969); G.C. Bond,
Proc. Inter. Cong. Catalysis, 4th, 1968, 2, 266 (1969);

I. Yasumori, T. Kabe, and Y. Inoue, J. Phys. Chem. 78,
583 (1974); Y, Inoue, I. Kojima, S. Moriki and I. Yasumori,
Proc. Inter. Cong. Catalysis, 6th, 1976, in press; P.d.
Estrup, Physics Today 28(4), 33 (1975) and the references
therein.

B, Lang, R.W. Joyner, and G.A. Somorjai, Surface Sci.
30, 440, 454 (1972); S. L. Bernasek and G.A. Somorjai,
ibid. 48, 204 (1975); L.C. Isett and J. M. Blakely, J. Vac.
Sci. Tech. 12, 237 (1975).

3R.B. McQuistan, Nuovo Cimento B 58, 86 (1968).

‘R.B. McQuistan, J. Math. Phys. 12, 2113 (1971).

E. Miyazaki, The Sixth International Congress on Catalysis,
1976, in London, Paper No. A-31,

E. Miyazaki and |. Yasumori 218



Systems of imprimitivity and representations of quantum
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The problem of expressing quantum mechanical expectation values as averages with respect to nonnegative
density functions on phase space, by analogy with classical mechanics, is reexamined in the light of some
earlier work on fuzzy phase spaces. It is shown that such phase space representations are possible if
ordinary phase space is replaced by a so-called fuzzy phase space, on which the usual marginal distribution
functions are redefined to conform to the fact that arbitrarily precise simultaneous measurements on
position and momentum are not compatible with quantum mechanics. In the process a generalization of
Wigner’s theorem on the nonexistence of phase space representations of quantum mechanics, which also
satisfy the standard (classical) marginality conditions in position and momentum, is obtained. It is shown
that a (continuous) representation of quantum mechanics exists on a given fuzzy phase space if an only if
the corresponding confidence functions for position and momentum measurements satisfy the Heisenberg

uncertainty relations.

1. INTRODUCTION

In classical statistical mechanics the state of a sys-
tem is represented by a probability density p(g, p),
which is a normalized nonnegative real-valued function
on a 6n-dimensional phase space I' = R®". The expec-
tation value (A), of any observable 4 in the state p is
given by the integral

(A, = [ Alg,p)olg, p)dqdp,

where A{q, p) is the measurable function on I which
represents the observable A. Furthermore, the mar-
ginal density functions

p'(q) = [ganplg, p)dp
p”(p) = fmanp(q) p) dq

represent, respectively, the configuration and momen-
tum space probability densities of the system.

In quantum mechanics, on the other hand, the state
of a system is represented in general by a normalized
density matrix p which is a positive trace-class operator
on a Hilbert space #/, and the expectation value of an
observable A (which is now a self adjoint operator on
#) is given by

<A>p :Tr[Ap]-

Attempts have often been made (cf. Refs. 1 and 2, and
references cited therein) to write quantum mechanical
expectation values also as phase space averages with
respect to some probability density p(q, p). In other
words, one tries to find a density function p(q, p) for
each state p and a generalized function A(g, p) for each
observable A such that one would have

Tr{Ap] = f. Alq, p)nla, p) dgdp.

However, it was shown by Wigner (cf., for example,
Ref. 3) that if, for all states p, the corresponding den-
sities p(g, p) are chosen to be positive semidefinite
[plg, p) = 0 for all {g,p) in I'], then the marginality
conditions
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Josnpla, p)dp=(alpla), (1.1a)

Josnpl@,p)da=lplp), (1.1b)
cannot be satisfied in general without violating the
canonical commutation relations

[Qj; Pk]ziéjk

for position and momentum. On the other hand, if one
drops the positivity condition, Wigner's result no longer
applies. Instead, however, one is faced with a tremen-
dous choice! of functions plg, p), which, in an attempt

to preserve formal appearances, are then labeled as
“quasiprobabilities. ” The nonpositive nature of these
quasiprobabilities is then explained away as a quantum
effect brought about by the uncertainty relations.®

In contradistinction, we propose to show that a phy-
sically meaningful and logically consistent way out of
this impasse can be found by making use of the very
root of the problem-—namely, the impossibility of mea-
suring both position and momentum precisely and simul-
taneously. In other words, it seems plausible that if we
do not insist on being able to measure sharp and simul-
taneous values for position and momentum, and if we
therefore replace conventional phase space by a fuzzy
phase space, 45 we would still be able to obtain a posi-
tive semidefinite density p{q, p) which would then satisfy
a modified marginality condition, appropriate to the
fuzzy phase space being used. This is the approach that
we shall adopt in this paper. For details on fuzzy
spaces, and in particular on fuzzy phase spaces, we
refer the reader to Refs. 4—7, and only collect here
a few basic facts about fuzzy phase spaces, to set up
the notation as well as for future reference.

A fuzzy phase space (I, v) is obtained from the ordi-
nary phase space I' by replacing each point (g,p)c I'
by a fuzzy point (g, p) defined as the four-tuple {(g, ¥,),
(p,v;), where for each g and p, ¥, and v, are normal-
ized confidence measures. For any g €« R¥ (resp. p
€ R*') and any Borel set 4, (resp. 4,) of RY, v, (4)
[resp. v,;(4,)] represents the probability that when the
observable @ (resp. P) is measured with a realistic,
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i.e., imperfectly accurate, apparatus and a reading ¢
(resp. p) is obtained, the actual value of @ (resp. F)

is within the set 4, (resp. 4,). Thus, a fuzzy phase
space is not associated to a system in isolation from
the methods and instruments used in performing mea-
surements on that system, but rather to a system and

a class of instruments whose accuracy calibrations?®:®
yield the chosen confidence measures at each point
{(g,p) L. If v, (resp. v,) has a density function X, (resp.
X,) such that

Va(Al):fAIXq(q') dq’, (1. 2a)

vy (8,) = *[Az X (0" dp’, (1. 2b)
for all Borel sets 4y, 4, in R*, we call X, (resp. X,)

a confidence function for ¢ (resp. p). In the present
notation, ordinary phase space ['= R® is to be asso-
ciated with the fuzzy phase space (I, 8), consisting of
four-tuples [(g, 8,), (0, 8,)], 6, (resp. §,) being the delta
measure on R?®” which is centered at ¢ (resp. p). The
fuzzy phase space (T, V) is equipped with the same Borel
structure as I'=R®" through the association

(@, 2) = (g, vo), @, vp)).

Our fuzzy phase spaces will be assumed to be trans-
formation spaces under the Galilean group g , acting
independently on each particle in the system. A typical
element g of § is given by the transformations

¥ r{:Rir; +Vit + di,

K~ ki =Rk +mv,, (1.3)

t=t' =t+b,

of the position r; = (¢34, 93142, G3i+s) and momentum k;
= (Daya1, P3iszs P3isg) Of the ith particle (6=0,1,2,...,
n-1), characterized by a rotation R;, velocity incre-
ment v;, and space translation d;, and can be consi-
dered as mapping the corresponding phase space ele-
ment (g, p) into another element ([¢lg, [plg) computed in
accordance with (1.3). The action of g on (I', v) is then
assumed to be

(g, v), (0, vp) = ((alg, viase), (0 1g, vipa)),s (1.4)
and, as a consequence, ®

V(8D =v,((81]g™), (1.5a)

Vi (82) = vy (818 (1.5b)

for all Borel sets 4, 4, in R*"; here [4;]g™ (resp.
[a,]g™) is the translate of the set &, (resp. 4,) through
g, Further, v, =V, or v,=v,, if and only if ¢ =¢ or
p=p', respectively.

Once we are prepared to replace the standard phase

space by a fuzzy space, we have to replace the mar-
ginality conditions (1.1) by the new relations

fm3np(q!p) dp: fmsn Vq(dq,)<q,|p|ql>: (1-6a)

Jran0(@, 2) dg = [5av3(dp Yo" 010", (1.6b)
where the right-hand sides of (1.6) represent the proba-

bility distributions in the random variables g and p ob-
served with apparatuses whose accuracy calibrations®'®
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at given points ¢, and p, are specified by the confidence
measures Y, and V;O, respectively.

After examining in Sec. 2 an abstract concept of phase
space representations of quantum mechanics and relat-
ing it to the existence of informationally complete sys-
tems of imprimitivity on the phase space I', we tackle
in Sec. 3 the problem of the existence of representations
which obey the marginality conditions (1.6). We obtain
a kind of extension of Wigner’s result in Theorem 4 by
proving that there are no (continuous) representations
if the canonically conjugate spreads? of the confidence
measures vV, and V,ﬁ do not satisfy the uncertainty rela-
tions, while solutions do exist as soon as these rela-
tions are satisfied.

Another crucial result is contained in Theorem 2,
which shows that if one starts with an abstract phase
space representation of quantum mechanics, which then
leads to a system of imprimitivity, specified in terms
of a positive operator valued (POV) measure a(4) on T,
one is mathematically led to a fuzzy phase space struc-
ture as soon as one imposes the physically mandatory
requirement that the marginal @ and P components of
a be informationally equivalent to the conventional spec-
tral measures E9 and EF of @ and P, respectively.

These and other points will be further discussed in
the concluding Sec. 4.

2. PHASE SPACE REPRESENTATIONS AND SYSTEMS
OF IMPRIMITIVITY

In this section we give the formal definitions of a
phase space representation of quantum mechanics and
of a phase space system of imprimitivity, and derive,
in Theorem 1, the relationship between the two. The
proof of the theorem is to be found in Appendix A.

Since we shall be dealing with nonrelativistic quantum
mechanics for # spinless particles, we shall take for
our Hilbert space // = L¥R®", dg), and denote by 53,(/)
the normed (under the “trace norm”) linear space of
all trace class operators on it. The positive cone of
81W), i.e., the set of all positive semidefinite trace
class operators on#/, will be denoted by 5,(/)*. By
/M (T) we shall denote the (normed linear) space of all
bounded complex measures on the phase space 1’ =R",
and by //i (I')* the cone of all positive semidefinite bound-
ed measures on I'. Let g - U, be a strongly continuous,
unitary, irreducible representation on H of the Galilean
group  on I'. We next introduce two concepts which
will be basic to the sequel.

Definition 1: A phase space representation of the
(nonrelativistic) quantum mechanics of a spinless, n-
particle system is a linear map (over R")

mipe Byt = ke (D) (2.1

which satisfies:
i) fr u,(dg dp) =trp, for all pcB (2.2)
(if) mpy # Mo, iff Py #py; (2.3)
(ii1) n[UxpU,]1=[u,lg, (2.4)
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where, for any Borel set & in T,

(1,12)(8) = n,((ale™).

Definition 2: A phase space system of imprimitivity
is a positive operator valued (POV) measure a defined
on the Borel sets A of I' [and assuming values in the
set A" of positive bounded operators on #] which
satisfies

(2.5)

(i) a(l) =1, (2.8)
where [ is the identity element in 8 (),
(i) a((alg) = U*a(a)U,, for all geg. (2.7

A phase space system of imprimitivity is said to be
informationally complete’ iff the only trace-class oper-
ator p satisfying Tr[a(a)p]=0 for all Borel sets 4 in
T is p=0; it is said to have a continuous spectral den-
sity if for each (g, p) € T there exists a bounded positive
definite operator F{g, p) in 5(//)"* satisfying

a(8) = [, Flq,p)dq dp, (2.8)
for all Borel sets A in I', and such that under the
Galilean translations (g, p) €(,

U).(tv.p)F(O’ O)U(a,p):F(q)p)- (2-9)

We shall state now the main result of this section,
namely the connection between a phase space represen-
tation of quantum mechanics and a phase space system
of imprimitivity.

Let L'(I') denote the set of absolutely integrable (with
respect to the Lebesgue measure dq dp) complex func-
tions on I' and L}(I')*, the nonnegative functions in this
set.

Theovem 1: Every phase space representation of
quantum mechanics 7 determines an informationally
complete phase space system of imprimitivity a such
that, for all p= ,(4)* and all Borel sets A in I,

(r(0))(a) =tr[a(d)p] = [, £,(q, p) dg dp, (2.10)
where £, is an element in L'(I')*, The map p =/, is a
linear isometry. Conversely, every informationally
complete phase space system of imprimitivity deter-

mines, canonically through (2.10), a phase space repre-
sentation of quantum mechanics.

Furthermore, « has a continucus spectral density
F(g,p), if and only if f, in (2.10) is a continuous func-
tion in LY(T")* for each pc 8, (4)".

In view of this result we shall adopt the following
definition.

Definition 3: The phase space representation of quan-
tum mechanics 7 will be said to be continuous if and
only if its canonically associated system of imprimi-
tivity [Eq. (2.10)] has a continuous spectral density.

Having thus succeeded in setting up a one-to-one cor-
respondence between phase space representations of
quantum mechanics and informationally complete phase
space systems of imprimitivity, we shall exploit, in
the next section, the mathematical properties of the
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latter to relate phase space systems of imprimitivity to
fuzzy phase spaces. The analysis is intended to show
how physical restrictions, namely the marginality con-
ditions, lead to the existence of fuzzy phase spaces
which are Borel isomorphic to I’ {Theorem 2). Other-
wise, in the absence of such marginality conditions, we
could not venture to make any suggestions as to a phy-
sical interpretation of the measure H, on I' associated
with a state p, since there would be no assurance that
such an interpretation would conform to the conventional
interpretation of quantum mechanics, in the realm of
validity of the latter. In fact, our concept of phase space
representations of quantum mechanics essentially co-
incides with that proposed by Agarwal and Wolf, !ex-
cept that the Agarwal—-Wolf € rules of association,
translated into our terms, would only require 4, to be
a signed (real) measure, when p<c/3,(#)*, rather than

a positive semidefinite one. To make the correspon-
dence with the Agarwal—Wolf approach clear we note
that the existence of the POV measure a(4A) enables us
to associate to any complex valued Borel measurable
function g(g, p) the operator (in the notation of Refs. 1
and 2)

22,5 = | glg, p)atdq ap), (2.11)

which in our case is positive semidefinite if (g, p) = 0.

To end this section we mention two examples of nor-
malized POV measures on I', which would lead to lin-
ear maps 7:5,(/)" ~/h (I)* through Eq. (2.10). How-
ever, in the first case one of the marginality conditions
in (1.6) is violated, whereas in the second, the covari-
ance condition (2.7), and hence (2.4), is not satisfied
(such a POV measure could arise if, for example, one
tried to compute joint probabilities for the outcome of
successive measurements on the observables @ and F,
following the suggestion of Davies and Lewis®).

Let X, and X, be two sets of confidence functions on
R* which satisfy

(2.12a)
(2.12b)

X (g =xilg’ - 9),
%®") =x®" -p).

Let £9 and E¥ be the usual spectral measures for the
operators € and P, respectively, and let

E%x) = JranXe(@VE(dq"), (2.13a)
EP(x) = [LanXs ®@VEF (dp"). (2.13b)
(i) Let x}/2 be the function defined as
X 24" = [x(a"] 7 (2.14)
for all ¢’ € R*. Then the spectral density
Flg,p)=E2(}/Y EP(x) BV 7Y (2.15)

defines, through (2.8), a POV measure on I" for which
the associated linear map 7 leads to the marginality
condition (1. 6a) but nof (1.6b). On the other hand,
F(q,p) satisfies the covariance condition (2. 9).

(i) Let pgcB5,(+)*, and suppose that Trp,=1. Then
the spectral density
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Flg, p)=TrlE? (x,)0,JE® (x;) (2. 16)

defines a POV measure which violates the covariance
condition (2. 9), but satisfies both the marginality con-
ditions in (1.6).

3. QUANTUM MECHANICS ON FUZZ2Y PHASE SPACES

In the Introduction we had defined fuzzy phase spaces
without assuming any relationship to exist between the
v,’s and the v,’s. However, it is clear that the quantum
mechanical uncertainty relations will set at least some
limitations upon the distribution of values for the v,’s
in relation to those for the v,’s, and vice versa. A first
result of this nature is proved in Theorem 3, which puts
a restriction on the spectral density F(g,p) for a con-
tinuous phase space representation of quantum mechan-
ics satisfying either one of the two marginality condi-
tions in Eqs. (1.6). This result then leads easily to
Theorem 4, which discusses the existence and unique-
ness of continuous phase space representations of quan-
tum mechanics satisfying both the marginality condi-
tions in (1.6). Theorem 4 also achieves a generaliza-
tion of Wigner’s result?®® (under the additional hypothe-
sis of covariance under the Galilean group) mentioned
in the Introduction and says, in particular, that no con-
tinuous representations exist, on fuzzy phase spaces,
which violate the quantum mechanical uncertainty prin-
ciple. Again we defer proofs of mathematical results
to Appendix B. We begin with some definitions.

Definition 4: The marginal @ component of a phase
space system of imprimitivity @ is the normalized POV
measure a° defined on the Borel sets 4, of R®" by

aQ(Ai):st,,a(Al Xdp). (3.1a)
Similarly, the marginal P component of a is the nor-
malized POV measure a® on R* defined as
a®(8y) = g aldgxs,). (3.1p)
Clearly, a%(8,) is a system of imprimitivity on the
configuration space with respect to the translations ¢
in that space, while a”(4,) is a system of imprimitivity
on the momentum space with respect to the translations
p in that space, i.e.,

a®((a)g) = U, 0,a° (&) U0 (3. 2a)
for all (g, 0)€(, and Borel sets 4; in R*; and
af([(8,p) = U%.5,a7 (8)Uco,p) (3.2b)

for all (0,p) €(, and Borel sets &, in R™.

The POV measures a” and a” are examples of fuzzy
position and momentum observables. ® Let @ and P be
the usual position and momentum operators, respective-
ly, on/ for our n-particle quantum mechanical system.
Let £9 and EP be their corresponding spectral mea-
sures. Following Refs. 6 and 7 we introduce the follow-
ing definition.

Definition 5: a? is said to be informationally equi-

valent to E9 if and only if for any pair of vectors ¢, ¢
eH, the equality
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(pla(a) ¢y =(¥|a®(a)y),
for all Borel sets 4; in R®" implies the equality

(S1EY(a)¢) =] E?(a)w)
for all Borel sets 4, in R%",

An analogous statement defines the informational
equivalence of ¢” and E”,

The next theorem shows that the informational equi-
valence of a? to E9 and of a® to E¥ (which has to be
imposed on physical grounds if a® and a® are to differ-
entiate between states equally effectively as £9 and E7,
respectively, do) automatically leads to a fuzzy-phase-
space structure. In stating this theorem we limit ¢ to
the [dense in L3(R*")] Schwartz space S (R*") in order to
insure that the integrals in (3. 3) are well defined even
if v, and V,: are not absolutely continuous with respect
to the Lebesgue measure. However, it will be establish-
ed in Theorem 3 that this contingency does not occur
for continuous representations, so that for this case of
exclusive physical interest (cf. Sec. 4) one can allow
¢ to vary over the entire space L3(R®).

Theovem 2: Let a be a phase space system of im-
primitivity and ¢° and ¢ its marginal @ and P com-
ponents, respectively. Suppose a® {resp. a%) is in-
formationally equivalent to £9 (resp. E¥). Then a de-
termines a fuzzy phase space (I', ) that is Borel iso-
morphic to I', and it satisfies the marginality conditions

(@la®(2)9) = [, 44 [panvelda] o (aN | (3.3a)

@la”@)9) = [, dp fesuvy@p) 0% (3.30)
for all ¢ ¢ § (R®"), where ¢ denotes the Fourier trans-
form of ¢.

It follows, therefore, that any phase space represen-
tation of quantum mechanics 7, whose canonically as-
sociated phase space system of imprimitivity has mar-
ginal @ and P components which are informationally
equivalent to E9 and E¥, respectively, is actually a
representation on a fuzzy phase space and satisfies the
marginality conditions (1. 6).

The question now arises as to what extent a 9 co-
variant fuzzy phase space (I, ¥) which is Borel isomor-
phic to I' canonically determines an informationally
complete phase space system of imprimitivity, and
hence its own, possibly unique, phase space represen-
tation of quantum mechanics. This question is partially
answered in Theorem 4 below. In Theorem 3 we first
get a restriction, to be put on the v,’s and v,'s provided
they are to come from a continuous phase space repre-
sentation of quantum mechanics.

Theovem 3: Let a be a phase space system of im-
primitivity with a continuous spectral density F(q,p),
and suppose that a® satisfies the marginality relation

(@la%(@)e) = [, 44 [oavelda) | ¢lgh |2
for all vectors ¢ in S (R®") and all Borel sets 4, in R*".

Then a? is informationally equivalent to E9, the oper-
ator F(g, p) is of trace class and v, is absolutely con-
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tinuous with respect to the Lebesgue measure on R,
so that for all Borel sets 4, in R™"

ve(&)) = f, x(a") dg’,

where x, € L}(R?*") for each gc R*, and

X7 =xlg" - 9), (3.4)
for almost all ¢’ and all g in R*"; furthermore,
(g| F(0, 0)| ) = (2m*"xo(g). (3.5)

Similarly, if @® satisfies the marginality relation

(la®(a)) = [, db [qanvi(@)| 50N,

for all ¢ € § (R*) (whose Fourier transforms are given
by &), and all Borel sets 4, in R%", then a” is infor~
mationally equivalent to E¥, the operator Flg, p) is of
trace class and v, is absolutely continuous with respect
to the Lebesgue measure on R3". Again, for all Borel
sets 4, in R,

V;(Az) = fAz X;(P’) dP ,y

where X, € L' (R,

X0 =xp" - p) (3.6)
for almost all p’ and all p in R*", and
| F(0, 0) [p)y = (2m2"xy(p). 3.7

We see that Wigner’s theorem, in the form stated in
Ref. 3, and under the additional hypothesis of covari-
ance under the Galilean group, is already contained in
this result, even apart from the restriction imposed
upon F(q, p) by the uncertainty principle; for according
to the hypothesis of that theorem a® would have to sat-
isfy a marginality condition of the type

(@la®(a)¢) = [,,dq [ 0.(da" | $(a") |2 dq’

= [y, dal 0@ . (3.8)

However, the 6 measure is not absolutely continuous
with respect to the Lebesgue measure. In other words,
either one of the two marginality conditions

Joanpla, p) dp =(q|p|q),
Joanpla, ) da=p1p|p),

is enoughto preclude the existence of a continuous
phase space representation of quantum mechanics.

From Theorem 3 we can easily derive the following
result, whose first part represents an extension of
Wigner’s theorem.

Theorem 4: Suppose X,(g) and x;(p) are nonnegative
normalized functions from L!(R®") whose spreads*

S;= [2 _gnsn(qj - aj)ZXo(CI) dq]l /2,

7y =12 fanlps ~ B4 dpT 2,

(3. 9a)

(3. 9b)
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exist for j=1,2,...,3n, where ¢; and p, denote the re-
spective mean values of g; and p;. If s;,7;, <1, for some
j=j,, then there exists no continuous phase space sys-
tem of imprimitivity satisfying the marginality condi-
tions (3.3). If

1 1 1
V3401 = V3142 = V34437 S3ia1 = S3i+2 = S3iu3) (3.10)

i=0,1,2,...,n—1, there is at least one pair X, and X{
for which such a system of imprimitivity exists. When
(3.10) is an equality, the only such pair is

3n

X(q") = 11'3"/2][} s7t expl- s73(g; - ¢;)%], (3.11a)
3n

X" =132 11 s, exp[~ s3] - p,)?], (3.11b)
i

and the corresponding system of imprimitivity is unique,
namely it is the one having the spectral density

Flg, p)=@n o009, (3.12)
where
(p:fz(x) — ."=-3n/4 H S;l /2
ia
2
X exp [—(ﬁzg'_rq-’)—ﬂpf <xf—%)]: (3.13)

furthermore, this system of imprimitivity is in-
formationally complete.

The above theorem is an immediate consequence of
(3.5) and (3.7) and the well-known fact'® that there is
no trace class operator on/ which would satisfy both
these relations if the product 2's;#; of its standard de-
viations 27'/2s; and 2'/%, in the canonically conjugate
variables g; and p; is smaller than one-half, while for
the case where (3.10) is satisfied there is such a trace
class operator, which is unique, namely (3.12), when
(3.10) is an equality. (The equalities 75y, = 73540 = V3443
are a consequence of the rotational symmetry intrinsic
to Galilean invariance. )

Implicit in Theorem 3 is the method of construction
of all those continuous phase space representations of
n-particle quantum mechanics whose marginal € and
P components are informationally equivalent to the con-
figuration and momentum representations, respectively
(i.e., in accordance with Theorem 2, of fuzzy phase
space representations). These representations are ob-
tained by taking any density matrix p;, which is rotation-
ally invariant, and writing

a(a) =(2m3" fA exp(~ ipQ) exp(- igP)p,

X exp(iqP) exp(ipQ) dg dp. (3.14)

The resulting POV measure a(4) will obviously give
rise to a system of imprimitivity on I", whose informa-
tional completeness has to be checked in each individual
case. In the special case of (3.12) this informational
completeness may be derived® by using, for example,
the well-known analyticity properties displayed by the
inner products of arbitrary vectors and coherent states.
More generally if p; is of the form

po=| D ){eol, (3.15)
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where ¢, is a vector in L3(R®) for which the “repro-
ducing kernel”

K(Qyp: qu.b’) :<¢0| U(q-d',?-!")¢0>

never vanishes, then the corresponding system of im-
primitivity is informationally complete.!!

(3.16)

Theorem 3 also implies that if the confidence func-
tions xo(q) and x¢(p) are given a priovi (e.g., by the
accuracy calibrations of a class of instruments for mea-
suring @ and P), then the choice of p, will be unique if
and only if there is a unique trace class operator F(0, 0)
= (2m)"%"p, which satisfies both (3.5) and (3. 7). If x,(¢)
and X¢(p) are optimal [i.e., have minimal spreads
(3.10) in relation to the uncertainty principlel], then this
uniqueness is implicitly stated in Theorem 4, However,
this uniqueness is not a feature that is common to all

choices of x, and x6, as can be shown by counterexamples

(cf. Ref. 17, Sec. 2).

4. DISCUSSION

According to Definition 1, a phase space representa-
tion of the quantum mechanics of a given system as-
signs to each quantum mechanical state (i.e., density
operator) p a unique normalized measure 4, on I'.
There is, however, no physical input in that observa-
tion as yet. One might be tempted to interpret u,(4) as
the probability of a measurement outcome (g, p) falling
within AC T, when the system is in the state p. But
even if we disregard the unfeasibility of experimentally
determining sharp values (q,p) c I, we are still left
with a question of consistency: Since there is an (un-
countable) infinity of possible phase space representa-
tions, each such representation assigning, in general,
a different value u,(A) to the same set &, for the sys-
tem in the same state p, which one of these distinct
probabilities is the “correct” one?

Following this line of thought, one can seek a way out
of the impasse by looking for guidance from the € mar-
ginal values {4,(A; XR%*) and P marginal values u,(R*"

X 4,) of W,, since that is familiar territory, where one
is dealing with either ¢ measurements or with P mea-
surements separately. But according to Wigner’s theo-
rem {contained in Theorem 4 above), no continuous
phase space representation of quantum mechanics would
provide us with marginal probabilities which coincide
with the conventional ones, namely Tr[pE® (8,)] and
Tr[pE(4,)], respectively, obtained by making precise
and separate measurements of @ alone and P alone.
Faced with this fact, one can still persist in the attempt
of assigning some physical interpretation to the mar-
ginal values of U, by considering the POV measure a(4)
that is unambiguously attached (according to Theorem
1) to each phase space representation, and then looking
for probabilistic interpretations which would make its
marginal components a® and a® informationally equiva-
lent (Definition 5) to £9 and E¥, respectively. This last
demand is certainly not only reasonable, but also man-
datory, since, whatever the new interpretation, it should
be at least as effective in distinguishing between the
physical properties of different states as the conven-
tional interpretation was.

In carrying out this last step of the program one is
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led to singling out from among all phase space repre-
sentations a species of special ones, namely, those
which satisfy the above mentioned criterion of informa-
tional equivalence. Using Theorem 2, we arrive thus

at the conclusion that the @ and P marginal values of
the measure i, on I', assigned to p by each one of these
special representations can be interpreted as proba-
bilities for fuzzy measurements of @ and P,
respectively.

Armed with this fact, one can go back and reconsider
i, globally (on I') for each one of these fuzzy phase
space representations. It is then natural to interpret
4,(8) as being the probability for the outcome of a fuzzy
simultaneous measuvement of @ and P, with the system
in the state p, to “fall within the fuzzy set A” {(cf. Ref.
4 for details). The compatibility of such an interpre-
tation with the uncertainty relations is then confirmed
by Theorem 4, which states that there are no fuzzy rep-
resentations which violate the uncertainty principle.
Also, it follows from the analysis of fuzzy position and
momentum operators in Ref. 6 that the fuzzy position
operators € associated to a® and the fuzzy momentum
operators P associated to a”,

QN),- = \mSanaQ(dq)y ﬁj = fﬂi’*"pf a®(ap),

satisfy the same canonical commutation relations as

do the standard (or sharp) operators @ and P, whenever
the confidence measures v, and v have finite spreads
(i.e., whenever @ and P exist). Furthermore, an an-
alysis of the operational meaning of the simultaneous
(fuzzy) measurement of @ and P confirms the experi-
mental feasibility of backing up the present interpreta-
tion with empirical observations (cf. Ref. 4, and the
references cited therein).

Among all fuzzy phase space representations of the
quantum mechanics of a given system, a prominent role
is played by the optimal ones, i.e., the ones which
correspond to confidence measures v, and v; which have
minimal spreads (3. 10) in relation to the uncertainty
principle. According to the second part of Theorem 4,
such optimally fuzzy phase space representations exist
if and only if v, and Vp' are derivable from confidence
functions x, and x;, respectively, which are the Gaus-
sians in (3. 11). Furthermore, for given v, and Vp' the
corresponding phase space system of imprimitivity is
unique—being given by the spectral density (3.12). It
is precisely these optimal representations that have
been studied in some detail in Refs. 4 and 5, and have
been shown to give rise to the L¥I') spaces which can
be interpolated in a natural manner between the con-
figuration space and the momentum space representa-
tions of a given quantum mechanical system. In addi-
tion, in relation to these optimal representations, the
nonoptimal ones play the same role as a fuzzy phase
space representation of classical mechanics plays vis-
a-vis the conventional (sharp) representation (cf. Ref.
5 for details).

There is another very significant feature that is
shared by all phase space representations of quantum
mechanics, and which establishes their superiority
from the point of view of state resolution: the POV mea-
sure a(a) associated with any such representation (The-
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orem 1) is informationally complete, while, on the
other hand, neither E9(4,) nor E?(4,) [and therefore,
by Theorem 2, neither a¥(4;) nor a”(4,)] come even
close to having this important property. Moreover, as
shown in Ref. 7 by a counter example, not even E°(A1)
and E¥(a,) taken together are informationally complete!
Thus, if we impose the condition that quantum mech-
anical theories be not redundant {in the sense of not
possessing states which cannot be distinguished, even
in principle, by means of empirical observations), then
position and momentum observations, performed sepa-
rately, cannot ensure that. However, simultaneous po-
sition and momentum observations do eliminate the
possibility of redundancy, when related to p by means
of the above discussed interpretation of u,(4) for fuzzy
phase space representations.

As a final comment, we ought to mention that our
specialization to the case of continuous phase space
representations, from Theorem 3 onwards, might ap-
pear somewhat artificial. However, the following serves
as a physical justification for imposing this restriction:
By Egs. (2.8)—(2.10) and the fact that, as a trace-class
operator, F(0, 0) has a completely discrete spectrum
it follows that for a continuous representation

|f,(q, p)| < trF(0, 0) =(2m)=3" (4.1)

for all density matrices p with unit trace [cf. Eq. (3.5)].

Conversely, such a relationship implies the continuity
of the corresponding representation. The physical de-
sirability of the above inequality becomes apparent if
we put back factors of #, for then we get

|f.(a, p)| <n73". (4.2)

As a matter of fact, after recalling the traditional role
of #¥" in the statistical mechanics considerations of a
system of 3n degrees of freedom'? and our interpreta-
tion of £,(¢g,p) as a probability density on (I, v), it be-
comes evident that (4.2) expresses the impossibility of
locating a quantum system in a phase space cell of vol-
ume less than 4%,

APPENDIX A

The proof of Theorem 1 will depend on the following
three lemmas:

Lemma 1: The map 7 may be extended to a linear
isometry

T:B,¢)~/M (D) (a1

which is bijective onto its image in / (T). [8;#) is con-
sidered as a Banach space with respect to the “trace
norm” Il iy, and/} (I') as a Banach space with the norm
it acquires as the dual of C.{I')—the set of all bounded,
complex, continuous functions on I' which vanish at
infinity. ]

Proof: Both 81(//) and/h (L) are generated by their

positive cones A;(+)* and /4 (I)*, respectively. Consider
first

T ByH) =/ (D),

Since Trp=liply for pcB,(4)* and w(I)=iul, for u
e/ (0)*, and in view of the condition that w(p,) = m(p,)

(A2)
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iff p; =p,, it follows that 7 is a bijective isometry of
B1¢H)* onto its image 7[B,#)*] in/ (I')* under 7. Hence
7[8:64)*] is closed. Next, for any pcf3,(), let p=p,
— Dy +3{py — py), where py, £y, P35, P B1(H)". We define

7(p) = m(py) = 7(py) +im(pg) = im(oy), (a3)

to extend 7 to the whole of 8;(%). Then l3,(#)]</H (I)
is a closed linear subspace of /i (I'), and so 7 extends
to a one-to-one positive linear map from 51(/) onto
7(8,#)). Hence 7 is continuous, ** and since for p
eB¢H)*, umlp)ia=lplly, it follows that for all pe B, ()

It ()l < llolly. (A4)

On the other hand, the inverse map 7! from the
Banach space 7(53,(#)] to 3,() is also continuous, being
a positive linear map. Thus,

lolly < Il (o)1, , (A5)

so that 7 is isometric.

Lemma 2: Let a be a phase space system of imprimi-
tivity. Then a(8) =0 iff A is of Lebesgue measure zero.

Proof: Let Uy, ¥, - -- be an orthonormal basis of
vectors in /#/. Consider the probability measure
H(8) =25 55 (Wl ala)yy), (46)
el
defined on the Borel sets A of I'. Then if g is an ele-
ment of the Galilean group §, we have

%

u((alp) = 2 5 (0l a8l

n=l

:é ’21_"<Uzd)n! a(A) U[Z/)n>, (A7)
by virtue of the imprimitivity relation (2.7). Thus, K(4)
=0 implies a(4) =0, which in turn implies, because of
(A7), that u([alg)=0, for all ge( . Hence, the null sets
of ¢ are invariant under g, and it follows that u« is equi-
valent to the invariant Lebesgue measure on I'. But by
(AB), un(a)=0 iff a(A) =0, whence the result.

Lemma 3: Every informationally complete phase space
system of imprimitivity ¢ defines an isometric positive
linear map

7 551(#) ”Ll(r),
which is a bijection onto its image [3,(#)]C LY(I);
ﬂ[B;OL/)] is thus a closed subspace of the Banach space

LY(D), Furthermore, a has a continuous spectral den-
sity iff 7(p) defines a continuous function in L}(I') for all

9681W).

Proof: For any pc (), consider the measure u,(4)
=tr[pa(a)]. By Lemma 2, u,(4) is absolutely continuous
with respect to the Lebesgue measure, Hence there is
an f, € LY(1') such that

(A8)

Trlpa(a)]= [, f,(q, p) dg dp, (A9)
and

Tro= [, f.q, p) dg dp. (A10)
Set

(o) =,. (a11)
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By informational completeness 7 is one-to-one. It is
obviously also linear and positive, and in fact, in view
of (A10), for peB,{H)*

7)1 = llpli;. (A12)

We may now prove, gxa.ctly as we did for 7 in Lemma
1, that the isometry 7 also extends to the whole of

ByH).

To prove the rest of the lemma, we show first that the
mayp g —~ U¥pU, is continuous in the trace norm topology
of B,(H). Let B() be the set of all bounded operators
on /, equipped with the usual operator norm. Then it
is well known' that (/) is the dual of 8,(/), so that,
in particular, for pef,{),

llpll, = sup|Tr(Ap]].
Al

(A13)
AC B8(H)
Let ¢, pcH and Ac S ({#H). Then,
KullvAavs - Alo)| < (] v AlUs - 1o))|
+ [wllu, - ag) |
<|IINAINKUE - Dol
+lgllANNTE - Dyl (A14)

and the last expression converges to zero as g—e¢, by
virtue of the strong continuity of g ~ U,. From (A14) it
also follows that the weak continuity of g ~ U AU} is
actually uniform in 4 for 1Al <1. Thus,

sup |@l[U,AUr ~Alp)| ~0, g-e. (A15)

NA L]

AE B (M)
But since the weak and the ultraweak topologies on /3 (/)
coincide on bounded sets, we have, for all p 681(/-/), the
result that

sup |Te[(UAU:-A)pl| -0, g—e, (a16)
nan
A5 im

i.e., IU*oU,-pll;~0, g—e. (A17)

Since § is a group, (A17) proves the continuity of g
~ U¥pU, at all points g€§.

Next suppose that ¢ has the continuous spectral den-
sity F(q, p) and for any peB,(4) define f, through (A11).
Then, by (A9) and (2. 8)

folg, p) =Tr[Flq, p)p), (A18)
so that, by (2.9)
|7.(q, ) - £,(0,0)|

= | Tr[F(q, p)p] ~ Tx[F(0, 0)p]|

= lTr[(U’t,',,pU(q,,,— P)F(0, 0)]]

<11U%, 50U @ py ~ PILILE(O, OV, (A19)

which converges to zero as (g, p)~ (0, 0} by virtue of
(A17).

Conversely, suppose that for all pe 8,4, f, is a
continuous function in LY(T'), For fixed (g, p) define a
linear functional on 3,{/) by

p~=f.{q,p). (A20)
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This is clearly a positive linear mapping and therefore
defines a continuous functional on 8,(//). Thus there ex-
ists an operator F(g,p) in 8(4)" such that

TrlF(g, p)p)=1,(q, p).
Finally (A9) implies that the relation (2. 8) holds.

(A21)

Proof of Theorem 1. Let 7 be a phase space represen-
tation of quantum mechanics, extended to the whole of
B,#) by Lemma 1. Let 7(p) =, /¥ (I'). Then, for a
fixed Borel set A in I', p~ u,(4) is a positive linear
functional on 3;(/). Thus there is an operator a(a)
cBH)* such that

u,(4) =tr{a(a)p]. (A22)

Since i, €/l (I) for each p and u,(I) =Trp, it follows'®
that A= a(4) is a normalized POV measure on I'. Also,
7(U*pU,]=(4,],, and therefore a is a phase space sys-
tem of imprimitivity. Finally, the condition m(p,) =7(p,)
iff p; =p, implies that a is informationally complete.

The converse follows upon defining 7(p) by
[7(p) (&) =Trla(a)p],

while the rest of the theorem is a consequence of
Lemma 3.

(A23)

APPENDIX B

Proof of Theovem 2: Consider first a9, Since a? and
E9 give the same information, the von Neumann alge-
bras A(a%) and A (E°) generated by them are identical.®
Furthermore, A (EY) is isometrically isomorphic, in the
C* algebraic sense, to L™(IR*) (i.e., the set of bounded
Lebesgue measurable functions under the “essential
sup” norm). Then, for ¥/ and fc C(R™),

@ (P =F ) ¥la),

where,

(B1)

a% (N = fpsaf(@)ad(dg),

and F; is some measurable function in L*(R*). We show
next that F(g) may actually be chosen to be continuous
in g. Indeed,

Na® Pl = ess.;;xp\ Fia)!, (B2)
qE R33N

and

lla® (Ol < KAl . (B3)

for some positive number K, independent of f.** [The
norm in C {R®) is the supremum norm. | Thus,

|Fo@)| <KWMlc _,

for almost all ¢ in R3",

(B4)
Let v{¢q)F; denote the translated

function
(@ Fg') =Flg’ - ). (B5)
Then,
ess. sup | (@) F4(g") ~ F4(q")|
q:enfin
=ess. sup \Ff(q' - g} = Fyq" \
' cR3n
=ess.sup | Fys(g) - Flgh |, (B6)
€ R3IN
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by virtue of (3.2a), where (g[f)(¢") =flg +¢”). There-
fore, by linearity (B6) equals

F ’
ess. sup | Fesyorla)|
< Kliq[f]- 1M,

by (B4). Since the function f is uniformly continuous,
the right-hand side of (B7) converges to zero as ¢ - 0.
Thus the map g — )’(q)F, is continuous in the norm topo-
logy of L=(R®") and hence'® F; may be replaced almost
everywhere by a continuous function. We shall hence-
forth assume that this has been done.

B

Thus, for fixed g R®", f ~ F((q) defines a positive
linear functional on C.(R>?"), so that there exists a pro-
bability measure [note that a®(R®") =I] v, for each ¢
in R®" such that

Fylg) =v, (. (B8)
Hence, for any Borel set 4, in R Eq. (B1) may be
written as

(@°(a)9)(q) =v,(21)¥%(), (B9)

for almost all ¢ in R*. The marginality condition (3. 3a)
is straightforward to verify.

To prove that the set{(g, ¥,){¢ € R¥} constitutes a
fuzzy configuration space, we only need to verify further
that ¢ #¢" iff v, #v,.. But this is obvious since the 7,’s
are all probability measures on the locally compact
space R®" which satisfy v,(R%®) =1 for all g R,

The construction of a fuzzy momentum space, using
a®, is similar. Combining the two we get the desired
fuzzy phase space (I, V).

Pyoof of Theovem 3: We first prove that % and E9
are informationally equivalent. Indeed, the marginality
condition

(@la®(a0)¢) = [, dq fgsnvaldg)|d@)]?

for all ¢  § (R®") implies that the operator a%(4,) has
the form

(@®(a)¥(g) = v (8)¥(g)

for all €/ and almost all ¢ in R®". Since a? satisfies
the imprimitivity relation (3. 2a), v, satisfies the covari-
ance condition

vo(a) = Vo([%]q-l):
for all g € R% and all Borel sets 4; in R¥. Also, since
v, is a probability measure, v,=V,. iff g=¢’. Thus it
follows from Theorem 2 in Ref. 6 that a° and E9 are
informationally equivalent.

(B10)

Next let i, ¥, -+ - be an orthonormal basis of vectors
in/ and let

N
Py=2 90|, 1<Nsw=, (B11)
k=
Consider for ¢ €/ the nonnegative expression,
Iy(¢) = [os{exp(ipQ ¢ | PyF(0, 0Py exp(ip@)¢) dp.  (B12)

We observe that according to (2.9)
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1d$) = Jpsalt | F(0,p)p) dp. (B13)

Choosing ¢ to be of compact support, and using the
unitarity of the Fourier transform in L%(IR%') we get for
N<w,

Iy(o)

=

<me| F(Or 0)¢k> fnﬁndp fnSn dx exP(— sz)¢(x)

=1

o

Ty

X (%) [ andy exp(ipy) $0) ¢ (v)
N —_—
=(@0" 2 Wul FO, 0% fosal 00 %10

X P, (x) dx. (B14)

H ¢y, ¢, - - - € L3R, dx) is a sequence of continuous
functions of compact support for which

Z‘; | ¢, (x)|2=1, (B15)
1 =]
then we have by (B14),
w N
Z‘; Iy(¢,) = (zfr)s"kZ{ (| F(0, 0)t). (B16)
1= =

Since (4| F(0, 0)¥,) > 0, the above expression increases
monotonically as N~>, On the other hand, by (B14) and
(B15)

© w©

2 In($1) = [osndp 21 (exp(ipQ) ¢, | PyF(0, 0P
X explip@) y). (B17)

We shall prove later that F(0, 0) has no continuous spec-
trum. Consequently, by choosing {w,} to consist of eigen-

vectors of F(0, 0) we achieve that
PyF(0,0)Py < F(0,0), N=1,2,3,-"-. (B18)

Thus, by Lebesgue’s dominated convergence theorem,
in the limit N~ the expression (B17) converges to

Jeon b Zi (exp(ipQ) 64| F(0, 0) exp(ipQ) 1)
=2 fpsrl®1| FO,)0) dp

:lzjl fm3n Vﬂ(dx) ‘ (f),(X) | 2’ (Blg)

so that the series in (B16) converges in the limit N -,
2 Gl (0, 009y = (2m)75" [ 5, v(dx)
R=1

= (21,.)-3"' (BZO)

Since F(0, 0) = 0, the above sum is independent of the
chosen orthonormal sequence 4, ¥, - -. Hence we con-
clude that F(0, 0) is of trace class (cf. Ref. 10, Chap.
II, Sec. 11), and has a spectral decomposition of the
form

F(0, 0) :§> | M(tl, >0, (B21)

27 =Tr[F(0, 0)]. (B22)

Inserting this result in (B14) and letting N ~ = we ob-
tain for all ¢ € S (R®")
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Jan (@1 F(0, pYo)ep = (273" [ (g'| F(0, 0) |¢")

x| ¢(qg")|%dq’. (B23)
On the other hand, according to (3. 3a)
Jal@ | F(O, )oY dp = [ vola") [ 6(g") |2dg’. (B24)

1t follows that the right-hand sides of (B23) and (B24)
must be equal for arbitrary ¢ € § (R3") so that v, has
density

xolg) = (2m*q’ [ F(0, 0) |¢"

with respect to the Lebesgue measure and, therefore,
(3. 5) must be true.

This completes the proof of the first half of Theorem
3, with the exception of the claim that F(0, 0) has a pure
point spectrum, which was used when we argued that
(B18) could be satisfied by an appropriate choice of the
vectors iy, Ps, - -,

To verify that this claim is true, we note that the
positive-definiteness of F(0, 0) implies by itself that
F(0, 0) has a spectral decomposition of the form

F(0,0) = [ " \dE,. (B25)
For every integer k, let

a®=0, of'=pt ..., a®)=a®+r? (B26)
so that,

F, :Z:, @, NE, &) - Ey ®)) (B27)

n=¢

is a positive definite operator with a pure point spec-
trum, and

F,<F(0,0), k=1,2 -, (B28)

LF(0, 0) ~ Fyll < k71, (B29)
Define now, in analogy with (B12)

I¥(0) = [rsnexp(ipQ)¢ | PYF P explipQ)d).  (B30)
We note that because of (B28),

I3(g) <1(¢) <o, (B31)

so that the entire argument used in deriving (B16) and

228 J. Math. Phys., Vol. 18, No. 2, February 1977

(B17) can be repeated verbatim to derive analogous
relations for ¥,7{’(¢,). In these relations, however,
the role of F(0, 0) is taken over by F,. On the other
hand, F, is constructed in such a manner that it does
have a pure point spectrum, and therefore, a choice of
an orthonormal basis ¥, ¥5*), - -+ can be effected so
that

PPFPE <F, N=1,2 .- (B32)

would hold true. Hence we conclude that F, is of trace
class. Since, according to (B29), F(0,0) is the uniform
limit of Fy, F,, -++, it follows that F(0, 0) is a compact
operator. This establishes the fact that F(0, 0) must
have a pure point spectrum, and concludes the proof of
the first half of Theorem 3.

The second half of this theorem is proven in exactly
the same manner by working in the momentum rather
than the configuration representation.
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A physically motivated definition of scattering subspaces is given for problems in nonrelativistic quantum
mechanics. The definition is more stringent than earlier similar definitions. It is applicable to potential

scattering and to n-body problems.

INTRODUCTION

Recently, some attempts have been made®*? to give a
physically intuitive characterization of scattering sub-
spaces for quantum-mechanical systems. For a non-
relativistic quantum-mechanical particle, which is de-
scribed by a normalized element of L2 (R®), the charac-
terizations essentially say this: Let H be the Hamiltonian
for the particle and let B, denote the ball of radius »
about the origin in R®. Let $e/ 3(R?. Then ¢ is in the
positive time scattering subspace if and only if for each
n=1,2,3,... we have

lim [, |[exp(- iHD))(x)|?dx=0. 1
t-+e

(We work with units in which Z=1.) The negative time
scattering subspace is defined similarly, with +<« being
replaced by — = above. The interpretation of this defini-
tion is simple: If ¥ is normalized, then |[exp(- iH?)]
X(x)|? is the position probability density at time # for
the particle which has state ¥ at time £=0. Thus Eq.

(1) says that the probability for finding the particle in
B, approaches zero as f -+, If this is true for all »,
then it is asymptotically correct to think of the particle
as being “far” from the origin. This permits one to
think of the particle as being asymptotically outside the
range of a center of force (presumably localized near
the origin} and hence in some sense “free.” However,
our knowledge of the behavior of free quantum- mechani-
cal particles is quite detailed, and it is legitimate to
ask in what sense the behavior described by a ¢ in the
scattering subspace above approximates the usual be-
havior of a quantum-mechanical free particle. We now
discuss this point. (The discussion will be partly heu-
ristic. Strict mathematical argument will begin in Sec.
1.)

One feature of the behavior of a quantum-mechanical
free particle is this: Not only does it flee the origin in
the sense described by Eq. (1), but one can make state-
ments about the manner in which it flees. It would not
be correct to say that the particle asymptotically flees
with a fixed radial velocity, because of course the par-
ticle will have a spectrum of possible velocities. What
is correct is to say that the integral over all v, of the
probability for asymptotic flight from the origin with
radial velocity v, is unity. Intuitively this is because
the component of the wavefunction corresponding to
(unchanging) velocity v will asymptotically represent
departure from the origin with fixed radial velocity v,
equal to the magnitude of v, and integrating over all
velocities accounts for all possible motions of the par-
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ticle. Since the probability for v, to be exactly zero will
be zero, we can say that the integral of the probabilities
for all velocities v, othey than zevo must be unity. Thus
the free particle will flee the origin with some nonzero
velocity, although this velocity may be quite small. We
shall refer to this type of flight from the origin as flight
with velocity. If we now think of an interacting quantum-
mechanical particle, then the velocity of such a particle
will not be constant, so the above definition of flight
with velocity is not applicable, but it is easy to repair
this by thinking of the average radial velocity of the
particle in a given time interval. If the particle does
asymptotically become free, then its velocity should
eventually approach a constant value, and (thus) so
should its average radial velocity. For each v, we can
compute the probability that the asymptotic average ra-
dial velocity will be v,, and if the integral of all these
probabilities (excluding the point v, =0) is unity, we
will describe the behavior of the particle as asymplotic
flight with velocity. (Remark: exclusion of the point

v, =0 is now significant. If the wavefunction of the par-
ticle in question is a bound state, then the asymptotic
average radial velocity of the particle will be zero with
probability one, representing no flight from the origin
at all. Thus it is now a nontrivial requirement to ask
that the integral over all probabilities excluding the point
v, =0 should be unity.)

In the definition of scattering subspaces given in Eq.
(1), no attempt is made to characterize the manner in
which the particle in question leaves the origin. The
departure could become more and more leisurely as
time goes on, representing a behavior uncharacteristic
of asymptotically free particles. In this paper we at-
tempt to sharpen the definition of scattering subspaces
by capturing mathematically the notion of asymptotic
flight with velocity and defining the scattering subspaces
to be the collections of wavefunctions ¥ such that
exp(- ¢Ht)} exhibits asymptotic flight with velocity. If
Y belongs to a scattering subspace as so defined, then
the particle described by exp(—¢H#)¥ can be more con-
fidently described as “asymptotically free” than particles
concerning which it is only known that eventually they
escape from any bounded set. By comparison with the
usual time-dependent nonrelativistic potential scattering
theory, we shall see that our subspaces coincide with
the standard scattering subspaces in familiar cases.

I. DEFINITION OF THE SCATTERING SUBSPACES

Qur entire discussion will be carried out within the
framework of nonrelativistic quantum mechanics in
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Hilbert space. We shall give definitions and theorems

for the case { ~+=. The corresponding definitions and
theorems for the case { ~ - can be obtained from our
discussion by making obvious replacements, as we oc-
casionally note.

We consider a nonrelativistic particle of mass m with
self-adjoint Hamiltonian H acting on the space /[ 2(R%) of
complex-valued functions square-integrable over three-
dimensional Euclidean space. The form of H is not im-
portant for now. In quantum mechanical discussions it
is slightly more natural to deal with momentum than
velocity, and we shall construct the scattering subspace
by discussing the momentum rather than the velocity of
the particle. Naturally the two differ only by the factor
m. Now a particle starting from the origin with momen-
tum k will be on the sphere of radius k¢/m after time £,
(2 denotes the magnitude of k.) We set k=1/n where
n is a positive integer, and for ¥ </ 2(R® we define
NPl g (s stands for “scattering”) by defining its square,

Wiz, = [ ,,, |lexp(~iHN)y)(x) |2 dx. ()

For a normalized ¢, the number 1%, is the probability
that the particle with wavefunction exp(- ¢Hf) will be
found outside the sphere of radius ¢{/nm at time £, and
we can think of this number as measuring the probability
that the particle was fleeing the origin with average ra-
dial momentum exceeding 1/n during the time interval
[0, £]. (Of course, the particle was not at the origin at
time £=0, but would be essentially localized in some
sphere about the origin. If ¢ is large enough so that ¢/
nm is much greater than the radius of this initial sphere,
then our statement about the interpretation of 11, is
justified.) The number ¥, may not have a limit as

t -+, but it will have an inferior limit, which we de-
note by 1,

19112, = Lim [1p[3,. (3

taseo

Following the interpretation above, if ¥ is normalized,
then 1312, can be regarded as a lower bound for the
probability that the particle with wavefunction

exp(— tHt)y was fleeing the origin with average radial
momentum exceeding 1/# during the infinite time inter-
val [0, ). We shall not attempt to decide whether the
probabilities for asymptotic flight with various average
radial momenta actually become constant for large posi-
tive time ¢, as suggested in the partially heuristic in-
troduction. Instead, we shall build the concept of flight
with velocity on the numbers defined in Eq. (2), which
give an unambiguous description of the actual motion of
the particle and clearly provide the kind of information
we are looking for. Observe that

Il < Nyl < - - < ligli2 (4)
so that the sequence 1112, has a limit as n—~=, We write
lHgll2=1im | pilZ,. (5)

1= %0
If now  is a normalized function and if P12 equals unity,
we will say that the flight from the origin described by
exp(~ iHt)Y is flight with velocity, since W32 is a lower
bound for the probability that the particle fled the origin
with some nonzero average velocity. We have avoided
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inclusion of zero velocity by considering only states
whose average radial momentum exceeded 1/% for some
n,

We now define the positive time scattering subspace
He as follows:

Ho =19 e L3R | 1oil2=lyl1%. (6)

The companion subspace /5 is defined using the condi-
tion x> |£]/nm in Eq. (2) and the limit as ¢ -~ - in Eq.
(3). We now justify the terminology “subspace.”

Theorem 1: /1% is a closed subspace of / 2(R%).

Proof: We give the proof for 4. H% is obviously
closed under scalar multiplication. To prove closure
under addition, we define for </ #R® the numbers
(b stands, somewhat optimistically, for “bound”)

olZ,e = N2 = 19112, = [

X

<t /nm| exD(= iHE YY) |2 dx.
7
We define

NIz, = 1im 19l = N9lIZ = Lim (1915, = 1912 - 11113, (8)
t

400 FTove
We also put
113 = 1im 19113, = lpl1® = 1115 (9)
so that

pett, <= ligliz=0.

Now the number W, by its definition in terms of the
integral in Eq. (7), has some properties of a Hilbert-
space norm. In particular it satisfies the parallelogram
law. Thus we have

g + Pl < Wy + 1120 + 1y = 113,
=213 + 218,113,

(10)

(11)

If ¥, and ¥, are in /%, and thus satisfy the right-hand
condition of the equivalence {10), then by Eq. (11) we
have

Hd’t + zl)zi\%,,:'l_iEH% + wzﬂint
te+e

< 2m gy + YliZ, + 2Tm {1yl (12)
teswe tove
=2l 113, + 2119, 112,
so that
Iy + P12 < 20191 + 201,115 =0, (13)

and Yy + ¥, cH5. Thus A}, is closed under addition. To
see that /%, is a closed subspace of / 2(R%), let ¥, eH%,
1=1,2,..-, and let ¥, converge strongly to y. Using
some obvious properties of i{ll,,,, we have for any !

11lme < 1y lome + 1 = Pyllpme < Wityllppe + N = Brll. (14)
Thus

19ll,=1im Tim [y, < H— 1l for any I,

new fago

(15)

so that the left-hand side of Eq. (15) must be zero, and
Y eHi. This completes the proof.
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The scattering subspaces /%, are defined in terms of
the asymptotic behavior of the function exp(- ¢H?)}. Thus
if yc#%, and u is a real number, exp(—iHu)y should be-
long to /%, since exp(— iHt)y and expl- iH (¢ +u) | will
have similar asymptotic behavior. Thus /% should be
invariant under application of exp(~ iHu) for all real «,
which is equivalent to saying that the subspace /%,
should reduce the Hamiltonian H.

Theorem 2: The subspaces /%, reduce the Hamilton H.

Proof for Hs,: Let u be a real number, and suppose
beHy. I u=0, then

lexp(= iHWllZ, = [, .. | [exp(= iH{t +1)$)(x) |2 dx

= foc o | [€XD(= THPN BN [2 2%,

(16)
where ¥=1{¢ +u. Thus
llexp(~ iHu) YlIZ,; < f | lexp(~ iH7)P](x) |2 dx

<r/nm

= 101y = 181 B s oy . am

Now the superior limit as £ ~+ of Hl/)ﬂ,,,,(m, is identical
with that of g%, so

llexp(= iHu)Pll2 = lim lim || exp(= iHw)¥lI2,,

e faboo

<lim ImIYIB, gy = I0I2=0,  (18)

nee fose
so that exp(- iHu)y e e. If u<0 then (16) still holds but
¥ —u>7 so that (17) is false in general. However, re-
placing # by 2r in (16), as soon as ¥ is greater than [ul

we have

V—-Uu v

< -

2n)ym  nm (19)
and hence

llexp(— iHw)PlIE 5y < fx [[exp(~ iH7)p)(x) |2dx

=112, (20)

Arguing as above, we have that

lim lim [lexp(= iH®) Yl iy = O (21)

n-w {+4ew

and since the limit as # = of lim, ., «llexp(- {Hu) P2,
is known to exist, this limit must also be zero, so again
exp(— iHwy € H%, completing the proof.

Since the subspaces /% reduce H, it is natural to con-
sider the properties of the spectrum of H in Hﬁc. Because
of their interpretation, the subspaces /% should certain-
ly be orthogonal to the subspace #/,, containing the “pure
point” spectrum of H, i.e., the subspace spanned by
the bound states (eigenfunctions) of H. This is in fact
the case, and it follows that the parts of H in /%, have
continuous spectrum.

Theorem 3: The subspaces /%, are orthogonal to the
subspace »» Spanned by the bound states of H.

Proof for He: We will show that if Y € 4%, then ¢
satisfies the condition expressed by Eq. (1). The con-
clusion of the theorem then follows from a theorem of
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Wilcox (Ref. 1, Theorem 2.1). Let # €/ ¢, and let [ and
n be positive integers. As soon as f is large enough so
that I <¢/mn, we have

Lo exp(- il [2dx < [_, .. |[exp(- iHOP)®)| 2 dx

=[19liZ,,. (22)
Thus
hm <l [(exp(- iH)P)(x) |2 dx < 11m llZ,e =119l (23)
and since this holds for all n=1,2,3,--+ we have
11mf<, [exp(- iHNY](®) |2dx < Lim I9IB, = lIlZ=0.  (24)

i~

Thus ¢ satisfies the required condition, and we are done.

Il. CONNECTION WITH USUAL SCATTERING THEORY

To establish the connection of the subspaces /%, with
the usual formulation of scattering theory, we first take
H to be the free Hamiltonian H,= - 4/2m where A is
the (natural self-adjoint extension of the) Laplacian op-
erator. We will verify some results that are easy to
anticipate. As in Ref. 3 we write

exp(-iHt) = C,Q,, (25)
where
(Q:9) (®) = exp(imx?/2t) p(x) (26)

and, letting ¢ denote the Fourier transform of ¢, C, is
defined by

(Ci@)(x) = (m /it)3 /2 exp(imx?/28) G(mx/1). @27
Then for ¥ </ %(R% we have
(19130 = S ny ) nm| [exB(= TH ) 0](x) |2 dx
o~ 2
= Jeot um| T |° (7—?-’5)\ dx., (28)
Letting k=mx/t, we have
N2 = fray /] (QuD(O) |2 e (29)

Now Q; clearly converges strongly to 1 as £~ +%, and
as a result

= lim 193, = ooy /| () |2 dk. (30)

i3,
Since |9(k) |2 is the momentum probability density for
the particle, 1191Z, is just the probability that the particle
has magnitude of the momentum exceeding 1/%, in ex-
act correspondence with our earlier interpretation.
(Note that if a particle has momentum k, then asympto-
tically its radial momentum is the magnitude &, so

Iy, is the probability for asymptotic radial momentum
exceeding 1/n.) We also have for any ¥ e/ %(R?),
Hm 19113, = fa] 900 |2 =1y, (31)

ne o

so that yc#/¢.. The corresponding argument also applies
toH%, so that

HE =/ 3R,

as expected.

(32)
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Next let us consider a theory with a Hamiltonian H
such that the Mgller wave matrices W, exist, where
W, is defined by
W, =s-lim exp(¢H?) exp(— iHt). (33)
tote
We denote by R* the range of W,. If ¥ R*, then as
t =+« the wavefunction exp(~ iHt)} converges strongly
to exp(~ iH )W,y (see Ref. 3), so that

Holi2, = Tim lgli2,,

L+

=1im xzt/"mHexp(— iHYP)(x) |2 dx

=+
=1 [y o [exD= iH )W 3]0 |* dx
:ﬁzﬁ/nl(ﬁd})(k)}zdk. (34)

Thus 1312, is just the probability that the asymptotic
freely propagating state exp(— iH )W, will have magni~
tude of momentum exceeding 1/x. This is just what
might have been expected intuitively. Clearly we also
have

1plIE= 1im &1, = [| W, 3lI% = |[y]?, (35)

e o

so that pe/%,. Similar remarks apply to functions
Ye R°, sothat we can conclude

REC A, (36)

In particular, if the theory is asymptotically complete
in the strong sense, so that
i

R'=R"=#,, (37

where 1 denotes orthogonal complement, then because
#*% is orthogonal to /,,, we have

Hi = RE=1,,. (38)

For conditions under which the Mgller wave matrices
exist or under which the theory is complete in the strong
sense, see Refs. 4 or 5.

It can be shown that in the case of a Coulomb potential,
Vc(x) = e1ez/x, (39)

Eq. (38) still holds. In this case, the subspaces /i,
are defined exactly as before. The definition of the
subspaces R® requires some modification, because
the usual Mgller wave matrices of Eq. (33) do not
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exist.? However, if the Mgller wave matrices are de-
fined as in Ref. 4 making use of a “distorted” free
Hamiltonian, then it is found that Eq. (37) holds and
that for ¥ € R* the asymptotic behavior of exp(~iH?) is
enough like that of a free particle so that the above argu-
ment leading to Eq. (38) can be pushed through without
substantial modification. Similar remarks apply to the
case of a Coulomb-like potential (short-range plus
Coulomb) when the theory is known to be asymptotically
complete. (See Ref. 5.) Thus we have found a definition
of scattering subspaces which is physically intuitive and
which reproduces the usual scattering subspaces both
for short-range and Coulomb potentials. Even in theo-
ries in which the existence of the Mgller wave matrices
is in question, one can be confident that the elements

of these subspaces represent particles which flee the
origin in somewhat the same manner as free particles.

As a closing remark, we note that the above definition
of scattering subspaces can be transferred to the setting
of n-body scattering processes. If there are static po-
tentials at the origin, so that center-of-mass momentum
is not conserved, one merely replaces the variable x
in Eq. (2) by the center-of-mass coordinate for the =
particles, and replaces R® by R*". The number 1§12,
then gives the probability that during the time inferval
[0, t], the center of mass of the n-body system was flee-
ing the region of the static potentials with an average
radial momentum exceeding 1/%. The number Hz‘b\\i
should equal unity (for a normalized ¥) only if at least
some of the component particles of the system asympto-
tically flee the static potentials with velocity, in which
case it makes sense to say that scattering is being de-
scribed. If there are no static potentials present then
one must factor out the center-of-mass coordinate in
the well-known way, with a corresponding modification
of Eq. (2). In any case, one then has a description of
the n-body scattering subspace in which it is not neces-
sary to mention explicitly the various channels of the
system.

1Calvin H. Wilcox, J. Func, Anal, 12, 257 (1973).

2W. 0. Amrein and V. Georgescu, Helv. Phys. Acta 46, 635
1973).
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4J. Dollard, Rocky Mt, J. Math. 1, 5 (1971}.

5B. Simon, Thesis, Princeton University (1970).
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A new family of solutions of the Einstein field equations

Frederick J. Ernst
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An ordinary differential equation is presented, from solutions of which may be constructed solutions of the
Einstein field equations. The study of these solutions may shed light upon the still obscure systematics of

the Tomimatsu-Sato spinning mass fields.

In this author’s formulation' of the stationary axially
symmetric gravitational field problem, solutions of
Einstein’s vacuum field equations are constructed from
complex solutions of the single nonlinear field equation

(Ref )V E=VE - VE. (1)

Until now it appears to have escaped notice that this
equation has solutions of the form

& =7"Y,(cosh), (2)

where », 0, ¢ are spherical polar coordinates, and the
function Y,(y) satisfies the ovdinary differential equation
d

A _.n
(ReY,)(k(k s+ La-dy,

4 anf d 2
=k’Y7 +(1 -yz)(E Yk> , (3)

which has not yet been solved in complete generality.

Employing the well-known symmetry group® of Eq.
(1), one can construct from solutions of the form (2)
solutions of a more general nature. Furthermore, since
these spacetimes possess not one but two commuting
Killing vector fields, the method of Geroch® may be
employed to generate additional vacuum spacetimes.
Thus, the solution of the ordinary differential equation
(3) provides many vacuum spacetimes.

Thus far we have enjoyed only limited success in
solving Eq. (3). It should be observed that it is unnec-
essary to consider separately solutions with & <0, for
if £ is a solution of Eq. (1), then so is £™'. When k=0
the real and imaginary parts of the complex potential
& are functionally related. Therefore, the complete
solution for 2=0 is implicit in the work of Papapetrou.*
When k=1 there is a trivial subcase in which ImY;
=const. The corresponding spacetimes are not station-
ary but sfatic, and were anticipated in the work of
Lewis.® To construct new stationary solutions one must
turn to other values of k2, or if k=1, then demand that
ImY, # const.

Efforts to find the general solution of Eq. (3) may be
spurred on by the observation that a series of specific
solutions can be constructed without inordinate difficul -
ty. These particular solutions may be expressed in the
form

a2 Dy L (4)

where p® +4°=1, D,=N%,, and the N, are the following
polynomials:
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Ny=1,

N, =pv +(ig)w,

N,=p*0° +3plig)v*w +3pliqlvw® +(ig)? w®,

N, =p%® +6p*(ig)v’w +15p*(ig)v*w® +10[ p?(iq) +p(ig) Jo’*w®
+15p(ig)* viw* + 6p(iq)* vw® + (iq)® w?®,

N, =p*® +10p3(ig)v°w +45p°(iq)v®w?® +10{7p*(iq)
+5p(ig) Jv"w® + 35 p(iq) +5p°(iq)* Jv°uw*
+252p%(iq)* v®w® +35[5p%(iq)* +plig) Jv*w"
+10[5p%(iq)* + p(ig)*J*w”™ +45p(iq)* v*u®
+10p(iq)® va® +(ig)* w'®,

N, =p0"® +15p*(ig)v"*w +105p*(iq)v*3u?
+35[8p*(ig) +5p%(iq)?Jv*2w® +105[3p*(iq)
+10p%(ig ) o w* +21[6p*(ig) +13Tp%(iq)* | °w®
+35[129p%(iq)? +14p>(iq)* ow® +45[94p(iq)*
+49p%(iq)® Jv®w” +45[49p%(iq)* +94p*(ig)* v 'w®
+35[14p%iq)? +129p%(iq)*Jo®w® +21[137p%(iq)?
+6plig)*Jo°w*® +105[10p%(ig)® +3pliq)* jv'w™
+35[5p%(iq)® +8p(ig)*Jv*w'? +105p(iq)* v2w!®
+15p(ig)* va** + (iq)® w'®,

where v=(1 +v)/2 and w=(1 —y)/2.

The spacetime corresponding to Y, is a good approxi-
mation® to the 6 =2 Tomimatsu—=Sato (T —S) field near
its poles. The spacetimes corresponding to Y, —Y, also
result from contractions” performed upon the Kerr and
T —S solutions. Presumably the spacetime correspond-
ing to ¥, could be obtained by a contraction performed
on a yet-to-be-constructed T—S field. Note, however,
that it would be easier to construct Y, for much higher
values of k than it would be to construct the 6 =5 T—=S
solution. One may even hope to infer from the early
members of the series the form of N, for an arbitrary
value of k. It is obvious, for example, that the coeffi-
cients in N, are closely associated with the binomial
expansion of (v +w)*, where K="~k(k +1)/2.

CONCLUSIONS

It would be very encouraging if one were to discover
how to solve the ordinary differential equation (3) in
complete generality. There is some evidence® that the
particular series of solutions presented in this paper
may be relevant to the study of the singularity struc-
ture of the T—S spinning mass fields. Furthermore,
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the relative simplicity of our series of solutions of

Eq. (1) suggests that one may sooner comprehend the
systematics of this series than the systematics of the

T —S series of solutions, to which our series is so
closely related. The eventual discovery of a more
direct method of generating the T—S solutions may open
the door to the discovery of yet other types of spinning
mass solutions, just as the development® of a direct
method of generating the Kerr solution led to the dis-
covery® of the Tomimatsu—Sato series of solutions.
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Percolation theory on directed graphs
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The pair connectivity P,, of a directed graph G between vertices u and v is the probability that there is a
path from u to v when each edge and vertex has a given probability of being deleted, deletions being made

independently. We consider the coefficient din the expansion P, (G) = 2y 3,,,(6’) N, . 42,11, ¢ vPu,
where A and V are respectively the arc and vertex sets of G, and p,(p,) is the probability that the arc a
(vertex w) is not deleted. G’ is the arc set A’ together with its set of incident vertices V". It is shown

that ?,“,( G') is nonzero if and only if G’ is coverable by some set of (directed) paths from u to v and

has no circuit. When these conditions are satisfied, 3:”( G)y=(-1)

%! where the number of independent

paths from u to v is t,,. Moreover, t,, is shown to have the value of v(G)+1, v(G) being the cyclomatic

number of the graph G.

1. INTRODUCTION

The pair connectedness for undirected graphs has
been considered previously.' The present work general-
izes results to the directed case and the relation be-
tween the two cases is discussed. In particular, it is
shown that the coefficient d, (G) for an undirected graph
G is given by

d,\G)= > d,(H),
HED(G)

where /)(G) is the set of directed graphs obtained by
directing G in all possible ways. The coefficients d,,,
and d,, will be known as undirected and directed d-
weights respectively and the suffices representing the
root points will not always be made explicit.

The pair connectedness determines other properties
of this graph. For example the expected number of
vertices which may be reached from u is

S(G)= 2. P

Ve V\u w?

where V is the vertex set of G.

Both P, and S, are of interest in the theory of ferro-
magnets® where V is the set of spins located at lattice
sites and the edges are the possible interactions. P,,
is related to the spin—spin correlation function and S,
to the susceptibility.

Another application is to blocking probabilities in
telephone networks®* where the vertices are the
switches and the edges are the lines connecting them.
A deleted edge corresponds to a busy line, a deleted
vertex corresponds to a blocked switch, and the com-
plement of P, is the probability of a call from « to v
being blocked. The nature of the switches in a multi-
stage network means that the graph must be directed,
although alternative networks which may be undirected
have been recently considered. The assumption of in-
dependent deletions which is basic to the percolation
model is not valid in a telephone network since whole
paths become busy simultaneously. However, the theory
serves as a first approximation which is good for low
traffic densities.
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2. PRELIMINARY DEFINITIONS AND FORMULAS

Consider a graph G which has a vertex set V and an
edge set E in the undirected case or arc set A in the
directed case. Let p, denote the probability that a
particular element ¢ of the graph is not deleted and
deletions are assumed to be made independently. Let
S., be the set of all self-avoiding paths from « to ». A
path must follow the arrows for a directed graph. The
probability that at least one path from u to » remains
in the partially deleted graph is given by inclusion and
exclusion.

(2.1)

PO)=Z (-1 T pris,

=
iSt=r

where # is the number of self-avoiding paths between u
and v. If g(S) is the subgraph obtained by taking the
union of all paths in S we may rearrange the sum in the
form

Pu"(G):E%E d""(Gl)egE'pewgV'p“’ (2.2)
when G is undirected, or as in thg_abstract when G is
directed, (i.e., d is replaced by d and the edge set E’
is replaced by the arc set A’). G’ is the graph with edge
set E’ and vertex set V' which consists of the subset of
V incident with E’. In both the directed and undirected
cases

£(8)=G’
If g(S)=G’, Sis said to cover G'. Clearly d(G’) and
d(G’) are zero when G’ is not coverable by paths (e.g.,
if G is disconnected).

(_l)ISI»«l. (2.3)

It has been shown that® the d-weights satisfy a dele-
tion-contraction rule

d(G)=d(G") —d(G") (2.4)

which enables them to be calculated recursively. The
graphs G” and G° are obtained from G by contracting
and deleting any edge of the graph. In order to establish
our main result we shall require a similar result for
directed d-weights. The rule is most easily established
from a different formula for d(G). Thus with p,=p,=1
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in (2.2)

7l 0= T 3,06,

= (2.5)

where ¥(G) is one if there is a path from « to v on G,
and zero otherwise. Since the set of all subsets of the
arc set A form a lattice, (2.5) may be inverted® to yield

(2.86)

-

d,(6)= & (-1)"\*17 (6.

v

Now consider a particular arc ¢ €A and divide the
sum (2. 6) according as ¢ €A’ or not,

d,(C)= L
d4,(C)= 2 +A%A . (2.7
@A g A

The subsets in the first sum are in one-to-one corre-
spondence with those of A”. If (condition A) g either
leads out of a source (vertex with in-degree zero) or
into a sink (vertex with out-degree zero), then ¥, (A")
is the same for both G and G’. Thus in this case

T (=115 (6 =d,(G.

ACA
ac A

(2.8)

Notice that if condition A is not satisfied, then the
contraction of @ may introduce paths in G” with no
corresponding one in G. This is not the case for un-
directed graphs and (2.4) applies to any edge.

Similarly the subsets A’ in the second sum are in
one-to-one correspondence with those of A®, and ¥(G")
is always unchanged by deletion since a € A’. Thus

S (C D (6=, (6Y) (2.9)
agA’

and finally subject to condition A
d,(G)=d,(G") -d,(G®). (2.10)

The d weight of a rooted graph is a topological in-
variant since it is unchanged by the insertion of vertices
of degree two.' Another topological invariant 2(G), this
time for an unrooted graph, may be obtained by consid-
ering the expected number of independent circuits
(closed paths), thus

= 5" T

(c(G) AéAk(G ) I pe 1, Py (2.11)
with a similar formula for the undirected case.” For
the undirected problem

C(G) = V(G)’

the cyclomatic number® which is defined by v(G)

=1{E|l = |V| +n(G), where n is the number of compo-
nents in G, For the directed case this is only true for
strongly connected graphs. ® Setting p,=p, =1 in (2.11),

c(G)= 2 E(G) (2.13)
ACA
and on inversion
BO)= L (-1)'\H1¢(6), (2.14)

The properties of the “k-weights” may be deduced
from those of the d-weights by the device of adding an
extra edge (arc) connecting the root points to form a
derived graph. Thus let G be a graph with root points
u and » and let G be the derived graph. In the directed
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case the extra arc ¢ is from » to u. Now

FG)= X (-1)A\Wi (G
ACA

= T (~1)AWI e+ T (=)' F\Wi (g
ACA ACA
=

ac A’ a

= 3, (=1)A (c(G") =c(G")

A'CA

_ Z (—l)IA\Allf(G’),

ACA

where ¥(G') is one if there is a path in G’ from u to v,
since then the addition of @ increases the number of
independent circuits by one, but zero otherwise. Com-
paring this with (2. 6), we obtain the desired relation

E(G)=d(G), (2.16)

which also clearly holds for the undirected weights. !
The undirected & weight is related' to the topological
invariant 8 defined by Crapo® by

k(G) — (__ l)c(G)#l ﬂG),
3. STATEMENTS AND PROOFS OF RESULTS

The d-weights of directed and undirected graphs are
related as follows,

2.17)

Theorem 1: The undirected d-weight of a graph G, is
equal to the sum of the directed d-weights of G, over
all possible orientations.

It remains to classify the properties of directed
d-weights which are given in the following results. We
omit the trivial case of a noncoverable graph where the
directed d-weight is always zero.

Theovem 2: The directed d-weight of a coverable
directed graph G is +1 or 0.

Theorvem 3: The directed d-weight of a coverable
directed graph G is zero if and only if G has a circuit.

A collection C ={7,li=1,...,k} of (directed) paths in
a coverable directed graph G, is said to be independent
if the matrix M =[m ;] has maximal row rank where
T =Y amya;, ,€C, and a;, j=1,...,n is the collec-
tion of arcs in G,,. A collection ( is said to be
maximally independent if every path not in ( is depen-
dent on (. Obviously the number of paths in such a class
is an invariant of G,,.

Theovem 4: If G is a coverable graph with no cirecuit,
then

d,(G)=(=1)tw™,

where £,, is the maximal number of independent paths
from u to v.

(3.1)

Remark: The term coverable always refers to cover-
ings of G by paths from u to », the assumed root
vertices.

The following lemma enables us to compute Simply
the directed d-weight.

Lemma 5: For a coverable graph G, £, (G)=1E| —| VI
+2,
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We note that the combination of these theorems to-
gether with the undirected form of (2.16) and (2.17)
yields a theorem of Greene,'°

BG) =] A,(6)].
Here A,,(G) is the set of all directed graphs which may
be obtained by directing G in such a way that all circuits
contain the arc a, da=(u —v) (arbitrarily chosen), and
the rooted graph G\a is coverable.

Proof of Theovem 1: Let /)(G) be the set of orienta-
tions of the undirected graph G with roots » and v, We
note that the result follows easily when G is parallel or
disconnected.

Therefore we consider a graph which is not of these
types. We can choose an edge e, with boundary vertices
u and w such that w# v, Let /)*(G) be the set of orienta-
tions of G such that « is a source. It follows that

>od = 3 d.[H).

HEN(G) HEQ*(G)

(3.2)

The result {2.10) can be applied to the edge e, of every
subgraph H < /)*(G) to obtain

d, (H)=d, (H")-d,(H, (3.3)

where H® € /)*(G®) and either H e /)*(G") or J,,U(H’):O.
Also the set of graphs obtained by deletion and contrac-
tion of ¢, from all elements of )*(G) includes each ele-
ment of )*(G") and 0'(G®) exactly once.

Therefore,

5 dy W= Y, d HY- Y, 4, (H)

HENHYG) HE/) (6 He ) o
= 2 dHY- X 4 (H%. (3.9
HYEN*EN H¥e))+(6h)

We now observe that if the theorem were true for G”
and G°, then by (3.2) and (3. 4) it would also be true for
G. Thus we proceed inductively using the deletion~con-
traction rule until we reach graphs which are either
parallel or disconnected. This must occur-at some stage
and we have noted the result to be true for such graphs.

Proof of Theorem 2: We take the root u to be a source
of the directed graph G, otherwise (Z,v(G):O. We
assume G is not a parallel graph as it is easy to com-
pute in this case that 4,,(G)=2x1, We apply the deletion-
contraction rule to an arc a attached to « with another
vertex w, (#v). Then

d,{G) =d,(C") ~d,(G*).

The following cases have to be considered at the vertex
w:

(1) G\{a} has in-degree zero at w; G° not coverable
=>d,,(G")=0, hence d,(G)=d,(G").

(11) G\{a} has both in- and out-degree nonzero at w
and G®_is coverable; G” not coverable =>4,,(G")=0,
hence d,(G)=-d, (G®).

(D) As in II, except that G° is not coverable, d,,(G®)
=0.

This classification gives us an algorithm for obtaining
from the nonparallel graph G either E,“,(G):O [(@I)] or
a graph G’ [=G” () or G° ()], such that ItZ,,,(G’)I
=1d,(G)!.

237 J. Math. Phys., Vol. 18, No. 2, February 1977

In cases (I) and (II)Ehe graphg' may be a parallel
graph in which case 1d,,(G)! =14,,(G')l = +1, or we can
apply the above argument for G to G'.

If the algorithm does not reduce to case (III), then
after a finite number of reductions the contraction—~
deletion rule can no longer be applied. This will occur
if the last contractiog—deletion gives rise to parallel
graph. Therefore, id,(G)/=0or 1.

Pyoof of Theorem 3: (<=) By the hypotheses « is a
source and G is not parallel. Applying the contraction—
deletion rule to an arc a incident out of # we have the
cases (I), (1), and (III) as in Theorem 2.

If we have cases (I) or (II) rather than (III), which
gives E,w(G) =0 as required, then G’ (=G or G%)isa
directed graph with a circuit and 14,,(G)! = 14,,(G") 1.
Now G’ satisfies the conditions on G given above and so
the contraction-deletion rule can be applied again. How-
ever, the process will terminate after a finite number
of steps. This follows because by the rules for (I) and
(I1) an edge adjacent to, and oriented towards, a vertex
of the circuit is never contracted but always deleted.
This implies that the graph is noncoverable when the
last but one of these edges has been deleted and thus we
have case (II1).

(=) We prove tha;t a coverable directed graph G with
no circuit implies 1d,,(G)| =1. This is obviously true
for the special case of G being a parallel graph. Exclud-
ing this case we apply the contraction—deletion rule, as
in Theorem 2, to an appropriate arc a adjacent to » and
w (# v) and we obtain the following two cases:

(1) d,(G)=d,(G”) and G” has no circuit,
(2) d,(G)=-d,[(G®) and G° has no circuit.

It is easy to see that in Case 1 G” is coverable. It is
also true that in Case 2 G® is coverable. Let (i) {r,},
(ii) {=F, and (iii) {#/}, be the set of paths in G such
that they (a) do not pass through w, (b) are from « to w
not containing a, (c) are from w to ». The sets (ii) and
(iii) are nonempty. The fact that G® does not contain a
circuit implies that each composite path 7}°7] is a self
avoiding path from « to v.

The collection of paths {n,}; U{r;c7/}$"*, is a covering
for G°.

Thus we obtain a graph G’ (=G” or G°) which is
either parallel in which case the result is proved or we
can apply the above arguments to G’. Eventually the
graph G is reduced to a parallel graph which is cover-
able. Thus Id,(G)l =1,

Proof of Theorem 4: The result follows easily for
parallel graphs. Thus as in the proof of Theorem 3 we
can apply the contraction—deletion rule to an arc a of
G, with vertices u and w (w# v), and obtain two cases

(1) 67,,,,((;7) =3,,v(G), G” has no circuit,
(2)d,,(G%) = =d,(G), G® has no circuit.

We show that the number of independent paths in G and
G” are equal and differs from the number of independent
paths in G® by one. Thus we see that the result will be
true if it is true for the derived graphs.
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In both cases the graphs are coverable. First of all
we show that in Case (1) G and G” have the same maxi-
mal number of independent paths. Given the natural
one—one correspondence between paths of G and G” we
see a maximal independent set (7 of directed paths on
G’ gives an independent set C for G. Suppose ( is not
maximal. Then there exists a path 7, such that C U{n,}
is independent. However, if 77 is the corresponding path
in G the set (" U {n}} is not independent. Hence

n
ng:izlaiﬂ, e, a;cqQ. *)
In the cases m, >a, m,#a the coefficients «, at the
vertex w in (x) sum to 1 and O respectively and therefore

To=2. Q; T,
i=1
Thus ( U{n,} is not independent.

In Case (2) we show the maximal number of indepen-
dent paths for G°® differs by one from that of G. Let (°
be a maximal independent set of paths for G°®, Then if
7, is any path in G with initial arc a we claim C
=(®U{n,}is maximal for G. Independence is obvious.
For maximality suppose 3 a path 7in G such that (U {n}
is independent. We have

(i) a€ 7. 7is a path in G® and therefore C U {n}
=(® U{n,, 7}1is not independent.

(ii) ae 7 (# 1,). Let 7, be any fixed path from u to w
in G® and 7’=7{G® and 7}=n,!/G®. By the no-circuit
property we have directed paths #, 07" and 7 07, from
u# to v. Moreover,

T=fy=T e —memi=2 a1, e’
for some ;¢ Q, and thus C U {r} is not independent.

Thus the result can be proved inductively by reducing
G after a finite number of steps to a parallel graph for
which the result is trivially true.

Proof of Lemma 5: Let 7,,..., 7, be a maximal in-
dependent set (MIS) of paths for G.

Define a sequence of subgraphs G,=U}_, ;. More-
over, define u(G;)=E,;-V,;+2, where E,(V,) are the
number of edges (vertices) of the graph G,. We note
that u(G,)= +1 which trivially equals the number of
elements in a MIS of paths for G,.

We assume the result that p(G j) equals the number of
elements in a MIS of paths in G, and show that it is also
true for G,,;.

The graph G,,,=7,,, UG, and therefore G,;,\G;is a
union of % distinct chains, each chain connected to two
distinet vertices of G,.

The degenerate case of G,,, =G, (& =0) is trivial be-
cause u(G,,,)=u(G,). If £+ 0, then for each of the chains
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we can find a path from u to v containing that chain with
all other edges and vertices in G,.

Let p;, ..., p, be the paths so obtained. We claim
that these paths together with a MIS for G;, say
{01+ -+ 3Pu s}, form a MIS for G,,,. It is obvious that
the collection is an independent set of paths. To prove
that the collection is maximal, let 7 be a path in G,,,.
Then if 7C G, obviously 7 is not independent of the
collection.

If 7£ G,, then 3 a collection of paths Pipee s

sPi, such
that

]

7 =2, p; =a union of paths in G;
7=t '
w(j )

= ;:1 ;P
which implies that 7 is not independent of the set
{p;) A }pkl} pl) e )pu.(j)}‘

Also, u(G,,,)=pu(G,) +k. Therefore u(G,,,) equals the
number of elements in a MIS for G,,,.

Thus u(G)= u{G,) = number of elements in a MIS of
paths for G.

If an additional arc a, is attached to G oriented from
v to u the derived graph G is strongly connected and
from (12), u(G)=v(G).

We note that the independent paths {=,,...,n,} give
rise to a set of independent circuits (7, a,),...,
{(n,, a,). However, for strongly connected graphs,
cycles can be generated by circuits and so a maximal
collection of independent circuits has v(G) elements and
therefore a maximal set of independent “external” cir-
cuits (containing arc a,) must constitute a basis for the
cycle space on G.
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A Killing form with nice symmetry and invariance properties is constructed for an arbitrary graded Lie
algebra. When this form is nondegenerate, Casimir operators can be constructed, and the graded Lie
algebra possesses properties analogous to those possessed by semisimple ordinary Lie algebras.

1. INTRODUCTION

Recent years have seen the appearance of so-called
super-symmetry models in particle physics, combining

bosons and fermions, for which the underlying symmetry

defines a mathematical structure known as a graded Lie
algebra (GLA). Crudely speaking, such an algebra pos-
sesses a binary operation which is a commutator for
some pairs of elements but is an anticommutator for
some other pairs of elements. Details of the applica-
tions of GLA to particle physics can be found in the ex-
cellent review article of Corwin, Ne’eman, and
Sternberg.! Independently, Allcock?:® has defined struc-
tures in a generalized classical mechanics which satisfy
the axioms for GLA. The mathematics of GLA, which
were originally defined by Nijenhuis, % are briefly dis-
cussed in Ref. 1 and further considered in a very re-
cent paper of Pais and Rittenberg. 5 The latter propose
a definition for semisimple GLA and then classify all
such GLA. It is the purpose of the present paper to de-
velop some of the mathematical properties of GLA be-
yond those revealed in Refs, 1 and 5. Hopefully we have
made a start on some sort of structure theory for GLA,

First we define a GLA (we only consider Z, gradings).
Let L=L;® Ly be a direct sum of real or complex vec-
tor spaces L, (the even space) and Ly (the odd space).
Define a sign function 0 on Ly and Ly by ¢(I)=0,1, ac-
cording as I € Ly, L, respectively. Then L, together
with a bilinear product [ , ], becomes a GLA provided

[Lo, LyJS Ly, [Lg, Ly)=[Ly, Ly]S Ly, [Ly, L)< Ly;

(A1)
[, m]== (= 1)° D™ 1] for all I, m & Lg or Ly;

(A2)
(2, [m, n)]=[l1, m], n] + (= D727 m, (1, 2]], (A3)

for all l, m, ne Ly or Ly.

The axiom (A2) implies that [ , ] is anticommutative
(like a commutator) on LyX L;, LoXL;, and L, XL,, but
is commutative (like an anticommutator) on Ly X L,. The
axiom (A3), which is the graded Jacobi identity, can be
rewritten in the more symmetrical form

(= D7O7[L mn] + (- 1 [m, n], 1]
+ (= 1"y 1], m]=0, for all I, m,n& L or L.
It is evident that the even space L, is an ordinary Lie
algebra (LA). Although it turns out that GLA possesses
properties analogous to those for LA, it is the case that

the structure and properties peculiar to any given GLA
do not correspond nicely to those of its even space. For
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this reason it is often rewarding to deemphasize the
structure of the even space and to consider the GLA as
a whole.

A most important tool in the study of LA is the Killing
form K. i L denotes an LA and [ —adl, /e L, the ad-
joint representation defined by (adl)m =[l, m], m c L,
then K : LX L -~ field of scalars is given by K(I, m)="Tr
(ad 7 adm) for I, m c L. The importance of K stems from
its nice symmetry and invariance properties which in
particular help in the unfolding of the beautiful theory of
semisimple LA. In this theory the nondegeneracy of K
provides, among other things, an inner product in the
root space and permits the construction of Casimir
operators of arbitrary degree. It would be very pleasing
if an analogous theory could be developed for a certain
class of GLA. Corwin ef al* showed by example that it
is not helpful to define a form for a GLA in precisely the
same way as done above for LA, They did not, however,
say that a slight modification yields a bilinear form with
satisfactory invariance and symmetry properties. It
is our first job in this paper to establish the existence
of such a graded Killing form and generalizations to
higher order. In this we have been guided by the defini-
tion of the metric tensor given in Ref. 5.

When the Killing form of a GLA is nondegenerate we
can construct Casimir operators in the universal en-
veloping algebra, so answering a query of Pais and
Rittenberg. % Under the same hypothesis we obtain a
result which is analogous to the easy part of Cartan’s
criterion for semisimple LA, namely the nonexistence
of Abelian ideals, Although the converse is not true,
we are able to mimic for GLA with nondegenerate form
{called nondegenerate GLA) a number of the classic re-
sults from the theory of semisimple LA.

We have drawn quite freely from the texts on LA and
in particular from Refs. 6—8. The LA expert will find
several places where we could have been more economi-
cal in our proofs, however, we have aimed at variety
to show what seems possible within the theory of GLA.

2. INVARIANT FORMS

We construct invariant forms for L, a GLA, by means
of the following device: Let 7 be any linear transforma-
tion of L (as a vector space) into itself, then define a
new linear transformation T° by setting T'1=1,-1,,
where TI=1,+, for lyc Ly, {; € 1y. We can clearly
write T°=P,T - P, T where Py, P, are the orthogonal
projections onto Ly, L;, respectively. Let < L, then
adl, defined by (ad)m =[1, m] is a linear transformation
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of L into itself. We define the multilinear maps
K,:LXLX...X1L (n factors) — field of scalars by

(2.1)

for all i, 1,,...,1,€ L. To establish the symmetry of
K, we need the following result:

Lemma 1: (a) If l € Ly, then Pyjadl=PjadlP =adlP,,
and Pyadl = PadlP) =adlP,;

(b) If e L,, then Pjadl =P adlP,=adlP, and P,ad!
:PlaleQZaleQ.

K, L, ..., L) =tr(adljadl, . . .adl,)’

Proof: The result is an easy consequence of axiom
(A1) and the fact that P, P, annihilates Ly, L,
respectively.

Now we can state

Theorvem 1:
Kn(lb lZ5 la’ LR ] ln) = (_ l)oun)Kn(lm ll’ LR ln-l))
for all Iy, 1,,...,0,€ Ly or Ly.
Proof:
K. (ly, Ly, o .., 1) =Tr(Ppadladl, - adl, - Pyadl adl,- - -adl,)

=Tr(adl,Psadl - . -adl,4
~adl, Pyadly - . -adl,,),

using the symmetry of the trace operation.  [,c L,
then adl,P,= Pgadl, and adl,P, = P,adl,, by Lemma 1(a).
If l,c 1y, then adl P,=P,adl, and adl,P, =Pqadl,, by
Lemma 1(b). The conclusion of the theorem follows.

Covollary: Kfly, Lo, ..., L) =0 if the set {iy, 15, ..., L,
contains an odd number of elements of Ly, where
Uyly, ooy lpe Lyor 1y,

Proof: By iterating Theorem 1 we obtain
Kn(lb ZZ’ oy ln)

- (~ 1)[0 (T *0 Iy )+o.ua(ll)]Kn(ll, ZZ) cany l"),

from which the result follows—recall that o{(l) =0, 1
according as [ € Ly or L.

Before siating and proving the invariance properties
of K, we need the following lemma.

Lemma 2:
ad|l, m]=adladm -~ (= 1) ™admadl,
for all I, me L or 14.
Proof:
(@d{l, mn=[{1, m], n]={1, [m, n]]
= (= DT (1, nl]
by (A3). The conclusion is now immediate.
This has been leading up to
Theovem 2:
Kol2, 1)y g ooy L) H{=1)0900K (7 [0, 0,), Tay e vy 10
o (= OGO o e (1

X1 4, (L, 1,D=0 for all 11,1, ..., 1, Ly or L.

Proof: Using Lemma 2 the first term becomes
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Koally i, 1oy o0, 1) = (1) 00 K (4, L L, .00 1)
The second term becomes
(=1 (1L, )
D DAL LA RACA L 20 GHPY VN SN S A
The last term becomes
(" 1)0(1 )[0(11)““wu"-l)]Kml(ll, ‘1'2) Teey l’ ln)

_ (_ 1)0(!)[0(11)n-uc(l,,)]Kml(ll’ lzy v lm l)c

On addition of all of these terms we get cancellation,
leaving

Koall, 4,0, ..
xl{nd(l)) lz, »rey lm l))

1O 1y )eeea(l
1) = (= 1)Ted o))

which can be rewritten as
(1= (m @iyl (11,1, . L) (2.2)

by Theorem 1, bearing in mind that o{f) = o()2. If o(7)
=0, (2.2) vanishes. H o()=1and o)) +. ..+ a{l,) is
even, (2.2) vanishes. ¥ o()=1and a{)+.--+0a{l,) is
odd, K,,,(,t,,...,1,) vanishes by the corollary to Theo-
rem 1, so again (2. 2) vanishes, This concludes the
proof.

We have shown that there exist invariant forms of
arbitrary degree (unless some of them vanish identical-
ly) for any GLA. In particular there exists a bilinear
form K, from which we obtain the Killing form K de-
fined by

K(l, m)=K,(m, I) = Tr{admadl) = Tr(adl(adm)’),

for all I, m € L. We are not being perverse in defining

K so, but it eases slightly the proof of Theorem 3 on
Casimir operators. The Killing form K satisfies certain
symmetiry and invariance equations.

Lemma 3: (a) K(I, m) =K(m,!) for alll, mc L
(b) K(I, m) =K(m, ) =0for all I e L;, me Ly;
(c) K(I, m)==K(m, I} for alll, me Ly;

(@) K({Z, m], n) + (= DK, [, e =0

for all I, m,ne Ly or Ly.

Proof: (a)—(d) are easy deductions from Theorems
1 and 2.

So any GLA does indeed possess a respectable Killing
form, which differs from the Killing form for an ordi-
nary LA by having more complicated symmetries.
Whereas the Killing form for an LA is symmetric, for
a GLA it is the direct sum of a symmetric form on the
even space and a skew-symmetric form on the odd
space. It is as if a GLA combines Riemannian with sym-
plectic structure. We must warn, however, that the
restriction to L, of the Killing form of L is not the
Killing form of L,. It is this which makes it difficult
correlating properties of L, with properties of L.

Invariant forms are of great importance in the theory
of LA. However, in physical applications, their main
use is in the construction of Casimir operators. Let us
now assume that the graded Lie algebra L has a non-
degenerate Killing form K. We take a basis {{,}, &
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=1,2,..,¢ for L, where the first s of the {, lie in L
and the last  — s lie in I,. Define a dual basis {I*}, «
=1,2,...,¢ by the condition K(I%, ;)= §,, for «, 8
=1,2,...,t. Note that since K is nondegenerate and
Lemma 3(b) holds, it is separately nondegenerate on
Ly and Ly; hence I*c Ly, a=1,...,s, and % € Ly,

a=s+1,...,f{, Then we show presently that
t
C,= 23 Kollays lays + o vy Lo JI¥01%01, L, 11

oy,0g, 00,0,

is invariant under L. The first thing to decide is just
what we mean by invariance under L. Just as for ordi-
nary LA, so for L a GLA, we can construct a so-called
universal enveloping algebra U(L), which can be thought
of as consisting of linear combinations of monomials in
the elements of L. Ordinary multiplication makes U(L)
into an associative algebra. Furthermore, we can de-
fine a bracket operation on LXU(L) by inductively ex-
tending the differentiation property of the adjoint repre-
sentation, namely (ad)mn= (1, mn]=[I, mn+ (= 1)@ m
Xm[l,n], where l,mc L, or Iy and nc U(L). We also
have the interpretation {I, m]=Im + ml, where the plus
sign occurs if [, m € 1,, the minus sign for I, m e Ly,

le Ly mely, orle Ly, me L. This is useful in re-
ducing expressions. We say that « < U(L) is invariant
under L if (adl)u=0 for all l € L. We remark that Corwin
et al. have proved a graded version of the Poincaré—
Birkhoff—Witt theorem which says that a basis for U(L)
consists of a commutative identity together with mono-
mials of the form (f,)'1(l,)2 .- (I,)"t where 4y,...,{, are
arbitrary integral exponents but i, ..., ¢, can only
assume the values O or 1. In this we have I} = the iden-
tity. Before proving Theorem 3 we need:

Lemma 4: X [1,1°]1=3, L,,1® and [1, §;]=3 M,4l,, then
MaB == (" l)a(l WUB)L&B'

Pryoof: Since K(I*, 1) = 8,5, we have M,,=K(1%,[1,1;])
== (- 1)°®"UK([1,1*],1,), by Lemma 3{d). The latter
is = (- 1)7®°U8L . as required.

Now we have:

Theorem 3:

0~

Cn: Kn(lap l "oy ld")la "‘la"']' N A

@yt
@y ,xp,mee,0,=l 2

is invariant under L.

Proof: Write o(l,) =0(l*) = o(a). Now {(adl)C,, for
leLjor 1y, is
Z/Kn(lap lagr seny la n)[l, la"]la"'l SERTAE

+ EK..(Z%, Lugs + v v s L JI%n(= )71 0@n) 7 gon1] .. g1

+Kﬂ(la’ .
X[1,1%n-2] .. g2 4.
27 SR MDAl LS N L

X (- 1)0(1)I:v(o:,,)+=--+o(a2)][l lal]
y .

voy L Y11=t (- )7 IO @m0 )]

xj?*

2.3)

Now each [Z, %] is expanded in the dual basis, the ma-
trix elements are taken inside K (L4, ly,, + - - L) and
the sum over !*! performed. By Lemma 4 this gives us

terms like - (- 1) eOKG, 0o, ..., {00, ..., Zs,)
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with #i in the (n ~ ¢)th place in the monomial. We now
rename B; as @;, to give us from (2. 3) the expression

ST DT (L L)
+ ("' 1)0(1 o (an)l'(an)JKn(lal’ ey [l, lﬂn-l]’ lDln)
R (" l)o(t)[w(a")o-nw(al)]Kn([l’ loq], laz' . lan)}'
X[Emnl ... ¥ (2. 4)

If we multiply the expression in {2.4) within braces by
o o(oy) + oay) + - - -+ o(a,)], then because of Theorem
2 the expression vanishes. So the whole expression (2.4)
vanishes, which concludes the proof.

Theorem 3 answers question 3 of Pais and Rittenberg—
see Sec. 7 of Ref. 5. Now consider as an example the
di-spin algebra defined in Ref. 1. L; has basis ¢, i, f
and Ly has basis x,y, where

(n,e]=2e, [h,x]=x [x,x]=e¢,
[h’f:[:—zfy [hry]:"y; [yyy]:—f’
[e’f]:h’ [f,x]:y, [x>y]:'%h, [e,}‘Jz%

(2.5)

and all other brackets are zero. This is essentially the
algebra denoted GSU(2) in Ref. 5. It is easy to check
that K, vanishes identically—a good reason for this will
be given later—and moreover, that there is no linear
Casimir invariant (because the di-spin algebra is center-
less). The Killing form, in the given basis, has matrix

003 0 3
060 J® . (2.6)
300 =30

The dual basis is {3f, 1%, ¢, - $v, $x} and hence the sec-
ond order Casimir invariant is

C,=3(fe +ef) +dn® +5(xy — vx). 2.7
This can be written as Z(ef +xy) +1(h% - &) if we use
ef-fe=h and xy + yx =~ 3k, It is easy to show that in
the representation given in Ref. 1, the above Casimir
invariant assumes the value 4n(n + 1) times the identity
matrix. This agrees with the corresponding result in
Ref. 5. Higher order invariant forms are more tedious
to obtain, but use can be made of Theorem 1 and the
following lemma,

Lemma 5:
(Knallly, L) Iy e vy 1)
=K,(ly, 5y ..., L) = (= 1)7G00 )
XK oy Uiy lsy ooy L),
Proof: This an easy deduction from Lemma 2.

For the cubic form of the di-spin algebra we find that
the only nonzero matrix elements are K;(k, ¢,/) =3,
Ks(f’ X, X) = %: Ks(e, ¥, y) == %7 K3(k; X, 3’) == %y and that
related through Lemma 5 and Theorem 1. Thus K,(e, £, f)
== 3’ Ka(x,f) x) == %’ Ks(v’ €, y) = %7 and Ka(xy h> y) = %'
When we form the third order Casimir C; we find that
it can be reduced to the second order expression %Cz.
One suspects that C, is the only independent invariant
operator,
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3. NONDEGENERATE GRADED LiE ALGEBRAS

This section consists of a first listing of properties
of certain GLA suggested by the classical theory of LA.
We begin with some definitions. L will always denote
a GLA Ly L.

(1) A linear subset M of L is an ideal if [L, M]< M.

(2) An ideal M of L is a graded ideal if wherever
m e M is written as m =m+m,, where mye Ly, my
e Ly, we have also m,, my = M, Equivalently M= (M
NLy)eMnL).

(3) An ideal M is Abelian if [M, M]=0.

The notion of a graded ideal, as given in Ref. 1, would
seem to be the significant one for GLA. In particular
we note without proof that the set of graded ideals of a
GLA is closed under addition, intersection, and the
bracket operation (by the graded Jacobi identity). Graded
ideals occur naturally as the kernels of structure pre-
serving transformations between GLA.

It is tempting to say that a GLA is semisimple if it
contains no nontrivial graded Abelian ideals. However,
at this early stage in the game, and especially, as we
show later, such GLA do not correspond nicely with the
semisimple GLA already defined by Pais and Rittenbergs;
we refrain from making such a definition and so causing
terminological confusion. It turns out, however, that
some rather nice properties do hold for GLA whose
Killing form is nondegenerate—for these we offer the
name nondegenerate GLA.

If the Killing form K is degenerate it possesses a
nonzero kernel M={le L:K(I, m) =0 for all m  L}.
More generally, if N is a subset of L, its left orthogonal
complement Nj can be defined as {{ € L:K(,n)=0 for
all n < N}, Evidently N; is a linear subset of L even if
N is not. The right orthogonal complement N, ={!

e L:K(n,1)=0 for all n= N}. In general there is no
reason to suppose Niz Ni. However, given a subset N,
define N'={n,—n, : for all ny+n, € N, where n,c Ly,

m & Ly}t Then

Lemma 6: (N'), =N,.

Proof: Suppose L& (N'), and I =1,+1, where [, Ly,
I, € Ly. Then K{n,—n, 1, +4)=0 for all n,—n € N’ with
nye Ly, m € Ly and ny+#n; ¢ N. By Lemma 3 we deduce
K(l,+1,ny+n)=0, for all n,+ny € N, It follows that
IeNy; hence (N'):g N,. The reverse inclusion also holds,
hence the result.

We say that a subset N is graded if N'=N. Evidently
graded ideals are graded, but in general an ideal is not
graded. For a graded subset Lemma 6 tells us that we
can define a unique orthogonal complement N which is
equal to both the left and right orthogonal complements.
In particular there was no need to define a left and right
kernel of the Killing form. We now have:

Lemma 7. The orthogonal complement of a graded
ideal is a graded ideal.

Proof: Let N be a graded ideal of L. By Lemma 3(d)
we can write K({I, n'], n) -~ K(n", [#,1)) =0 for all ne N,
n"e N', 1= L. The second term vanishes because [%, []
© N which is orthogonal to n". Therefore [[,n"] is ortho-
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gonal to n for all ne N, hence [I,n"]e N for all l¢ L,
n"c N'. This ensures that N" is an ideal.

Now let " ¢ N* be decomposed as n = nf) +nf, where
np€ Ly and ny € Ly. We have that K(ng +ny, n) = 0 for all
ne N. In particular, since N is graded, K(nf) +n,1l, ng)
=0 for all e NN Ly. By Lemma 3(b), K(n;, ny) =0, so
K(ny, ny) = 0 for all nye NN L. Also by Lemma 3(b),
K(ny, n;) =0 for all m & NN Lq. Since N= (NN L)

& (NN L), we deduce that K(ng, n) =0 for all ne N. It
follows that nge N Similarly nfe N'. Hence N' is
graded.

Lemma 8: The kernel of the Killing form is a graded
ideal.

Pyoof. This follows from Lemma 7 since the kernel
of the Killing form is the orthogonal complement of the
graded ideal L.

If K is nondegenerate, its kernel is trivial. However,
we can deduce a much stronger statement:

Theovem 4: A nondegenerate GLA has no nontrivial
Abelian graded ideals.

Proof: Let A be an Abelian graded ideal of L, and B
a complementary vector subspace. Thus L=A® B and
ANB={0}. If ac A, then ada is the zero transformation
on A, since A is Abelian, and maps B into A, since A
is an ideal. Since A is graded, (adlada)’ is the zero
transformation on A and maps B into A. It follows that
K(l, @ =0 for all [ « L. Hence a belongs to the kernel of
K, which we know to be trivial. Therefore A ={0}. This
concludes the proof.

The converse to Theorem 4 is not true. For example,
it is easy to check that the (f, d) algebra described in
Sec. 1I(D) of Ref. 1 has degenerate Killing form yet has
no nontrivial ideals. We must not, however, be per-
turbed by this, for as we shall see, Theorem 4 alone
implies some quite strong results. We need another
technical result.

Lemma 9: Let M be a graded ideal of L. Then the
restriction to M of the Killing form of L coincides with
the Killing form of M.

Proof: The argument is similar to that involved in
Theorem 4. We can now prove:

Theorem 5: Let L be a nondegenerate GLA. Then L
can be written as a direct sum of graded ideals &, M,,
where each M, is nondegenerate and has no nontrivial
graded ideals.

Pvoof: Suppose N is a proper graded ideal of L of

greatest dimension, then is a graded ideal by Lemma
7. From Lemma 3(d) we can write K({n, n'}, 1)
-K(0' [I,n)=0forallleL, ncN, n"<N. But N is
an ideal so [, n]e N which is orthogonal to »n*. Hence
K([n, nl], 1)=0 for all I L, which, by nondegeneracy,
implies [#, n°]=0. So N commutes with N".

Now NN N' is a graded ideal of L and also a subspace
of N. If N N"#{0} then the center Z(N) of N is non-
trivial. It is not hard to check that Z(N) is a graded
ideal of N. But the amusing thing is that Z(N) is also
a graded ideal of L. This follows by applying the graded
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Jacobi identity. This makes Z(N) a nontrivial Abelian
graded ideal of the nondegenerate algebra L. The con-
tradiction with Theorem 4 shows that Nn N"={0}.

N +N' is a graded ideal of L which must coincide with
N or L by maximality. Since Nn N'={0}, we deduce that
N'={0} or L=N®N". We now show that N ={0} is im-
possible. The Killing form of L restricted to N is non-~
degenerate since its kernel is NN N'={0}. The Killing
form of L restricted to L, is symmetric and nondegen-
erate; since N is graded the same is true of NN Ly, The
Killing form of L restricted to L, is skew symmetric
and nondegenerate; since N is graded the same is true
of NN L;. We can find a basis for NN Ly, {na},
a=1,...,p say, for which K(ny, ng) = K(ng, n,) = Ay Oy,
where A, #0. Let I e Lj, then consider I'=1-%%.,
X[K(I, ny)ng}/As. Evidently K(I',n;)=0. Also !’ is or-
thogonal to all of NN Ly, so !’e N and hence I'=0. We
can also find a basis for NN Ly, {mi}, @=1,2,...,q,
say, for which K(m;,, mj)=K(m;, mz)=0 for all o, 8 and
K(mp, m3) = — K(m, M) = 4, 0,4 (this follows from the
canonical form for a real skew-symmetric nondegen-
erate bilinear form). Let /€ Ly; then consider

q

U'=1-7; 1 (K(1, m3)my - K({I, m3)m7).

a1 Mg
Evidently K(I', m?) =0 for all B. Also !’ is orthogonal to
all of NN Ly, sol'e N and I'=0. It follows that all
elements of L;P L, can be expressed as linear combi-
nations of basis elements of N, hence N=L,® L,, con-
trary to the proper maximality of N. We are left with
L=N®N".

We have already observed that the Killing form of
L restricted to N is nondegenerate. If the Killing form
of L restricted to N were degenerate, then, since N
is orthogonal to N' and we have L=N® NL, we would
have that K itself is degenerate. Finally, by Lemma 9,
we have that N, N' have nondegenerate Killing forms.
Induction completes the proof.

Covollary: If L is a nondegenerate GLA then [L, L]
=L.

Proof: In the above theorem the ideals M,, M; com-
mute if a#8. It follows that (L, L]=®,[M,, M,]. Now
[M,, M, ] is an ideal of M,, so we either have [M,, M, |
={0} or M,. The former case would imply that M, is
an Abelian graded ideal of L, contrary to Theorem 4.
It follows that [L, L]=®,M, = L.

Using an obvious definition of solvability of GLA the
above corollary implies that a nondegenerate GLA is not
solvable. Conversely a solvable GLA must have a de-
generate Killing form. On the other hand a GLA with
degenerate Killing form [e.g., the (f, d) algebra of Ref.
1] does not necessarily possess ideals, so in particular
is not necessarily solvable.

The above corollary also implies that the first in-
variant form of a nondegenerate GLA vanishes identical-
ly—Theorem 2 gives K;([l, m})=0. Furthermore, there
is no way of constructing a linear Casimir invariant,
for such an element would lie in the (trivial) center of
L. This explains why the di-spin algebra has no linear
invariants.
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The above results encourage one to check through
some of the other theorems about semisimple LA to see
if they work for nondegenerate GLA. We now turn our
attention to a study of graded derivations with the aim
of showing that all graded derivations of a nondegenerate
GLA are inner derivations. We say that a linear trans-
formation of L to itself is an even derivation if it pre-
serves L, and Ly and if d({l, m]) =[dl, m]+[l, dm] for all
I, me L. d is an odd derivation if it interchanges L, and
Ly and if d{Z, m]=[dl, m]+ (= 1)°®[1, dm] for all me L,
le Ly or Iy. It Dy, D, are the spaces of even and odd
derivations of L, respectively, then D=D @D, can be
given the structure of a GLA. All we have to do is to
insist that [d, d']=dd' = (= 1)°9? € q'd for all d, d' €D,
or D,.

If L€ Ly, then adlc Dy and if /= Ly, adlc Dy. These
follow from the graded Jacobi identity. It follows that
adL.={adl/: ! e L} is a graded subspace of D. Further-
more, we have:

Lemma 10; adL is a graded ideal of D.

Pyoof: We write (adL);={ad!:/ e L¢} and (adL),
={adl :1 € L,}. Then adL=(adL),® (adL),. To prove the
result, it suffices to show that [D,, (adL),] C (adL),,
[Dy, (@dL),]< (adL),, [Dy, (adL),]< (adL),, [Dy, (adL); ]

c (adL)(}.

Suppose dc D;, and adl € (adL), or (adL);, then
[d, adl](m) = dadl(m) - adldm
=d[l, m]-[1, dm]
=(dl, m]
=(add!)(m).

It follows that [d, adl] e (adL), or (adL); according as
le L, or Ly.

Suppose d € Dy and adl € (adL), or (adL);, then
[d, adl](m) = dadi{m) - (- 1)°Dadl dm
=d[l, m] - (- 1)°D(1, dm]
=[dl, m]+ (- V°I, dm] - (- 1)°"1, dm]
= (add )(m).

It follows that [d, ad!] e (adL), or (adL), according to
le Ly or L. This concludes the proof.

Theorem 6: A nondegenerate GLA has no outer
derivations.

Pyoof: We are asked to prove adL.=D.

Now ! —adl is a graded homomorphism of L into D
with Kernel the center of L. But L is nondegenerate so
its kernel is trivial. It follows that L is embedded as
adL in D, so that adL, has nondegenerate Killing form
K. Furthermore, since adL is a graded ideal of D, we
know that K is the restriction to adL of the Killing form
K’ of D. I (adL)" is the orthogonal complement of adL
with respect to K’, then the nondegeneracy of K ensures
that (adL) N (adL)" is zero. This further means that N
=[adL, (adL)'] is zero, for, since both adL and (adL)"
are graded ideals, N is contained in both adL and (adL)".
If now de (adL)’, then 0=[d, adl]=add! for all {c L,

Nigel B. Backhouse 243



from which dl=0 for all /€ L, from which d=0, Thus
(adL)"* ={0}. To complete the proof, we take dcD and
note that I ~ K’(adl, d) is a linear functional on L. Since
K is nondegenerate there exists m € L such that K(I, m)_
=K'(adl, d) for all l e L. Write d=d-adm, then K(adl, d)
=K'(adl, d) ~ K'(adl, adm) =K(l, m) - K(I, m) =0 for all

e L. It follows that d e (adL)" ={0}. Hence d=adm, an
inner derivation.

Again we have a result which works for nondegenerate
GLA but does not work for all GLA with no nontrivial
Abelian ideals (as pointed out in Ref. 1). Further prob-
lems which suggest themselves are (a) representation
theory with a view to proving Schur’s Lemma and com-
plete reducibility for nondegenerate GLA; (b) root space
analysis for nondegenerate GLA—perhaps this is too
much to expect; and (c) classification of low dimensional
GILA. There are many other obvious problems.

Note added in proof: After the author had submitted

this paper he was alerted (Ref. 9) to the existence of
some other preprints which mention and use the Killing
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form for GLA’s as defined above. The major effort in
these works has been to classify all simple GLA’s
(Refs. 10,11).

The author is now preparing a paper on the classifi-
cation of GLA’s of small dimension.
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Plane wave solutions in scalar tensor theories and solutions
of source-free Einstein-Maxwell theory
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Vacuum solutions of the field equations that satisfy the original notion of the plane wave, namely

8 = 8u(Z), Z=TZ,apx", a,’s being constants and g WZ,Z, =0, are sought for both Brans-Dicke scalar-tensor
theory and the more recent scalar—tensor theory due to Sen and Dunn. (Here Greek letters range from 1

to 4 and Latin letters from 1 to 3.) A complete set of solutions are obtained for both cases. Although not

required at the outset, it turns out that, in both cases, the scalar field is also function of Z alone. As a by-
product, one gets the complete set of solutions of the Einstein-Maxwell equations for the null
electromagnetic field for the cases when g,, satisfies the above-mentioned requirement.

1. INTRODUCTION

Bondi, Pirani, and Robinson' have defined a plane
gravitational wave as nonflat solution of the vacuum
Einstein equation that admits a five-parameter group of
motion. A question has been raised!=® as to whether a
plane gravitational wave as defined above is really as
“plane” as a plane electromagnetic wave in Maxwell’s
theory, i.e., for the plane gravitational wave as defined
above, can g,, be expressed as follows:

8uv=8u/2),

Z=2,a,x*, (1.1)
I

gz, z ,=0.

According to Ebner,? there exists a subclass of plane
gravitational waves as defined by Bondi, Pirani, and
Robinson, namely “homogeneous plane gravitational
waves” for which g,, can be put in the form (1.1). Also,
Takeno® has suggested that instead of the more familiar
definition due to Bondi, Pirani, and Robinson, Egs.
(1.1) should be used for defining a plane gravitational
wave.

Under these circumstances, it seems worthwhile to
look into other theories of gravitation, scalar tensor
theories for instance, for the solution of the vacuum
field equations that can be put in the form (1.1).

In this paper, we look into vacuum solutions of the
field equations with g, of the form (1.1) in Brans—
Dicke* theory and also in 2 more recent scalar tensor
theory by Sen and Dunn.®

2. OBSERVATIONS ONg,, AND R,

Obviously (1.1) can be rewritten as

Su=8,,%,° g*=0. (2.1)
From (2.1),
Lis=Ag T Mga, (2.2)

A, 4 being some functions of x*,

Also from (2,2),
det|gw‘ = = (&34 — Agra — H824)? (11802 — 832)-
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Thus to have detlg,, | <0, we must have

gugzz—gfz> 0. (1)
Therefore, let

(811820 ~ 857 (2.3)

where « is some real positive function of x*. From
(2.1) one gets after a little calculation

__l 4kag 41 ag[k T
Ri!‘z(‘g’ axt ) \& ' )

:a’

_L( w8 (udey _2logi-g
R4i—2 (g Ayt & 54 FY% (2.4)
1 9 ( %38
T2 \& Taxt
From (2.4),
Ri=0, (2.5a)
agﬂ oot
R:—%gu axq 88;4 ) (25b)
; dgh og¥
R::—%g”a—x‘i—-?’;r . (250)

With these purely mathematical observations, we
proceed to study two scalar tensor theories one by one.

3. SEN-DUNN THEORY
Here the vacuum field equations are

Ruv—%guuR:Uyuo’,v_%guuo.ac'a (31)

where ¢®Z7? is the scalar field in Sen—Dunn theory.
Equation (3.1) can be rewritten as

R, =0 0 (32)

uy NS

Considering (3.2) for u=i, v=74, and using (2.4),

3
o=%2 g”%}—x‘ + some function of x*. (3.3)
§=1
However, since R,, is a function of x* alone, we get
from (3.2) that ¢, is a function of x* alone. But in view
of (3.3), 0, can be a function of x* alone if and only if

2
g“"—g;A—cm,, i=1,2,3, (3.4)
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where c¢,,c,,c, are constants, From (3,4) and (2.1)
ag4{ agAj

&1y 5T 57 =0 (3.5)

Equations (2.1), (2.2), and (3.5), together with inequa-
lity (I), give

D, du

=0 7a=0 (3.6)
i.e., A, u are constants.
From (2.1), (2.2), and (3.6),
g‘*k%:o, i.e., ¢,=0. (3.7)
From (3.3) and (3.7),
o= 0(x*). (3.8)

Also from (2.4) and (3. 8),
R, =0, Ry=0.
Thus (2.1), (2.2), (3.6), and (3. 8) together, satisfy
(3.2) except for y=v=4. Therefore (3.2) for all u and

v are satisfied if along with (2.1), (2.2), (3.6), and
inequality (I) we have

0= f R44 dx4 ’
provided R, > 0.

(3.9)

This provides the complete set of solutions of the
vacuum field equations of Sen—Dunn theory, with a
metric of the form (1.1).

4. NULL ELECTROMAGNETIC FIELD IN
EINSTEIN THEORY

It is of some interest to note that if on the other hand
we have R,, <0, then (2.1), (2.2), and (3. 6), together
with inequality (I) provide the complete set of solutions
of the Einstein—Maxwell equations for null electro-
magnetic fields for g, of the form (1.1); in other
words, given (2.1), (2.2), and (I) (which are the corol-
lary of (1.1) and detlg,,| <0), the necessary and suf-
ficient condition that g,, provide a solution for the
coupled Einstein Maxwell equation for the null electro-
magnetic field is (3. 6).

Proof: (3. 6) is necessary: For null electromagnetic
fields, the Einstein equations are®

(4.1a)
(4.1b)

Ruv: —kukw
k" =0,

Considering (4. 1a) for p=v=¢ and using (2. 4) [note
that (2, 4) follows from (2.1)],

2
% <g4k gg%) +ki:0,

ox
Thus
k,=0

and
g
ax Bip
8" =0
which along with (2.1), (2.2), and (I) leads to (3.6).
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(3.6) is sufficient: As before, (2.1), (2.2), (3.6),
and (I) lead to

Ry =0, R,=0.

Thus (4.1a) is satisfied if along with (2.1), (2.2),
(3.6), (), and R,, <0 we have

ku:a,u’ (4.2a)
and

a= [ VR, dxt, (4.2b)

Also since ¢ depends only on x*, 2, has only one
nonvanishing component, namely k,. Thus, since g*
=0. (4.1b) is also satisfied.

Now, Maxwell’s equations are

Fwv, =0, *F*v =0, (4.3)
where
Fuv = pep¥ _ pvph, XFW = %\F—_g[#vaﬁ]ﬁ""e,
[hvaB]=0 when {u,v,®,B) are not all different,
=1 when (4, v, a,pB) are all different and
form an even permutation of (1,2,3,4),
=~1 when (i, v, a,B) are all different and
form an odd permutation of (1,2,3,4),
and p* is a vector satisfying
pub* ==1," pk*=0. (4.4)

A little calculation shows that given (2.1), (2.2),
(3.6), and (I}, and k, being defined by (4.2), if p, is
chosen consistent with (4.4) and if p, is a function of
x* alone, then (4, 3) are satistied. Thus (3.6) provides
the sufficient condition on g, as well.

5. BRANS-DICKE THEORY

If ¢ is the scalar field in Brans—Dicke theory, w the
Brans—Dicke constant, ¢ =¢,*#, then vacuum field
equations in the Brans—Dicke theory are given by

R,, -8, R=~(w/0*)(,, 0, ,-58,,9,.9")
- (1/¢)(¢,u;v —guuDd))’

which can be rewritten as

R,,=- (/99,6 ,- (/N ,;, +3g,,00). (5.1)
Setting

Buv= 92,0 (5.2a)

R, = Ricci tensor formed out of g,,,, (5.2b)
and

& =logo, (5.2¢)
Eq. (5.1) reduces to

R,,=-(wt+32 . (5.2d)

We note that (5. 2) is quite similar to the Sen—Dunn
field equation (3.2). We shall use this similarity later,
Before that we prove that the scalar field ¢ (and hence
$) is a function of x* alone. [For w+ —3, application of
the Bianchi identities on (5.1) directly gives O¢ =0.
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This considerably simplifies the proof of ¢ being a
function of x* alone. However, the proof given here
applies to both w# —% as well as to w=—3.]

From (2.1), (2.5a), and {5.1),

a¢'4 +¢;4(¢ ¢) +¢ 4{a_gjj_) 0‘

ox’

Therefore, either

¢"*=0 (5. 3a)
or
(10g¢,4+wlog¢>),,-=(¢/2)x,,, (5. 3b)
where
X=— [<g4{ ag;i ) o+ (g‘“ %g)_;;) o2
(5.3c)

9.

47 3 3

+ <g iy ) * ] .
However, we shall just now see that (5. 3b) also leads

to (5. 3a).

From (5. 3b) we see that, treating x* as a constant,
the derivatives of log¢'* + wloge with respect to x*, #?,
and x3, are proportional to the derivatives of x with re-
spect to x',x?, and x°. For physical functions, this
means that log¢’*+ wloge and x are functionally depen-
dent when x* is treated as a constant, i.e

log¢'® — wloge = y(x, x*)
where § is some function; then from (5. 3b),

¢ 3y(x, x*)
2 2x :

Therefore, ¢ is also a function of x and x*, which owing
o (2.1), (5.3c) leads to

¢ =0. (5.4)
Thus (5.4) is true either way.

From (2.1), (2.2), and (5.4),
o=+, 27 + ux®, x%).

From (5.5), ¢,,’s are also functions of x' + xx®, »*
+ px®, and x* only and ¢ , is given by

{5.5)

¢,4=Ex*+m, (5.6)

where ¢ and 7 are functions of x'+ xx®, x*+ ux®, and x*,
¢ being given by

dr du
£:¢'1A1+¢'2,u1’ A’E&x—“’ “'Ed—x“_’ (5.7)
and 7 is the derivative of ¢ with respect to x*, treating

x'+ 2x®, x%+ px® as constants. (¢ , denotes the deriva-
tive of ¢, with respect to x*, treating x',x%, and x* as
constants. )

Using (2.1), (2.2), and (5.5), a little calculation
shows that O¢ depends only on g, and ¢,; but not on
¢ 4. Thus O¢ also depends only on x'+ )\x3 2+ pad,
and x*.

By using (2.1), (2.2), and (5.5), Eqs. (5.1) for p
=4, v={ reduce to
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39 4

ox ‘ +o )4 .i U=0, (5.8)
where
f=logd+ 35X, (5.9)

R“(l)).

Since ¢, ¢ s and O¢ are functions of x"+ A\°, x?
+ ux®, and x* only, and g,; and R,, are functlons of x*
only, it follows that U is a function of x* only. Also
from (2.1), (2.2), and (5.3c), a little calculation shows
that x is also a function of x1+ B, 22+ ux®, and x*
only and therefore, from (5.9), 6 is also a function of
2t + 2, 22+ ux®, and x* only.

Putting (5. 6) into (5.8) for i=1,2,

0
U= <¢),k{k }‘g‘u_zi -
4;

X is given by (5.3c¢).

x*a,+8,=0, p=1,2, (5.10)
where
_98 L4 (5.11a)
a, P + £ b9 .
M e _v. (5.11b)
B,=75 18, .

Since ¢ and 8 are functions of x' + xx®, ¥*+ ux®, and
x* only, it follows from (5, 11) that a, ,3,, (p=1,2) are
also functions of x'+ xx®, x*+ ux®, and x* only. Smce
x* obviously cannot be expressed as a function of x!

+ 2%, 2*+ px®, and x*, we get from (5.10)

@,=0, 8,=0, p=1,2. (5.12)
From (5.12),

a(te)

aip =0, p=1,2,

However, since £e? depends on x° only through x!
+® and ¥+ ux®, we must have

2(&ef) .
=02 =0, i=1,2,3
or
£=¢(xY)e™®, where ¢ is some function. (5.13)
Considering (5.1) for p=v=4, using (2.2), (5.5),

(5.6), and (5.13) and proceeding as before, we have

Ax32+Bx3+C:0,

where A4, B, and C are functions of x' + X*, x®+ ux?®,
and x*; specifically
- (W/P)E% = (£, M+ £ out).
Again for similar reasons
A=0,
i.e.,

(W/ Q)2+ (£ A + £ ut)=0 (5.14)
Putting (5.13) into (5. 14) and using (5.7), (5.9), and
(5.13) either

¢, N+ ¢ Lut=0, (5.15a)

XM+ X 1t =0, (5.15b)
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However, we shall now see that either of (5.15) es-
sentially leads to M =0, u’ =0,

Case (I): (5.15a) is true: Using (2.1), (2.2), (5.4),
(5.5), (5.15a), and (5. 3c),

4)4;4:0’ (A)
X, 0" =0, (B)
8 ,.%,=0. (©)
From (5.1), (5.4), and (A),
D¢
Ri=- T (D)

Considering g/ x ,R,,, using (2.4), (5.1), (5.3c), (B),
and (C},

g“X,iX,j:"D‘:D/‘l(P' (E)
Using (2. 5¢), (5.3c), (D), and (E),
a 41 a 4i
Using (2.1), (2.2), (F), and inequality (),
w=0. (@)

Case (II}: (5.15b) is true: (5.15b) together with (5. 3c),
(2.1), and (2.2) lead to (F) and as before, (2.1), (2.2),
and (F) together with inequality (I) lead to (G). Thus in
any case we have

N =0,

N=0, u=0, (5.16)
i.e., rand u are constants,
From {(2.1), (2.2), (2.4), (5.3c), and (5.16),
R, =0, (5.17a)
R,=0, (5.17)
¢, =0. (5.17¢)

Considering R} with the help of (2.1), (2.2), (5.4),

(5.16), and (5.17),
C¢=0. {(5.18)

Considering g**R,, from (3. 2) and using (2.1), (3.4),
(3.17), and (3.18)

g9t =0. (5.19)
Equations (2.1), (2.2), (5.19), and inequality (I) lead
to

¢=o(x%). (5.20)

From (5.2a) and (5.20), we note that if g, satisfies
(2.1), (2.2), (3.6), and (1), so does g,,, i.e.,

£uv=8u (¥, g9=0, gu=2,+ 1gp, (5.21)
where

dXx du

w0 el

As before, (5.22) satisfies (5. 2d) except for u=v=4,
Thus following Sec. 3, the complete set of solutions of
(5.2d) and hence of (5.1) are given by g,, that satisfy
(5.21) if for w# — 3,

Hy <o,
w3
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and
__'_‘ig—Rs 1/2dx4
¢ =exp wt+
for w=—3m,
R44:

and ¢ is an arbirary function of x*.

Then g, can be determined from g, and ¢.

6. CONCLUSION
A. Solutions

Thus (2.1), (2.2), (3.6), and (I) together provide the
complete set of solutions for g, of the form (1.1) for:

(a) vacuum field equations for the Sen—Dunn theory
if
R,>0
and scalar field o is given by
0= | VR dx*,
{b) the null electromagnetic field in the Einstein
theory if
Ry <0
and the propagation vector %, [defined in (4.1)] is given
by
k“:a’u, a:fv‘_Rde“;
(c) the vacuum field equations in Brans—Dicke theory
for w# -3 if
R_M
w+t 3

<0 [R,, being defined in (5.2)]

and ¢ the scalar field is given by

oeenl [ (354 "]

(d) the vacuum field equations in the Brans—Dicke
theory for w=-3% if

Ry =0.

From the above it is obvious that a simple procedure
for making R,, positive, zero, or negative as desired
is needed for the present situation. This is given as
follows.

From (2.1), (2.2), (3.6), and (1) it is obvious that
by a suitable choice of coordinates, one can set A=0,
u =0, without any loss of generality and without any
violation of the previous equations. g,, thus takes the
form

gu 812 0 gy

812 822 0 goq

_ 6.1
Euv= 0 0 0 gy ’ ( )

B14 824 834 Saa

where as before, g,, are functions of x* alone. Then,
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3%log dlogg,, dloga 1 <8g‘“ Bg]E
Ru= 30 " "od ot 4\ 38 ox
ag'® 3g g% 9 )
t 2T e o) (6.2)

where a is given by (2. 3).

From (6.1) and (2. 3) we see that g'', g'%, g%, and «
are completely specified by g,;, £,,, and g,,. Thus from
(6.2) we note that, for preassigned g,,, &1z, &22, ONE
can easily make R, as positive definite, zero, or nega-
tive definite as desired only by suitably assigning g,,.

Also from (6.2) we see that instead of solving the
scalar field (or the propagation vector in the case of
the null electromagnetic field) in terms of g,, as has
been done previously, the field equations can be solved
for a preassigned (but dependent on x* only) scalar field
or propagation vector by suitably choosing g,,.

B. Covariant reformulation of results

The original intuitive notion of plane wave, as stated
in Sec. 1 is based on a special choice of coordinates.
Thus, the solutions obtained in this paper have been
specified only in a special system of coordinates. How-
ever, it is interesting to note that the notion of plane
wave as given in Sec. 1, as well as the solutions ob-
tained, can be restated in a coordinate independent
manner by using the language of group theory as can be
seen through the two following statements.

Statement 1: A necessary and sufficient condition that
&, can be put in the form (1.1) is that space defined
by g,, admits a three-parameter Abelian group of mo-
tion with isotropic hypersurface of transitivity. (By
isotropic hypersurface, we mean a hypersurface o
=const, such that 0 0% =0,)

Necessary condition: (1.1) can be transformed into
(2.1), and (2.1) admits a three-parameter Abelian
group G, with generators, 3/9x', 3/0x%, 3/8x%, and x*
=const as an isotropic hypersurface of transitivity.

Sufficient condition: If a space admits a three-param-
eter Abelian group, then by proper choice of coor-
dinates, its generators can be expressed as'®

0 ) 2

axl? ax% T ax°
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Obviously x* = const gives a hypersurface of transi-
tivity, which if isotropic, leads to g*=0.

Statement 2: A space that admits a three-parameter
Abelian group G, with isotropic hypersurface of transi-
tivity will satisfy R, ,==+0 0, with appropriate choice
of o, if and only if the three Killing vectors £#, n*, ¢
corresponding to G, are such that

£,84=0, n,t4=0, £,t%=0

and for any direction element dx*

(6.3)

R, dx*dx*>0 (for R, ,=0 0 ),

14

R, dx*dx*<0 (for R,,=-0 0 ).

Xt

Proof: With the special choice of coordinates used in
(2.1), £+, n*, t* are §,*, §,*, §,* respectively. Thus
(6.3) is equivalent to

851 =0=g32=g3;.

The metric thus takes the form of (6. 1) and hence
the result follows.

It may however be noted that although only a three-
parameter Abelian group was postulated at the outset,
the metric (6.1) actually admits a five-parameter in-
transitive group with an isotropic hypersurface of
transitivity.
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Closure in anisotropic cosmological models
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The closure result of Friedmann cosmology is briefly reviewed. A new closure result is presented for
nonrotating, dust filled, but otherwise anisotropic, inhomogeneous cosmological models. The isotropy
assumptions are replaced by much milder physical assumptions while the crucial Friedmann condition,
8mip—3h?>0, is replaced by the only slightly stronger 4mkp—3h?>0.

1. INTRODUCTION

One of the many intriguing features of Friedmann
cosmology is the prediction, under certain conditions,
of the closure (finiteness) of the universe. The
Friedmann models we have in mind are dust filled, with
space—time topology M* =IRX V® in which the spatial
sections Vi’ 1t =const (f representing proper time) are
othogonal to the fluid flow (and hence the fluid is non-
rotating). The Friedmann models are characterized by
stringent symmetry conditions; all local observations
made by an observer comoving with the cosmic fluid are
isotropic. As a consequence, the spatial sections V3
(corresponding to our spatial universe at time £) are
locally isotropic (and, hence, locally homogeneous)
spaces, i.e., are spaces of constant sectional curvature,
and all physical parameters {e.g., the density of matter
p and the Hubble expansion parameter h) are constant
on each of these spatial sections.

Now if V® is complete and if on V*
f7kp-n*>0 (1)

holds (where « is the gravitational constant and units
have been chosen so that the speed of light ¢ =1), then
V? is a space of constant positive curvature and, in
fact, is covered by the 3-sphere. It follows that V? is
compact, i.e., the universe is “finite.” It is worth
pointing out that V* need not be open (infinite) if the
quantity in (1) is zero or negative,!

In this paper we wish to consider in what way the
above closure result relies on the strong symmetry
assumptions of the Friedmann models. A new closure
theorem is presented in which the isotropy assumptions
of the Friedmann models (which, of course, are not
precisely satisfied in our own universe) are replaced
by much milder physical assumptions. The proof will
require a modest strengthening of the crucial
condition (1).

ii. THE CLOSURE THEOREM

In the cosmological models now to be considered, the
mass—energy content of the universe is again repre-
sented by an incoherent fluid or dust (no pressures) with
the dust particles representing galaxies or clusters of
galaxies. This representation seems reasonable for the
present epoch of the universe. The energy—momentum
tensor for a dust is given by

Ty;=pugu;, (2)
where p is the density of matter and u is the unit time-
like tangent field to the world lines of the fluid. By the
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equations of motion, these world lines are geodesics.
As in the Friedmann models we assume the topology of
space—time to be of the form

Mr=RXV? (3)

and again we make the simplication that the spatial
sections Vf, parameterized by proper time, be orthog-
onal to the fluid flow.

Introducing coordinates x* (@ =1,2,3) in V3, the
metric in comoving coordinates takes the form

ds? =~ dt* + goalx, t)dx® dx®, 4)

where g,,4{x, ) is the induced metric on the section V3
and u=23/9¢. No assumption of isotropy or homogeneity
of the section Vﬁ with metric g,, is imposed. Further-
more, there is no requirement that the matter density
p be constant on any section, nor that expansion about
any point be isotropic.

By letting
Zoslx, 1) dx® dx® = G¥(t) do?, 5)

where do* is a metric of constant sectional curvature on
V® and the function G(#) is constant on each spatial sec-
tion we obtain the form of the metric of the Friedmann
models,

Let X be a vector tangent to a section V3 at point p.
Extend X along the flow line through p by making it
invariant under the flow generated by u=2/9¢,

[u,X|=v,X-vxu=0. (6)

Here [ , ] is the Lie bracket and V is the connection
associated with the space—time metric. This vector
field may be interpreted as a position vector tracking
a nearby fluid molecule from the fluid molecule at
x=p.t

Let | Xl =[g,sX*X*]1/? be the length of X. Note that,
by construction, the X* are constant along the flow line.
A positive time derivative, (2/3¢)|l X |l > 0, indicates a
recession of nearby fluid molecules in the direction of
X, and a negative second derivative, (32/2¢)|| X[l <0,
indicates a deceleration of the recession in the direc-
tion of X.

The overall expansion behavior of a small fluid ele-
ment is determined by the expansion scalar 6 =divu. 3
In our case 6 is given by

1 bl
0= ——— = VAol gas) =~ & *Dup (7)
dét(ga,,) 2t Bap 8

where b, ;= — —;—(a/at)gaﬂ is the «, Bth component in the
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comoving coordinate system of the second fundamen-
tal form B defined by

B(x) Y):_ (qu) Y)

for vectors X, Y tangent to the spatial section Vﬁ.
(Here { , ) denotes the space—time metric,) We are
now in the position to state the following theorem.,

Theorem: Consider the cosmological model charac-
terized by Egs. (2), (3), and (4) above, Suppose at each
point p of some section Vfo,

(i) there is recession in all directions, i.e.,

3
AN Ix|l =0

for all vector fields X defined along the flow line through
p, satisfying Eq. (6) and perpendicular to u,

(ii) the rate of recession is decreasing in all direc-
tions, i.e.,
32
Xiji=s0
o, 1%l

for all vector fields X as in (i).
Then if ¥ is complete and
(iii) inf (g7 —h*)=2>0,
Vto

where 7 =40 is the averaged Hubble parameter,* V3
is compact and

diam(V} ) <7V2/3X.

A couple of remarks before giving the proof. First, we
emphasize that conditions (i) and (ii), which seem satis-
fied at least at one point of the actual universe, do not
demand that the recession or rate of recession be the
same in all directions. Also, by introducing the mean
length L,

L_1,(_2
L 3 ot )’
the Raychaudhuri equation® becomes for the particular
cosmological model under consideration
L

37 =-gm-0"<0 (8)

it

(o, the shear, is a scalar measure of the anisotropy of
expansion). Thus, from strictly formal considerations,
there must be an overall deceleration of expansion at
each point of any spatial section. Finally, note that the
matter density term in (iii) is half that appearing in (1)
so that condition (iii) is slightly stronger than the
analogous condition for the Friedmann model case.

The proof employs a theorem of Myers, which states
that if /" is a complete Riemannian manifold with Ricci
tensor R, satisfying Ric(V,V)=R,,VV’=a> 0 for all
unit vectors V=V*(3/8x'), then M" is compact and

diam(M") s wvrn—-1/Va.®

The Ricci tensor of space—time, R;;, is related in
comoving coordinates to the Ricci tensor of Vi’o, P,
by the equation’
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1 2 ?
Ruﬂz'z'é—tfgaﬂ + %ggigaﬁ_zb;bﬂr'*})aﬂ’ )
where from Einstein’s equations and Eq. (2),
Ryp=4TKD gyp- (10)

Let § be a unit vector at some point p of Vf’o and extend
£ along the flow line through this point by making it in-
variant under the flow, In coordinates &= £%(2/dx"),
(8/8)£* = 0. Then from (9) and (10) we find

Ritho(gy E) EPaa gaEB

=4~ 3 Z I8 1F -0 2 e+ 2w ulfe.

11

Let &, e,, e; be orthonormal vectors at p and extend
e, and e; along the flow line through p in the usual way.
A simple calculation shows that B{E, &) =~ (9/20)I&ll at

b, so
2
flveulP:(ga;H&H) +BY(E, &) + B (£, ey).

By substituting this equation into (11) and simplifying
we are lead to

Ricy, (6,8 =dmeo = T ]+ (% 1£1) -0 2 le]

+ 2B, e,) + 2B%(£, e;). (12)

Since, as is easily shown,

o= 18]+ 2 el + S el atp,
(3 0el) " -0 20l )

(15l 2 el 2hgd Zlel)

Using assumption (i) and the Schwarz inequality one
checks that

ZHel L leall + 2 802 e

< Tl g el + 2 1el 2 lesl+ & leal 2 les]

<300 =3R%, (14)

Furthermore, by assumption (ii) the inequality

62
szllEl<o (15)
holds. By combining (12)—(15) we obtain

Ricy, (&, £)=4nkp - 30 = 3,
0

Our result now follows as a consequence of Myers’
theorem.

In the Friedmann case, with metric given by (4) and
(5), &1l =G(#)/G(t,). One tinds that

(Z1el) -0 2 lgl=-2m

[compare with (13) and (14)],
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2l == 4o

{compare with (15)], and B(¢,e;)=0, i=1,2. Then (12)
becomes

Ritho(s, £)=2(3axp - %)
as expected,

If the fluid flow is not geodesic (as in the case of a
perfect fluid with a nonzero spatial pressure gradient)
but is still nonrotating, the metric can be expressed,
in comoving coordinates, in the form

ds® = - Q¥ + g g dx® dx®.

The Ricei quadratic form on the spatial section V2 is
then given by the equation

Ricy, (£, £) =Ric,(¢, ) ~w* | £ + @[ ]))*- ou ¢
+2B%(E, €,) + 2B*(£, ey) + (1/9) £¥(0)
"<€£ gyvuu>7 (16)

where

13
u= *{; a_t .
V is the connection associated with the induced metric
ZSap, and £ has been extended arbitrarily to some
neighborhood of Vi and is invariant under the flow gen-
erated by 9/2¢. This equation differs from (12) only in
the addition of the last two terms on the right-hand

side.

To prove the compactness of V? in this case, it would
suffice to show that there is a bound on the lengths of
the minimal geodesics from some fixed point in V° to all
other points of V®, Along any such geodesic we may ex-
tend £ so that V, £ =0, making the last term on the
right-hand side of (16) equal to zero. Then by applying
Myers’ theorem directly to each of these geodesics,
we could conclude the compactness of V3 under the
same assumptions as before (with 9/8¢ replaced by u)
if we knew that the term £%(p) were nonnegative. In
fact, it need not be; thus the term (1/¢)£%(@) in (16)
appears to spoil the compactness result in this non-
geodesic case.

We remark, in closing, that it would be desirable
to obtain some generalization of our closure result
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which does not require the spatial sections to be
orthogonal to the fluid flow (and, hence, the fluid to
be nonrotating).

Note added in proof: Recently we obtained a very
satisfactory generalization of the closure theorem to
the nongeodesic case. By replacing condition (iii) by the
more general

i‘r,13f (Ric(k, £) - 3n)=2>0,

nguil
and by making the additional requirement that the 4-
acceleration V,u have an upper bound on V%,

sup | vy =p <<,
vi

we arrive at a new diameter estimate for V3 depending
on ¢ and A and, again, are able to conclude the com-
pactness of V2, The proof requires a generalization of
Myers’ theorem,
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The author has previously shown that the dynamically natural random variable representing angular
momentum in the stochastic mechanics of the Bopp-Haag spin model has the expectation values predicted
by quantum mechanics for spin = 1/2. The result is generalized to all higher values of the spin.

1. INTRODUCTION

The history of attempts to reformulate quantum
mechanics in terms of motions of classical bodies and
fields at the microscopic level is a long one, extending
back to the origins of quantum mechanics itself, One of
the more recent of these attempts has been called
stochastic mechanics, ™ This theory assumes universal
Brownian motion and Newton’s second law F=ma; it
shows these assumptions to be mathematically equiva~
lent to the Schrodinger equation for a broad class of
physical systems.

One advantage that stochastic mechanics has over
other “hidden variable” theories is that it has no need
for ad hoc quantum forces.* This advantage stems from
the definition of the stochastic mechanical acceleration
a, based on considerations of time-reversal symmetry
and the theory of Markov processes. However, the main
advantage of the stochastic mechanical viewpoint is that
physical quantities are no longer operators, but random
variables. To say this is not to disparage the massive
body of understanding yielded by operator theory, but
to point out that there are potentially important insights
to be gained by alternatively treating quantum mechani-
cal systems in terms of the quite extensive and highly
developed mathematical theory of random processes,

One of the quantum mechanical systems which has
been studied from the viewpoint of stochastic mechanics
is the spin model of Bopp and Haag.® The present author
has shown?® that when the Bopp—Haag version of the
freely spinning electron is cast into stochastic mechani-
cal form, the random vector field L which is naturally
interpreted as angular momentum has expectation values
as required by quantum mechanics,

(L) = mhk, (1)

LD =1 +1)n3, (2)

where K is the unit vector along the z axis, % is Planck’s
constant divided by 27, 1=}, and m =+}%, depending on
whether one starts with a spin-up state or a spin-down
state. The purpose of the present paper is to prove (1)
and (2) for all allowable values of / and m: ! nonnegative
integral or half-integral, and m=-1,-7+1,..,,1~1,].
Thus, the compatibility of the stochastic mechanical and
quantum mechanical treatments will be demonstrated
for free particles of arbitrary spin,
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2. PRELIMINARIES

In this section we review the definition of stochastic
mechanical velocities, some facts about the rotation
group, and the basic features of the Bopp—Haag spin
model. Since we are concerned only with free systems,
many formulas are simpler than the corresponding ones
for motion in a force field. The terminology and notation
are those of Ref, 3,

Let the configuration space of a physical system be
a Riemannian manifold M. Let i) be a wavefunction
satisfying the free Schrodinger equation

hi%}-:—cmp, 3)

where A is the Laplace—Beltrami operator on M, and
c is some constant. Put i) =exp(R +iS), and define « and
» by

u=2hdR, (4)

v =2hdS. (5)

Then » is called the current velocity, and is identified
with the ordinary classical velocity of the system whose
quantum version we are examining; « is called the
osmotic velocity, and arises from the assumption of
universal Brownian motion superimposed on the classi-
cal motion. The latter name derives from the theory of
Brownian motion of particles suspended in a liquid, *:®
in which « is the velocity required of a particle to offset
osmotic effects. We shall see that both » and » contri-
bute to the angular moraentum —in particular, to its
expectation values.

Of course, the basic result'~® of stochastic mechanics
is that the kinematics of Markov processes and F=wma
(with a properly defined!) are equivalent to (3). How~
ever, we do not need this result here, so we do not dis-
cuss it further.

We will be concerned in particular with M =SO(3),
the group of rotations in three-dimensional space., We
parameterize SO(3) with the Euler angle coordinates
8, ¢, X, following the convention of Refs. 3 and 5. Any
rotation 7 may be written in the form T'=7,7,T,,
where T, is a rotation through angle ¢ about the z axis,
T, is a rotation through angle 6 about the line into which
T, takes the x axis, and T, is a rotation through angle
X about the line into which T, takes the z axis. We de-
note unit vectors along the axes of these rotations by
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®, 6, and X, respectively. See Fig, 1. We shall also
denote 6, ¢,x and 8,6, X by 6*,6%,6%and 6,,6,, 8,
respectively.

If k is any positive constant, we may endow SO(3) with
the Riemannian metric g;;, where

k0 0
lg;]=|0 %  kcoss| . (6)
0 kcosé k

Then the inverse matrix [gi/] is

1/k 0 0
. 1 cosé
] — —
ls¥]= ksin?6 ksin®g (7
cos6 1
ksino k sin®@

Later we shall put 2 =26, where © is the moment of
inertia of a spinning ball.

We shall require means of passing from the current
and osmotic velocities [with values in cotangent spaces
of SO(3)] to the angular momentum L (with values in
R®). We do this via the map U from any cotangent space
of SO(3) to R® defined by

Ula,do')=g"'a,6,, (8)
where the summation convention applies.

The Haar measure 4 on SO(3) is given by’ df
=8in8d8d ¢ dx. All probability densities and integra-
tions will be with respect to this measure. The integra-
tion [ g3, fdR, f a function on SO(3), means

2 A T 50f(6, 0, X) sin6d6dd dyx, the limits being
clear from Fig. 1. In Ref. 3, where I=%, the measure
d8d¢dx was used. However, it is easy to see that in
this simplest case the two choices of measure yield
identical results for (L) and (L%, and that the latter
choice does not yield the correct (i.e., quantum
mechanical) expectation values for [ >3,

In their spin model, Bopp and Haag® consider a rigid,
rigidly charged spherical ball. In the case of no exter-
nal field, the Schrddinger equation is

.0 1 1
hz——di— :(Wn‘ p’+ %Mz) b, 9)

where m is the mass of the ball, © its moment of iner-
tia, and p and M the generalized linear and angular
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momentum operators, respectively. Separating vari-
ables, we are led to the eigenvalue problem

M?)=Ap. (10)

The eigenvalue problem for p governs the motion of the
center of mass of the ball, which doesn’t concern us
here. The solutions of (10) have been found by Bopp and
Haag The elgenvalues are A=1{{ +1), with !
=%,1,3,2,3,..., and for each such [, there are (21 +1)?
eigenfunctions of the form

pl, =explilug +vx))dl,(6), (11)

where p,v=-1, -1 +1,...,1-1,1, and the d;,(0) are
closely related to the matrix elements of the /th repre-
sentation of SU(2). The eigenvalue of the z component
of angular momentum is u, which plays the role of m
in (1), Explicitly, we have®®

ds,(6)=[cos(6/2)]"** [sin(6/2)]"* P} t+**+[cos(6)],

v-uz20, v+u=0, (12)

where the P’s are the standard Jacobi polynomials, *®
Now, P*®is defined only for «, 8> 0; however, we use
the following symmetry properties® of the diu to yield
a formula similar to (12) in other cases:

dl (e)=(=-1)"*d},_ (8, v-us0, p+us<0, (13)
di,(8)=(=1)"*d’ (6), v—u<0, v+u=0, (14)
d(0)=(-1)"a!, (6+m), v-u=z0, v+u<0, (15)

We shall need the differential equation® satisfied by the
P,

(1 =53 d22 P*¥x)+[B-a-(a +B+2)x];l—xP:B(x)

dx
+n(n +o ++1) P¥(x) =0, (16)

3. THE MAIN RESULT

Theorem: Consider the wavefunction 7}, given by (11).
Let p=K!p! 1%, where K is a normalization constant
chosen so that [¢y;,pd? =1, Form the osmotic velocity
u and the current velocity v via (4) and (5), and define
the osmotic angular velocity w, and the current angular
velocity w, by w,=Ulu) and w, = U(»), where U is given
by (8) and the constant k of (7) is taken to be £ =20, ©
being the moment of inertia of the spinning ball. Define
the angular momentum L by

L:e(wu+wv)g (17)

Let { ) denote expectation with respect to the probability
measure pd$l. Then

(L) =phkk and (L% =1I1( +1)?,
where k is the unit vector along the z axis.

Pyoof: We first treat the case v—uz0, v+p>0, so
that representation (12) holds, Using (4) and (5), we find

w, = (h/O)[- ncse(8) +vecot(8) ~sin(8}(P'/P)] 6, (18)
P=Py v [cos(8)], and

h{fu—vcosd\— v—uCOSB) _]
= + 2
@ e[( Sin%6 )('b ( sinf6 J X (19)
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Now, explicitly in terms of i, J, k, the standard basis
vectors in R%, we have

6=cos(¢) +sin(a)f, (20)
o=k, (21)
X = sin(8) sin(¢p)1 ~ sin(6) cos(p)] +cos(O)k. (22)

Performing the integration with respect to ¢ first, we
find from (18) and (20) that

(w,) =0. (23)
Also, (19), (21), and (22) yield
(w,) = uhk/O. (24)

By (23), (24), and (17), the first conclusion of the
theorem holds.

For the second part, note that w, and w, are orthogo-
nal, so that

L?=0%w? +w?).

By a straightforward calculation with (18)—(22), this is

L2 _hz[zuz + 41 +cos?8) —=4uvcosé
= i
sin®é

P/ 2 P/ 2
+2{u — vcos#) 5 + sin O(P) ] (25)

Now, the normalization constant K = (47%/2**)C, where
C= [ (U +x)"H (1 = x) s (Pylv™ (x))?dx, (26)

as is easily seen from (11) and (12) by making the
change of variable

x=cos{8) 27

in the integral [go, | ¥, 12dS2. The exact value of C is
known, ° but we do not require it here. Hence,

p=2%yl, |2/4a7*C. (28)
In terms of the variable x, we find from (25) and (28)
that

(LH= Ch—z{f (202 +v7(1 +47) = 4urx] @ +x)7

x=-1

1
X(1 —x) ' Pax + f 2(p —vx)( +2)*#(1 ~ x)""
-1
. X;
<PP'dx +f (1 +x)1(1 _x)v~uol[Pr(x)]2dx}
x=-1

hz
=5 U, +1,+1), (29)

where the prime denotes differentiation with respect to
x, and P=P20"*(x). Let a=v -y, B=v+u, n=1-v.
Then an integration by parts shows that

L=-f PO [(14 0801 = 02 P .

Carrying out the indicated differentiation and using (16),
we find that this simplifies to
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L=nln+a++1)C=(-v){l +v+1)C. (30)
Integrating by parts in I,, we find

L= -/‘ P(x)dix{{(ﬁ_ a) (B +a)x](l +x)

x (1 - x)® P(x)}dx.

Upon carrying out the differentiation under the integral
sign, we see that I, appears again on the right-hand
side with a minus sign. Solving for I, and simplfying
yields

L==3 [P0 +2PHL =07 [ (B +a) + (- af
-2(F - a®)x +(B+a)(B+a +1)x*]dx.
Expressing I, in terms of o and g8 and adding it to this
last equation, we find

L +12:(5'2“" +(Bj;"‘)2)cz(u+u2)c° (31)

From (29), (30), and (31), the second part of the
theorem follows. This concludes the proof when v —
20and v +u=>0,

In the general case, first use (11), (12), and the
appropriate one of (13)—(15) to express ¥,, in terms of
a Jacobi polynomial P. Defining @, 8, and n by P=P%?
we find in each of the three cases (13)—(15) that the
integral expressions for I,, I,, and /, and those of (29)
above are identical when expressed in terms of @, 8,
and r [in the case (15), the formula® P**(~ x)
=(~=1)"P?%x) and the change of variable x— —x are
necessary|. Hence, as before,

L, +1, +13:<n(n+a +p+1) + Q;ﬁ _‘_(G";‘B)Z)C'

This simplifies to the desired (L% =I( +1)%® in each
case. The verification of the formula for (L) is even
easier: Since (w, =0, as before, we see that (L) de-
pends only on w,, and therefore only on the factor
exp(i(u¢ +vx)]in #),, which has the same form in all
cases. The proof is complete.
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Group theoretic aspects of conservation laws of nonlinear
dispersive waves: KdV type equations and nonlinear
Schrodinger equations™
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Group theoretic properties of nonlinear time evolution equations have been studied from the standpoint of
a generalized Lie transformation. It has been found that with each constant of motion of the KdV type
equation f,. + a(f)f,+ f, =0 and of the coupled nonlinear Schridinger equation f,, + a(f,g)+ if, =0,
8.+ a(g,f) —ig, =0 one invariance group of the equations is always associated. The well-known series of
constants of motion of the KdV equation and the cubic Schrodinger equation will be recovered from the
invariance groups of the equations. The doublet solution of the KdV equation will be characterized as the
invariant solution of one of the groups. In a more general context, it will be shown that the well-known
equation of quantum mechanics (d/dt)} Uy = {[iH, U] +98U/d3t) can be generalized to a class of
nonlinear time evolution equations and that if U is a generator of an invariance group of the equation then
(d/dt) Uy =0. The class includes equations such as the KdV, the cubic Schrédinger, and the Hirota
equations.

INTRODUCTION

In this paper, we study group theoretic aspects of
time evolution equations of nonlinear waves, particular-
ly of the Korteweg—de Vries (KdV) equation f,,. +ff. +;
=0 and of the cubic Schridinger equation f,, +7f*
+if, =0,

number of invariance groups. (2) The doublet solution,
as well as the singlet solution, of the KdV equation is
the invariant solution (or generalized similarity solu-
tion) of one of the groups.

In Sec, III, we prove that with each conservation law
of the coupled nonlinear Schrodinger equation f,, + a(f, g)
+if, =0, g..+a(g, f)~ig,=0 one can associate one in-

Some time ago, Anderson, Kumei, and Wulfman
proposed a generalization® of the Lie—Ovsjannikov®—
theory of invariance groups of differential equations,
and applied it to a number of quantum mechanical sys-
tems to systematically study dynamical groups.® Re-
cently it has been shown by Ibragimov and Anderson®
that this generalized transformation is an infinite
dimensional contact transformation.

It has been shown in the preceding paper! that the
sine-Gordon equation f,; — sinf =0 admits an infinite
number of one-parameter invariance groups of this new
type, with each of which one can associate a series of
conservation laws, Although the generalization appears
to broaden the usefulness of group theoretic analysis
of differential equations, particularly of nonlinear ones,
the physical implications of the new type of symmetry
are still unclear in many respects.

The aim of the present paper is to investigate some of
the well studied equations of nonlinear waves? from the
standpoint of the generalized theory, and to gain a clear-
er insight into the physical significance of the presence
of the new kind of symmetry, It will be shown that some
of the fundamental properties of the KdV and the cubic
Schrodinger equations are the direct results of the
existence of new groups.

In Sec. I, we briefly review a few basic ideas of
infinitesimal invariance transformations to fix notations.

In Sec. II, we investigate group theoretic properties
of the KdV equation and the related equations. The main
results are: (1) With each constant of motion of the KdVv
type equation f,,, + a(f)f, +f; =0, one invariance group
is associated, hence the KdV equation admits an infinite
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variance group. The constants of motion of the cubic
Schrodinger equation due to Zakharov and Shabat® will
be recovered from the invariance group of the equation.

In Sec. IV, we investigate some general properties of
generators of invariance groups of time evolution equa-
tions H(t,x*, f, fi, fi;,°* °) +f;=0. It will be shown that
(1) A generator U of an invariance group of H+f,=0
always satisfies the relation [,1/, U] +2U/9t =0, where
# is a Lie operator associated with H; (2) For a class
of nonlinear time evolution equations, the equation
(@/dt)Uy =/, U]+ aU/af) can be generalized; in par-
ticular, if U is a generator, then (d/d¢}{U)=0.

1. INFINITESIMAL INVARIANCE
TRANSFORMATIONS

We denote m-dimensional real and complex vector
space by R™ and C™, respectively and we consider the
following infinite direct sum of the spaces; by
denoting CY*M* by c,

V=RYQCDC ®CHC G CHLC T en, (1)
a Q 1 1 k ]
The prime is to distinguish two spaces of the same
dimensions. We denote the elements of C and C’ by u
and v, thus the elements of V are k * *
;1:’ §)>°"), x’—RNﬂc (2)

The components of u, vare written as Up poovapyy Upgpyesosy

z:(x,u,v,%t,y,.u.

where each index runs from 0 through N’

u=@w), v=()), gz(uo,u,,...,ujv), %):(vo,v,,...,vb,),
724:(”00:“01""yuONr"'yuNO,uNh--'auNN)>
ZUZ(UOMUOD""UON""7UNO}UN1.!"',UNN)7
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Now we consider an infinitesimal transformation in V

E=Z+623 Z:(O,be,ﬂ,fy---,ﬂ;f,""), (4)
171 R OB
where
n=mn(z;c), £==¢(z;c), (5)

and the components of n and I are to be determined by
the formula

n’l’z'"’k:D’t"z""k 3’ §’1p2“.,k=D’1p2“.’kc’ (6)

where Dy,..,,=D;D,*** D, with
D; =2, + (0, +v;9,) + (w3, + Vg8, F o0

(U j00emOy J+oee, (M

joeom

+ Uu--omav,,.,m
In this paper, the summation rule will be assumed for
repeated indices. In (5), ¢ denotes a collection of all
the real and complex numbers appearing in the expres-
sion of 7 or {. We write (4) compactly in the usual way
as

z=(1+el)z, (8)
with

U= 03, +£3,) + (133, +£:9,) + 2+ Mioeesla,,

S TR N YJ+oeen, (9)

jooop
The operator U has the following property (see Appendix
A for the proof):

Lemma 1: If a function A(z) is twice differentiable
with respect to all the variables, then (D,U- UD,)A(z)
=0for i=0,1,...,N.

We consider a set of differential equations for func-
tions f{x) and g(x),

Fi(z;c)=0, i=1,2, (10a)
u=f(x), v=glx), u:[(x) =glx), k=1,2,...,%,
F F (10b)
wherekf(x) and g(x) are functions of the (N + 1)*-tuple
13
f(x) (fO’f‘h ',fN)y ig(x):(gO,gi;""gN)r

11)

2f(x):(fooy ser ’fNN)7 f(x)z(goo, co e 8an),

©eeso0s00s0 s ec00ess e

With fi e ;=042 05 (%), greej=084°°3 ;8(). Cin
(10a) represents a set of parameters (real or complex)
appearing in the differential equation. Each solution of
Eq. (10) defines a manifold in ¥V which we call 2 solu-
tion manifold.

It is well known®~* that a group transformation ¢°?
maps a solution manifold of (10) into another (or the
same) solution manifold if and only if

UF‘(z;c){j:O, i=1,2, (12)

where (**)! 7 indicates to evaluate the quantity under
the conditions

Fi=0, Dpep, F'=0, i=1,2, k=1,2,...,. (13)
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The operator U is then a generator of an invariance
group.

We define #-conjugation of a quantity A(z;c)
=Alx,u,v,... ,g,g;;c) by
A(z;c)#zA(x, Vst nes Yy ;;l;c*), (14)
where the asterisk represents a complex conjugation,
An important subclass of Eq. (10) is
Fi(z;c)=0 with F?=(F1)¥,

u=flx), v=Flx)*, -. (15)
For this equation, the generator U takes the form
U=n3, +n#3, +n;8,+n,%9, +
+FMgoeerduy,,,, T peren) 300 0. (16)

In this paper, we consider the infinitesimal transfor-
mations of the type (4) which involves no transformation
in ». This transformation, however, is not as special
as it might look, Let us consider an infinitesimal trans-
formation of a more general type?=®

zZ=z +€Z, Z:(g’ﬁ, 2”;;’12’ ooa)’ g:(EO, 51’0,,,gN),

(17)
where
« s _ e
n’i“'"h-x’k _D’)kn”f"’k-l u’l““’k-t"D’kg ’
R - (18)
- =D asop, . = Vp ces ?
cl’f PratP "kcpi opyy T Yoy ’k-t“D’kg

It can be proved!! that if we know the transformations of
type (4), then we can also obtain the more general type
(17):

Lemma 2: 1f (4) is an infinitesimal invariance trans-
formation of (10), then for an arbltrary choice of g, 1,
and ¢ subjected to the conditions 7 - £'u; =7, £ - £, =8,
the transformation (17) is also an invariance transfor—
mation of Eq. (10). Conversely, if {17} is an invariance
transformation of (10), then so is (4) for n=1 - £'y,,
g=C-~ E’v

In the following sections, we write the operators (9)
and (16) as

U=nd,+%d,, U=nd,+nt,. (19)

They, however, must be always interpreted as their
infinite prolongation. Also, we use the following
abbreviation:

[A(Z)] u=f(x) ~~ [A(M, ’I))]

v=g{x)

and

f (A, v)]f'gdxzfA(u, v)dx

ll. A GROUP THEORETIC ANALYSIS OF THE KdV
EQUATION

The equation of our interest is fyq; +ff; +fo= 0. 1#=18
The equation is a particular case of (10) for which
F?=0, g=0. In this section, we use #, x for x°, x‘ and
write coordinates such as ug, 2yq,°°° as wy, Uy, **".
Similarly, we write 7g, g, "** @5 Byy gy ***. Thus, by
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definition n,=Dym, 0,,=D_.Dn, etc. Also, because the
equation involves a single real function, all the ¢’s in
the first section are to be ignored.

A. A Lie algebra of an invariance group of the
KdV equation

We write the equation as
F=u,, +uu, +u,=0,
u:f(x9 t)’ u,=f,(x, 1, Uy :ft(x) £),een.

We look for an operator U=n9, which satisfies condi-
tion (12) for this equation. We assume the transfor-
mation to be a generalized Lie type1 with 7

-——‘T](x, t,u, u, Usesy Usexxs Uy ”xxxxx)' The absence in 7 of
coordinates corresponding to f derivatives may be
justified for time evolution type equations in which the
only f derivative contained is f,.

(20)

The application of Lie’s algorithm®* for finding gen-
erators leads to the following results:

U= (tu, - 1) 3,
U? =% {xue, = 3t(u,y, +2nt) + 2u} 3,

U= 4,3y, Ut= (uxxx + uux) Qs

(21)

3
UP = (2 gy + Uth oy + 20,00, + 52%0,) 0

The generators form a nonsemisimple algebra (see
Appendix B for the definition of a commutator)

[v4, vl=30, (04, 0%]=0, [UY,U4=U°,
(0, bl=1t, (0%, U3]=413, (0%, Ut]=Ut
(U, *]=%30°, [U%,Ut]=0,

(U3, t¥]=0, (U4, VP]=0.

By making use of Eq. (20), and by applying Lemma 2,
one can cast the first four generators into “genuine”
Lie generators: They are equivalent to

b

(22)

Tl=-1t3,~23, U'=3(-x0,-310,+2ud,),

T=-3, T'=3, (@3)

This set of generators is well known, 17 The genera-

tor U%, however, is new and its properties will be
analyzed later.

Let us consider operators 3U/at=(8,1) 9, and
H =y, +un,) 3, =U% Tt is remarkable that all the U*
of (21) satisfy the relation [ 4, Uf]+2U*/at=0. In Sec.
IV, it will be shown that a generator of an invariance
group of time evolution equations always satisfies such
a relation,

It is well known!® that the KdV equation admits an in-
finite number of conservation laws. To study a possible
connection between the present groups and the conser-
vation laws, we need to know effects of infinitesimal
invariance transformations on constants of motion.

In his analysis of constants of motion of the time
evolution equation H(x, ¢, %, ty, thyyy « - « , 4'™) + 14, =0,
4™ =uzher , u=£(x,1), Lax'® considered an infinitesimal
transformation of a solution f(x, #) into a solution
u=f(x, ) +ep(x, ). The function ¢ must satisfy the lin-
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ear equation

HA G +H, ()¢t +H (/) ¢ + ¢, =0,  (24)
where H,(f) = (38,H),,, etc. and ¢ =(3,)"d(x, ). We
note that 7(f) of a generator of an invariance group of
the equation H(f) +f,=0 is a special realization of ¢.
The effect of the transformation on the constant of
motion I(f) is

I(f +ed) =I(f) + (T (f), ),
(T, p) =8 I(F +€¢)| cno (25)

The function I'(f) is a gradient of the functional I(f). ¥
For the constant of motion of integral type, i.e., I(f)
=Jp(f)dx, the gradient has a simple expression: As-
suming p(u) =p(x, t,u, ..., u"®),

L(u)=p,~ D,y +Dip, +°* + (=D )Yp,m (26)
In this case, we have

(T(N, 9)= [ T(H ¢ dx. (27)
Lax observed

(T'(f), ) is a constant of the motion. (28)

B. Constants of motion of £, +a{f)f, +f, =0and
its groups

Now we prove a theorem which establishes a relation-
ship between a constant of motion of the KdV type equa-
tion and its invariance group. We consider an equation

,fxxx+a(f)fx +ft:07 (29)

where a(f) is a function of . We assume that an initial
value problem for this equation is well posed for a
periodic boundary condition f(x, {) =f(x + x¢, ¢) or for a
condition f(— e, {) =f(, ) = 0. Let us suppose that the
system has a constant of motion of integral type I(f)
=[p(f)dx. The limits of the integration are either over
the period or from — = to ©, We prove:

Theovem 1. 1f I'(u) is the gradient of a constant of
motion I(f) = [ p(f) dx associated with the equation f,,,
+a(f)f, +f: =0, then the operator U=79, which has
1n{u) =D, I (1) is a generator of an invariance group of
the equation.

Pyoof: 1t is sufficient if we prove {U(u,xx + alu)u, + ut)}f
=0, We consider a transformation of a solution f to a
solution f+e¢p. Then, by (24), ¢,..+a(Hé. +a,(f)f.¢
+¢,=0. Thus, 0= [T (NP + ady + a,f,¢ + ¢,)dx. In-
tegrating this by parts and assuming null contribution
from the boundary terms, we obtain 0= [ {- D3I' = D (aT')
+Tau, ~ DI}, ¢pdx+(d/dt) [T ¢dx. The second term
vanishes because of (28). Because we can prescribe an
arbitrary admissible function for ¢ at initial time £,
this equation implies {DT + D (aI') - Tau, + D, T}, =0.
Differentiating this with respect to x, and defining
n=D,T, we find {D¥ +naa, + (Dmn) a+Dm}; ={U(ty,

+ au, +u,)t; =0,

This theorem establishes a relationship between con-

stants of motion and invariance groups of Eq. (29),

The process from U to I involves an integration process

(30)
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and not all the generators are integrable to I. In Sec.
IV, we provide another scheme to connect a group to a
constant of motion which can supplement such a non-
integrable case.

The application of the theorem to the generators {(21)
leads to (within constant factors),

P= [t - xw)dx, P= [}utdx,
P= [Gd®-ul)dx, (31)

Pt

The generator U? is not integrable. The constants (31)
coincide with members of the set of constants of motion
due to Miura, Gardner, and Kruskal.!® The simplest
constant I= [ udx is missing; the reason is that it gives
T'=1, hence U=0. In the last section, however, we
show that one can associate this with the generator U°.
Thus, we write P = [ udx.

st = 3wk + 24k dx.

The fact that there exist an infinite number of con-
stants of motion for the KdV equation means that the
equation is invariant under an infinite number of groups;
the situation is similar to the case of the sine-Gordon
equation f,, — sinf=0.7

Now, we study properties of the groups associated
with constants of motion of the KdV equation. First we
review a few important properties of the gradient found
by Lax'® and Gardner. 18

C. Properties of gradients {Lax and Gardner)

Lax has proved that the gradients associated with the
constants of motion of the KdV equation has the follow-
ing unique properties:

(1) If T¥(x) is a gradient of I = [ p*(f)dx, ,7= 2, then
T () D, I (%) =J% with J% =polynomial in
1" 1l1” uxx; ee .
(2) Every solitary wave solution
u=3csech’ivVe (x—ct)=s(x~ct) (32)
is an eigenfunction of the gradients
T'(s)=7v(c)s, ¥(c)=-eigenvalue. (33)

In the study of doublet solutions of the KdV equation,
Lax, as well as Kruskal and Zabusky, ¥ focused his at-
tention on three constants F, I, and I’. For these
constants, the gradients are

3_ 4,2
=y, T=u"+2u,,

% =23 + 302 + 6unt,, + 1} Uoyorys (34)
and correspondingly,
M(s)=s, TY(s)=2cs, T'(s)=4 cl%s. (35)

Another remarkable property of I'(x) of the KdV equa-
tion is due to Gardner,

(3) If we define an operator W' associated with I ()
of ', i>2, by

Wi =(D,T?) a,,+(D§r‘)a,,x+(Dgr‘)a,,rx+ oo, (36)
then [W*, wi]=0.
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D. Properties of U/, i > 2

We note the similarity between the generator U
= (D,I"*) 3, and Gardner’s operator W*, They, however,
are different in that the prolonged U! involves terms
such as (*) 9y, (*)2, , Whereas W! does not. Neverthe-
less Gardner s result implies that two generators U*
and U’ associated with I* and I’ commute,

(vt ut]=0, i,j>2. (37)

This is obviously the reflection of the fact that the KdV
equation is a completely integrable Hamiltonian
system. 1819

Incidentally, it is often useful to note that: If I(f)
= [p(f) dx is a constant of motion associated with the
differential equation F(x’ ty f: fx’ ft! fxx’ fxt: ftt’ e r’) = 0:
and if U is a generator of an invariance group of F=0,
then the quantity I' = [ {Up(u)};dx is also a constant of
motion of the same equation. The application of this
scheme to the KdV equation, however, fails to generate
a constant; indeed, by making use of Eq. (26), Lax’s
result (1), and Lemma 1, we find

f Uipjdx:lej (DZH’)P:(M dx = f%} 77‘(“' Dx)kp,jl(k) dx
= [n'Mdx= [ (D) TVdx= [ D, J" dx=0.

(38)

Although the method fails to generate a string of con-
stants of motion, it has been found that U* gives rise to
the following recursive relation:

d _;
_ 408 3, & rid
O—ﬁp dx—cdt I+, (39)

This relation has been checked up to {=4.

E. Properties of e?V’

If u=f(x, ) is a solution of the KdV equation, then,
by construction, a function u=f(x, t; a) ={e*" u}; is also
a solution provided a series Jpo {#/ #*) J(U), exists.
First, we show that this group transformation does not
alter the values of the constants of motion I,

S ldx= [ {p')lzax, j=2. (40)

Proof: First, by (38), [{U*p’};dx=0. This must hold
at initial time for it is a constant of motion:
J{Up’}, sy dx =0 for any admissible initial condition
f(x, 0)=p(x). It can be proved that this is possible
only if Utp? =D, h**(x), B*! =polynomial in u,u,, 1, ,>**.
Then, by using Lemma 1, (U*)*p/ =(U!)*'D, h“
=D (U*Y1p*. Thus, [{p }-dx o’ +D 2H(ak/
k')(U‘)”"h”}fdx J {pf},dx

This result reminds us of quantum mechanics where
group operations e'®, ¢ do not alter the values of
observables {A) and (B) provided [A, B]=0. Here
operators U* and observables I are related by (30)
and in fact the U*’s commute by (37).

The relation (40) indicates that both solutions flx, 1)
andf(x,t a) will break up into the same set of solitons.
To prove this we start from Lax’s result (2). We sup-
pose I' to be a linear combination of I'* associated with
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the constants of motion I of integral type. Differentiat-
ing Eq. (33) by x and using the relationship between I'
and U, we obtain

{Uut,=v(c)s,, s=s{x-ct). (41)
This and Lemma 1 give rise to
{(Uyute= (8, s ={(D,)u}. (42)

This relation implies that: For the solitary wave solu-
tion (32), we have the operator identity U'=vD,. Conse-
quently, the group operation e®” has the effect of trans-
lation in x when it is operated on the solitary wave
solution,

{6} g(gery = slx = et + ay(c)). (43)

Now let us assume that the solution f(x, f) splits into N
well separated solitons as t —~,

N

2 si(x—c;t+8;) as t—, (44)
=

flx, 0~

For such a wave profile, interactions between solitons
are small, hence at least for small @ we may assume

N
{e“uu}f(x',)'“iz_% {e ks, rucyes0py a8 1= (45)
In view of (43), we can write this as

N
{e®%ut sia, 1~ E si{x —c;t+ 6, +ay(c;)) as t—=. (46)
t=
Thus, two solutions f(x,¢) and f (x, t; @) :{e“”u},(x't, of
the KdV equation have the same asymptotic profile as
t — = except that the phase of each soliton is shifted by
the amount ay(c;).

F. Invariant solutions of the KdV equation

One curious question would be whether there exists a
solution which is mapped onto itself under the trans-
formation %Y, Speaking in a more general context, a
solution, of a differential equation F =0, which is
mapped onto itself by the invariance group of the equa-~
tion is called an invariant solution {or generalized sim-
ilarity solution).* The necessary and sufficient condi-
tion for f to be the invariant solution of ¥ is obviously

{vu}, =0, (47)

One of the best known invariant solutions will be the
Green’s function of the heat equation f,, - f, =0,
F=(4rt)"V/ % exp(~ x?/41). Here the group involved is the
dilation group generated by U = (xu, + 2tu, +u) 9, (or
equivalently U’ = — x2, — 2£0, +ud,).

It is well known that the singlet solution of the KdV
equation (32) is the invariant solution for U= Y 5
(=8, +c™3,). The simplest generalization of this is to
con31der a group generated by U= U +pUt +qU°, p,q
constants. Then the condition (47) yields

3 Fewwex P e+ 2ffux T 5F e+ D Frue H 1) + f, = 0.

An integration of this equation with respect to x, assum-
ing f(# =, f)=0, leads to the fourth order equation ob-
tained by Kruskal and Zabusky, ! and Lax. ¥ The nature
of the solution was carefully studied by Lax, and the
solution was shown to be the doublet solution. From a
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group theoretic viewpoint, therefore, the doublet solu-
tion of the KdV eguation is the invariant solution of the
group ea(U ¢pU4¢qU

The idea here is precisely parallel to Lax’s; Lax
uses a condition I'(f) =0 to characterize the doublet
solution whereas we use {Uu},:O; but they are related
by (30).

111. INVARIANCE GROUPS AND CONSERVATION
LAWS OF NONLINEAR SCHRODINGER EQUATIONS

The cubic Schridinger equation ~ if,, — i#f f* +f,=0
is another well studied nonlinear equation. It is known
to share many common properties with the KdV equa-
tion. %1819 Ip this section we study group theoretic
aspects of conservation laws associated with a class of
nonlinear Schrodinger equations.

A. Conservation laws of nonlinear Schrodinger equations
We consider a coupled nonlinear Schrodinger equation
Uy, + alu, v;e) +iu, =0, vx,,+a(u,v;c)#—ivt:0,
u=flx, 1), u,=f(x,8), u,=flx,1),***,
v=g, 1), v,=g,0,1), v,=g,(x,1),"*,
where a function a is subject to the condition
a,(f, g;c) :[au(f,g;c)]#, a,=?d,a. (49)

[See (14) for the notation #. ] Condition (50) amounts to
requiring that the equation can be written as a
Hamiltonian system,

%g l:ft: Gf —lgn (50)
where 5H/6g and 5A/6f are Frechet derivatives of
A=[E(f, g)dx, E=energy density, Equation (48) re-
duces to the cubic Schrodinger equation for the special
case of a=u'p and g=f*.

We assume that an initial value problem is well posed
either for a periodic condition f(x, #) =f(x + x, £), g(x, )
=g(x +xy, 1) or for a boundary condition f(z «, {) =0,
g{£ =, ) =0. Let us suppose that the system described
by (48) has a constant of motion I(f, g) = [ p(f, g) dx
where the integration is over the period or from — = to
+o, The following theorem establishes the relationship
between the I and an invariance group of the equation.

In the following, quantities 8I/8u and 8I/6v represent
{61/6f}f=u,g=v and {Gl/ag}hu,g:v'

Theovem 2: If 8I/8f and 6I/8g are Frechet derivatives
of a constant of motion I{f, g) = [ p(f, g) dx associated
with Eq. (48), then the operator U=1(6I/6v) 8, - i(5I/
8u) 3, is a generator of an invariance group of the
equation.

Proof: We consider infinitesimal transformations of
solutions f, g into solutions f+ed, g+ep. ¢ and p must
satisfy the equations A =¢_, +a,(f, g c)d +a,lf, g )
t+ig, =0, B=y,, +au(gvf; C*)d) +au(gaf; c*)p - W, =0.
The effect of this transformation on I can be found
easily; by integration by parts, we arrive at

I(f+e¢,g+ed)):l(f,g)+e/ (—Z}—Icqw 2; w) dx

=I(f,g) +€dl.

Sukeyuki Kumei 260



Thus, d/dt6I=0. Next obviously,

81 0 )
/(Zﬁ—f A_quB dx =0.

On integrating by parts this yields 0= [(P¢ + @¥) dx
+ (d/dt) 81 where

P=-{Ulv, +alu, v;c)# — vl
74
+ila,(f, g;0) - a,lg, £;¢%)] 5
Q = — {Ulu,, + alu, v;c) +iu,lb; .
. g O
+ilaf, g0) - alg, fie")] 55 -
Because (d/dt) 8 =0, we obtain

[ (P +Qy)ydx=0. (%)

One can prescribe arbitrary admissible functions for
¢ and ¢ at an initial time. Thus, the Eq. (x) implies
that P and @ are identically zero. Furthermore, the
second terms of P and @ are zero because of condition
(49), hence, P=0 and @ =0 yield the equations to be
proved,

This theorem enables us to find constants of motion
if we know the invariance groups of Eq. (48); the pro-
cess involves a straightforward integration process
(51/5f, 61/8g) — I. However, we note that there may be
a generator which is not integrable to a constant of
motion. This theorem can be extended to a general
Hamiltonian system. ?°

B. Invariance groups of the cubic Schrodinger equation
and its conservation laws

We look for the operator of the form (16) which satis-
fies the invariance condition (12) for F!=f,_ +f¥*
+if,=0 and F? = (F‘)# =0. Assuming the transforma-
tion to be the generalized type with i
=%, 8,1y Uy Uy Vyy o o oy Uy Vsmnnn)s AN carrying out
Lie’s algorithm, we arrive at the following eight gen-
erators [writing only the first term of (16)]:

Uy = (= sixu+ tu,) 3,

U, = (itu,, + ituv + Sxu, + 3u) 3,, Us=iud,,

Upy=ud,, Us=iluy,+u'v)d,,

Ug = (1t + Buvne) 0, (51)

Uy = i(Uypey + 10, + duvn,, + 2un,v, + 301t + 20%0%) 3,
Up = [ty + 500U,y + 10,0, + 200,00,
2 5 2,2
+uvau,, tulv,)+ 12- w'vu,] a,.

The first five generators can be cast into “genuine”
Lie type operators by Lemma 2:

T'=— 10, - 3ixud,, U'=—x0,—2td, +ud,,
U =iud,, U'=io,, TU°=-20,

The effects of the group transformation e""i, a real, on
a solution f(x, #) can be found easily for i< 6,

fl=expl-ilax + a*t/2) /2] f(x + at, 1),
F=aflax, a*t), F°>=explia)fix,?), (52)
fi=flx+a,1), f=flx,t+a).
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The remaining three generators are of the generalized
type, and there exists, at present, no analytic method
of finding corresponding global transformations.

The constants of motion associated with the generators
(51) can be found by the simple integration process; they
are I = [ p’ dx where

pl =xuv — it —uv,), p*=uv, p'=iuv,

P = 3 (v, — 356°0), P =it + 3 i),

ol =u, v, + $1°0° - 2(u,0 + uv,)? - Suvuv, (63)
P8 =t + 5 (U 0 + 2100, 200,20, 0 + UL+ uE0,)

1
+3 uzuxv:‘.

The operator U? is not integrable. These constants of
motion, except the first one, agree with the ones ob-
tained by Zakharov and Shabat.? The phase shift opera-
tor U%, the x translation operator U, and the f transla-
tion operator U® have given rise to the probability den-
sity p3, the momentum density p4, and the energy den-
sity p®. The first constant I* also has a simple meaning
if we consider the cubic Schridinger equation as the
Schrodinger equation for a particle with negative mass

— 3: The I! represents the initial position of the particle,

(== tVy= [f*+ (x—t%)fdx:l‘, V=velocity.
Let us define the Lie Hamiltonian by
.6H 6l "
/-/:(z 6—0—) dy - (z 5;) 3,=U% H=energy=I°. (54)

Then, we find that the operator U? of (51) satisfies the
relation [/, U] +9U /8t =0 with

au (. or'y AR

o ! (a av) Su=t ("’ta) 8-
We note that the second generator U? which is not re-
lated to a constant of motion also satisfies the relation.
A general analysis of this property of the generators
will be given in the next section. Some of the other com-

mutation relations among U*? are (U, U/]=0 for
3<4,j<8.

IV. GENERAL PROPERTIES OF GENERATORS OF
INVARIANCE GROUPS OF TIME EVOLUTION
EQUATIONS

Let us assume that Eq. (15) is a time evolution type:
x’=time coordinate,
F’(z;c):H(z;c) +uy=0,
Fz(z;c):[H(z;(:)]#+v0=0. (55)

To carry out a consistent analysis, we must take into
account the relation (13),

D9102°"0k(H +u0) = 0’ k= 1! 27 cety . (56)

We define two operators associated with H*! and U by

H=Ha,+H",, (57)
ol
. Z(B,OTI)au“'(axoTi)#av- (58)
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As was mentioned in the first section, they must be
interpreted as their infinite prolongation.

By the definition of a time evolution equation, H is not
a function of the coordinates corresponding to x°~-deriva-
tives such as uy, vqy. In such a case, we can always
express any coordinate of x’-derivatives in terms of
other coordinates by making use of the relations (55)
and (56). Thus, we assume, without a loss of generality,
thatn is free of these coordinates.

A key in the present analysis is to write Eq. (55) as

(H+Dgu=0. (59)

We first prove:

Lemma 3: If U is a generator of an invariance group
of the equation H +u,=0, then under condition (56) we
have [U,41+28U/2x"=0.

Proof: We have (U, %] +2U/2x"=ad, + a%d, with a
=UH - /n+ d,0m. It is sufficient if we prove that a van-
ishes under (56). Indeed, 0=U(H +u,) = UH +D0n =UH
+3,0m + g, + v, + 0 =UH+3 yn—Ho, - H*3, -
=UH+0 o~ /1.

Now, we define the following quantity:
(Uy=Re [ (0Un), s,y dxldx®+++dx", Re=real part,

v=f¥*(x)
(60)

where the integration should be taken over the whole
space of interest. Obviously (U) is a function of x° only.
The following lemma describes how it develops in time
for a class of nonlinear systems:

Lemma 4: If H of the equation H +u;=0 satisfies the

equation

B + vl + u(@,)¥ - D LoH,, +uH, )]+ -

+ (_ 1)'D’1""1[1)H“p1"0) )#]:0

+u(H, (61)
ﬂ1 **p

and if all the boundary integrals

fs[unjmkHu“_,_k]u:f(x) v dQ
v=f¥ (x)
and
f[mﬁ"kH it v dQ
s Mk T G

vanish for v= (1, ..., V") = normal vector on the boundary

surface, then

sy =i, +25) . (62)

Proof: For brevity, we write (60) as (U)=Re[ vUudx.
Then, we have d/dx’{(U) = Re [(v,Uu + vDy Un) dx
=Re [[- H' + v(aU/2x° ~ /{U) u] dx. Here, we have used
the relations (55) and (56). On the other hand, we have
Uy =Re [vUfH{udx=Re [t0}...; H,, . . dx. Applying
Green’s theorem repeatedly, and using the hypotheses,
we find (UA) =Re [(- H™)dx. Putting these two together,
we obtain (d/dx")U)= (U, A1+ 2U/2x%.

The combination of Lemma 3 and 4 leads to a method
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to associate a conserved quantity with an invariance
group of the equation:

Theovem 3: Uf the operator U defined by (16) is a gen-
erator of an invariance group of the equation H +u,=0,
and if H satisfies all the conditions in Lemma 4, then
the quantity (U) defined by (60) is a constant of motion,

, d/dxNUy=0.

We note that in proving this we did not assume the
quantity [ £*(x)f(x)dx! *»+dx¥ to be independent of time.

Lemma 3 can be generalized to a set of nonlinear
time evolution equations of the form
H'+ui=0, H'= i=1,2,..., M,

H(x,u, 08, ),

(63)

where u= (!, %, ..., u%), u= (i, v’ ..., u¥
2 Rk k

and #' =f%(x), etc. In this case we have

Lemma 3': 1f U=7'3 4 1s a generator of an mvamance
group of Eq. (63), then we have [U, 4] +2U/ox°=
where /4 = H‘au1i and 3U/2x° —(3x0n ) 0.

For Hamilton’s equations of a field [#l =P =p(x),

1 =Q =q(x)]

oA 6/
30 +Py=0, P +Q,=0,
we obtam the familiar expression
oH oH
(U, 41+ _0 with H“aQ b= 55 0o

The theorem above can be specialized to a real dif-
ferential equation: If H(x, u, Uply ey u), in the equation
T

H+u,=0, satisfies an equation

H+uHu-D,(uH,,)+°o° +(-1)'D )=0

eep (UH
by ’( Pitnop

(64)
and if all the surface integrals fs[un,...kH,q ...k]u=f(x) 193
vanish for S=boundary, then the quantity (f/)
= [luUul, ; dxt+++dx" is a constant of motion. Here,
v=the whole space inside S.

The following equations which have been attracting
considerable attention in the study of propagation of
nonlinear waves satisfy the condition (61) or (64):

generalized Korteweg—de Vries equation
@)™If +f 70, f + 2,7 =0,
cubic Schrodinger equation in # dimensions
-i[&; earrerit]rar=o,
Hirota equation®
a(d,)’f +ib (3,2 f + cff * o, f +idf)f * +2,f=0.
However, the heat equation f,, —f, =0 and Burgers

equation f,, +ffy—f: =0, both of which represent a dis-
sipative system, do not satisfy Eq. (64).

The application of Theorem 3 to the KdV equation
and to the cubic Schrodinger equation has turned out to
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produce only a few constants of motion,
KdV equation:
UY=- [udx, (U= [3;itdx,
(Uy=0, fori>2,
cubic Schridinger equation:

(U= [ fuu*dx, (U)=0 fori>2.

V. CONCLUDING REMARKS

We have shown that provided one considers the
group transformation which is more general than the
one considered by Lie, one can associate one invariance
group with each constant of motion of a class of physical
systems. Thus for such a system one can derive the
constants of motion by finding the invariance groups of
the equation. One of the best known methods of finding
conservation laws is to use Noether’s theorem. The

difference between the two is that the groups in the pres-

ent approach leave the differential equation invariant
whereas the groups in Noether’s theorem leave an
action integral invariant.

In the following communication, a generalization of
Theorems 1 and 2 will be discussed.
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APPENDIX A: PROOF OF LEMMA 1

It is sufficient if we prove D,UA =UDjA. To avoid
complex indices, we represent a set of indicesi**-k
appearing in the expressions (7) and (9) of D, and U by
a circle ° or by a dot », and write Dy and U as

DO = axo +Z°) (u[)c'auo + vﬂoaue))
U:ZO) 0.2, +£.3,.)

where the sign §, indicates a summation over all the
parenthesized quantities in (7) and (9). Then, by the
definitions of D, and U,

Dy UA=Dy2 hA, +i,A,)
=200, DA,, +£ DA, ) +2[(Dyn) A, +(Det)A, 1.
USing Doﬂo =TNgo = UuOo’ DO g0 = §00 = UUOo’

DyUA=2S DA, +tDA,) +23[(Ung) A, +(Une)A, ).

()
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The first term is

2.0 DA, +E DA,)

=240 (Ao, + 0 (e o, + VorA 0]
+2 Aoy, + 20, 4, + V00 )]}

=201 Avs, +EA0,) 0 hond s 1 A e
LA P30l 0 A, TEA )

=UA,+2iugu UA,, +2:000 UA, .

Hence, (x) gives D,UA =U[A, +Z} (9o A yo + Vo Ayo)]
=UD,A.

APPENDIX B: A COMMUTATOR OF GENERALIZED
LIE TYPE OPERATORS

We consider two operators of the form (19),
Ut=n'a,+{19,, U'=n0,+t%,.

We must interpret these as simplified representations
of (9). The commutator of the two is defined as

(UL, U] =[(U'n?) - (UnM)] 3, + [(U'ED) — (U] 3, + » ++
+ [(Uln,?n-k) - (U2Tl}...k ] au

fenep

4 oo .
vi-uk

(U R (/2 S ST .
We write this as

U=[U, U] =nd, + £8,+ * ** + Mjeep a": .

+& +oese,

""'ka”i---k
We prove that this satisfies the condition imposed on
(9), i.e., the condition (6). In fact, by applying
Lemma 1,

Nieoer = Cﬂng...k - Uzn}...k = UlDi...kT]2 - UzDi...kn1
:Di-~-k(U1772 - U2771) =DjeearM.

Similarly ¢;...,=D;..., §. Therefore, the operator ob-
tained from the commutator of two operators of the
form (9) also assumes the same form.

*This study has been supported by a Research Corporation
grant,

IR.L. Anderson, S. Kumei, and C.E, Wulfman, Phys, Rev.
Lett. 28, 988 (1972). I have learned that the idea of the
derivative dependent infinitesimal transformation is not new.
For instance, H. Johnson, Proc. Am, Math, Soc. 15, 675
(1964). I am grateful to Professor A, Kumpera of University
of Montreal for bringing this paper to my attention.

23, Lie, Transformationgruppen (Chelsea, New York, 1970),
3 Vols. (Reprints of 1888, 1890, 1893 eds.); Differential-
greichungen (Chelsea, New York, 1967} (Reprint of 1897 ed.);
Continuierliche Gruppen (Chelsea, New York, 1967) (Reprint
of 1893 ed.).

Sukeyuki Kumei 263



31..V. Ovsjannikov, Group Theory of Differential Equation
(Siberian Section of the Academy of Sciences, Novosibirsk,
USSR, 1962). [This book has been translated into English by
G.W. Bluman (unpublished). ]

4G.W. Bluman and J. D, Cole, Similarity Methods for Differ-
ential Equations (Springer, New York, 1974).

'R.L. Anderson, S. Kumei, and C.E. Wulfman, Rev. Mex,
Fis. 21, 1, 35 (1972); J. Math. Phys. 14, 1527 (1973).

6N.H. Ibragimov and R.L. Anderson, “Lie—B#4cklund Tangent

Transformations.” J. Math. Anal. Appl. (accepted for publi-
cation). (See Sov. Math. Dokl. 17, 437 (1976) for excerption.)

7S, Kumei, J, Math, Phys, 16, 2461 (1975).

8A.C, Scott, F.Y.F, Chu, and D. W, MacLaughlin, Proc.
IEEE 61, 1443 (1973).

%.E. Zakharov and A,B. Shabat, Zh. Eksp. Teor, Fiz. 61,
118 (1971) [Sov. Phys.-JETP 34, 62 (1972)1.

0The notation u is from Ovsjannikov (Ref. 3).

264 J. Math. Phys., Vol. 18, No. 2, February 1977

g, Kumei @npublished). Also, L.V. Ovsjannikov (Ref. 3).

12N J. Zabusky, in Nonlinear Pavtial Differential Equations,
edited by W. Ames (Academic, New York, 1967).

13R , M. Miura, C,S. Gardner, and M.D, Kruskal, J. Math,
Phys. 9, 1204 (1968).

14M, D, Kruskal, R, M, Miura, C,S. Gardner, and N.,J,
Zabusky, J. Math. Phys. 11, 952 (1970).

15p D, Lax, Commun. Pure Appl, Math, 21, 467 (1968); 28,
141 (1975).

18C, 5. Gardner, J. Math. Phys. 12, 1548 (1971).

'}, Shen and W.F, Ames, Phys. Lett. A 49, 313 (1974). I
owe this reference to Professor R.L, Anderson,

18y E, Zakharov and S,V. Manakov, Teor. Mat. Fiz. 19,
332 (1974).

1%y, Kodama, Prog. Theor. Phys. 54, 669 (1975).

203, Kumei (unpublished).

[ and the energy H in Sec. III should not be confused.

Sukeyuki Kumei

264



On plane symmetric Einstein-Maxwell fields
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It is shown that the results given by Letelier and Tabensky [J. Math. Phys. 15, 594 (1974)] regarding the
solution of Einstein-Maxwell equations for plane symmetry will be modified after suitable correction of an
error in their paper. Further appropriate exterior solutions, which satisfy the conditions of fit at the
boundaries of plane symmetric charged dust distributions, are obtained. One such exterior nonstatic

solution can be transformed to a static one, which is a member of the general class.

INTRODUCTION

In a recent paper Letelier and Tabensky! have given
the general solution of Einstein Maxwell equations in the
charge-free empty space, where both the metric tensors
g., and the Maxwell field tensors F,, remain invariant
under the group of motions that characterize plane sym-
metry in the sense of Taub.? The work of Letelier and
Tabensky, however, contains an error in sign in the
field equations and the results given therein are modi-
fied to a significant extent after suitable corrections. It
is found that a class of the solutions, which is apparent-
ly time dependent in their case, is indeed a class of
static solutions.

In the second part we have considered the problem of
matching of some of the solutions given earlier by De®*
for the interior of plane symmetric distributions of in-
coherent charged dust to their corresponding exterior
metric. One such exterior solution obtained in the same
comoving system used for the interior, is found to satis-
fy the conditions of fit at both the boundaries of the plane
symmetric charged dust distribution, which will finally
collapse.

It is also interesting to note that a suitable exterior
nonstatic metric matching with the corresponding inter-
ior one in another case given by De! can be transformed
to a purely static metric, which is a member of the
general class of solutions mentioned earlier.

1. DISCUSSION OF THE GENERAL SOLUTIONS

The final forms of the Egs. (10) and (11) of Letelier
and Tabensky, after a suitable correction of sign should
be

oot + W01 +2H,0M, 1 == skeV ) (C}+ C)) (1)
and

01+ ok, = TReMECT + CY). (2)
Their Eq. (21) must then be written in the form

2¢* (e* /%)’ + 3k(C} + C}) + Cye* /2 =0, (3)

It can be shown that for C;= 0, the metric reduces to a
static one. Particularly for C;=0, the solution is

¢ =[C, - (C}+ G, @
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contrary to the time dependent solution obtained by
Letelier and Tabensky. On the other hand, when C,<0,
there are, however, either time dependent spatially
homogeneous solutions or static solutions discussed in
Ref, 1.

2. MATCHING OF THE PLANE SYMMETRIC
CHARGED DUST METRIC WITH THE
CORRESPONDING CHARGE FREE
ELECTROVAC SOLUTION

1. Exact solutions corresponding to the interior of the
plane symmetric charged dust distributions were given
by De.?'* He had further shown that such distributions
would finally collapse. We consider one such solution
which is given in the form?

ds’=R+T)*/%dt’ - R+T)? P dx? - R +T)/*(dy? +dz?),
(5)
FU_2R+T)"/°R’, amp=4r|o| =2R +T)3/*(-R"], (6)

where T = (af +b), a and b being arbitrary constants. R
is any function of x¥ subject to the condition R” <0 in the
interior region, so that the matter density may remain
positive., The symbol ’ stands for the differentiation
with respect to the x coordinate. We note that since in
this case R” is negative everywhere in the interior re-
gion, the charge density is of the same sign throughout.
One should note further that here we take F*! as the only
nonvanishing component of the Maxwell tensor without
loss of generality in view of the duality transformation.
Now if we choose R’ =const, the solution reduces to
that of empty space—time containing only the nonnull
electromagnetic field. It is thus worthwhile to find a
suitable function R(x), so that R” vanishes at the
boundaries. We choose

R"=("—ab), (M

a being a constant and at the boundary x =+ a. The form
(7) satisfies the requirement R” <0 for x% < @? that is
within the interior of the charged dust. The relation (7)
immediately gives

R’ =[x*/3-a¥x+8]. (8)

Further, if we assume that the electric field vanishes
on the y-z plane passing through the origin of the
spatial coordinates or, in other words, the central
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plane of symmetry F*' =0 at x =0 so that 8=0. One
then gets for the interior

R=(x*/12- a%?%/2 +C), (9)

where C is the integration constant.

Now at
x=+a, R=-%d’
and at (10)
x=-a, R=+%03,

so that the matter-free and charge-free space with non-
vanishing electromagnetic field tensor F%! is separated
into two regions by the bounded charged dust distribu-
tion. The corresponding line element can be written in
the same form as (5) with

R@&)=(~ja’x +v) (11)
in region I and
R(x)=(3a%x +7) (12)

in region II. The constants y, a, and C appearing in

(9), (11), and (12) are related in view of the continuity

of R(x) at x + @ and the necessary relation is
at=4(y-C).

We can thus go from region I to region II by the trans-
formation x ~ - x, and the metric along with its first
derivatives are seen to be continuous across the bound-
aries x =t a.

2. Following almost the same procedure one can find
the exterior solution corresponding to another simple
interior solution given for a plane symmetric nonstatic
distribution of charged dust in the form (De%)

ds? =X +G) 3 d —dxt) - X + G 3dy? +dz%)  (13)
with
FO = (x"/3)(1 - 9k3/ (X)),

o ——g[ X"
P=T3 @+ o)

and

2/3

817]0’|:m7‘3’

L -/, a9

where X is an arbitrary function of the spatial coordi-
nate x, subject to the restriction that X” <0 in the in-
terior and G is a function of time written as

G(t) =3kt +ky), (15)
Ry and k, being arbitrary constants.

By the same arguments given previously one can
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write the corresponding exterior metric in matter-free
and charge-free space with a nonvanishing electric field
by putting X’ = const and this in turn will be determined
from the field equation [cf. Eqs. (2.7c) of De*]

R)+RI=2F"F, (16)
which gives the relation
9k - X' = ~ 9AZ, (17)

Here the electromagnetic field tensor F*! is expressed
in view of the Maxwell equations

FY_A/(-)'/? A being an integration constant.
The relation (17) gives directly

X'=+3(kR} +AH2, (18)
We write 3k, = o and 3k} +A%)!/2 =8, so that B> a’.

Thus the desired metric is expressed by the line
element
ds? = (ot + Bx + ) 2/3(df? - dx?) — (af + Bx + )2/ Hdy? +dzh),
(19)

where y is a constant.

The metric (19) can now be easily transformed to a
purely static one by a coordinate transformation of the

type

_ xt(a/BM = t+(a/Bx
x_(l—a ) and t_mm. (20)

Such a transformation, which is apparently a Lorentz
transformation is allowed because in this case 8¢ > a?.
The transformed metric is thus, omitting the bars over

the coordinates,
ds? :[B(l _ a2/32)1f2x +7]-2/3(dt2 _ de)

~[B(1 - o/ 2% + 92/ 3(dy* + dz?) (21)
which is a member of the general class of solutions in
(4) given earlier (Patnaik®).
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By extending the Gel’fand-Shilov regularization method to products of locally integrable functions it can

be shown that the nonlinear Klein-Gordon equations 92u/3:2—82u/dx}~ - —92/dx2

+ku®*' =0, where k=const>0, n>3, p = integer > 1, have causal solutions which have no 8§ singularities. It
is further shown that this also can be expected for the nonlinear Dirac equation v, dy/dx, + Z Yy (Fy) = 0.

INTRODUCTION
The following notation will be used:

LI O 92

D=2, o Ly vee
atr ~ ox} o’
=%y, e, ) €R™, y=(d +0 0o+ 2V

dx=dtdxy** "dxp,,
K={x|f# == 0} (light cone),
K,={x|t= 7} (forward light cone),
K.={x|t <- v} (packward light cone).
We shall consider wave equations
Owu + ku**1=0, k=const> 0, (*)

for n=3, p=integer = 1. A causal solution of (*) is a
distribution with support in K which is a weak solution
of (x) defined in a suitable sense. Causal solutions of
(*) have been studied by applying either a limit process
(cf. Ref. 1) or a class calculus of distributions (cf.
Refs. 2 and 3). Both methods have led to the same re-
sult: If (%) has a solution depending on s =# ~ #? which
is analytic in a neighborhood of s =0, then (%) permits
a causal solution with support in K which has a § term
concentrated on s =0. The same condition granted it
had been shown that then the equation

Du+ ku®*1=5_, (%)

permits a causal solution with support in K, (in K_)
which has a 0 term concentrated on =+ (on t=-#). In
particular for =3, p=1, it has been shown that such
solutions exist [they exist for Eq. (*) in general]. Now,
Eqg. (*) also has solutions which are singular at s =0.
These solutions are consts™/% or s-1/%f(s) where f is
bounded for s = 0 but oscillates increasingly if s —0 or
s == [that is, the zeros of f have an accumulation point
at s =0 and s =, the function f behaves, for example,
like the function cos(logs)]. Our paper deals with these
solutions. By extending the Gel’fand—Shilov regulariza-
tion method to products of locally integrable functions
and applying it to Eq. (*) we shall prove that Eq. (*) has
causal solutions with support in X, K,, and K_ which
have no § singularities but singularities of the above
type, i.e., singularities which are algebraic (branching
points). Apart from the different type of singularities
these solutions differ from the 8 type solutions by the
following properties: First, their asymptotic behavior is
like s71/2 whereas the b type behaves like s=1 for s — =,

267 Journal of Mathematical Physics, Vol. 18, No. 2, February 1977

Second, the retarded (advanced) solutions with support
in K, (in K_) do not require an additional 8 _, term on
the right-hand side of Eq. (), i.e., they satisfy Eq.
(*) instead of (x*). Third, the sum of an advanced and
a retarded solution yields a solution with support in
K—despite the nonlinearity of ().

1. AN EXTENSION OF THE GEL'FAND-SHILOV
REGULARIZATION METHOD

Definition 1: Let u : MXGy~C, MCR™, G,CC, and
F:u(MXGy) =€ be such that Flu(x ;\)], x= M, e G,
is locally integrable with respect to x on M for all X in
G,. Then the distribution Flu,(s ;)] shall be defined by

(Fluy(*; 0], @)= [ Flute; D] olx)dx, @< CIIR™).

If the above expression is analytic with respect to A
on G, for all g C7(IR™!) and has an analytic continua-
tion into some GC @ then the distribution F{u,(*; \)],
A€ G, is defined by analytic continuation (=a.c.),

(Fluy; M), oo
=a.c. {(Fluy(-; )], Pheey P< CT(R™).

Remark 1: If u(x;1) is locally integrable then for F=1
(=identity) our definition yields the usual Gel’fand—
Shilov regularization (cf. Ref. 4). Therefore we call the
above construction an extended GS-vegulavization. For-
mally it can be looked upon as a multiplication rule for
certain distributions, so one might be tempted by it to
construct algebras of these distributions. This is per-
fectly all right as long as one does not require these
algebras to be derivation algebras (under differentia-
tion). In this case some additional rules would have to
be set up. However, for the problems treated here no
such algebraic finesse is needed.

Definition 2: Let u(*;X) and F be such that the dis-
tributions u,(* ; X) and Fluy(* ; })] exist in the sense of
Definition 1 where M is one of the following sets:

K, K,, K_. If for some A depending possibly on M and
all p< CT(IR™),
(Quye5xg), @) + (Fluyls 5 20)), 0) =0,
then u,(° ; A;) shall be called a (weak) causal solution of
Ou+Fu)=0

in the sense of an extended GS regularization; u,(*; ;)
is called retarded or advanced in case M=K, or M=K_
accordingly.
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2. CAUSAL SOLUTIONS OF WAVE EQUATIONS
Ou+ku2r+1=0

Theovem 1: Consider
Cu+hku?1=0, E=const>0, (1)

where #>3 p=integer>1. Let the distribution P},
Rex > -1, be defined by

(Py,o)= [ (F-7Polx)dx, 9= Co@™).
Then
wy(*5 = 1/2p) =lnp = p = 1) /Rp? ]/ 2P 1122,

for M=K, K,, K_, is a causal solution of (1) in the
sense of an extended GS regularization,

Proof: Let Ae €, —j—1#x#-j—(n+1)/2
(j=0,1,2,°°°), For M=K, K,, K_there holds the
identity (cf. Ref. 5)

QP oy =40+ 1)+ (n+1)/2X P}, ), @< Co(R™).
@)

Let u(x; A)=c(#* — )", c=const. Then u{x; A) is locally
integrable for Rex > — 1. Hence by Definition 1

uy(*;\) = cP,
is defined by analytic continuation for all xe C,
-j=1#x#—-j-(n+1)/2 (j=0,1,2,°++). Using the
identity (2) we obtain for A=~ 1/2p, p=integer>1,
n=3, and ¢ =[(np - p — 1)/kp* 1/ after a short
calculation,
(Cuyl(c;=1/2p), @) == ke PV?, 9), e C7(R™).
Now let F(u) = ku***!. By Definition 1

Fluy(e; )] = e 1Py

exists for —j—1#X(2p+1)#-j—-(n+1)/2 (j=0,1,2,°°°),
so we may choose A=-1/2p, n=>3, p=integer > 1.
Hence for @< CZ(IR™)

(@ 5= 1/2p), @) + Gelay(o 5 - 1/2p) 21, 0) = 0.
This proves the assertion.

Remark 2: Both P} and P} for Rer> -1 are locally
integrable and the intérsection of their supports is the
singleton {0}. Consequently Py, P,’(‘_ for Rex> —1 is the
zero function; its analytic continuation is trivially the
zero function for all Ae €. Since on the other hand,

Py =Pg + P}, we have—despite the nonlinearity of
Eq. (1)—a linear superposition: Ugp=uy, *ug_.

Theovem 2: Consider
Du+ku’=0, kE=const>0, (3)
for n=3. Let
ulx ;\) =cs*cnf{alogs +b), s=1 -2,

where a, b, ¢ are real constants with b arbitrary,
a#0#c, and cn means cosinus amplitudinis with
modulus k¥, where

8a’k =cth=1+4d*, 0<k<1,
Then u,(*; - 3) for M=K, K,, K_is a causal solution

of (3) in the sense of an extended GS regularization.
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Rewmark 3: The condition 0< k <1 is not obligatory.
If k' =(1-«%"? and if we replace, for example,
g=alogs +b either by k’g or (1+«)g and x by ik/k’ or
2x1/2/(1 + k) correspondingly, then the resulting func-
tions can be treated exactly as we treat the example
considered here.

Proof of Theorem 2: The proof will be in three steps
for M=K, for M=K, and M =K_ the proofs are com-
pletely analogous and therefore will be omitted.

(i) Let
v(x;A) =s*w(z;)), z=alogs+b,

and assume
w

wlz;\) = mZ,w ¢ (\) exp(imaz), a=real const#0,

to be uniformly convergent on the real line with respect
to z for each complex A and the c¢,(M) to be entire func-
tions of A. If Rex> -1 then v(x;\) is locally integrable
on K with respect to x. Let ¢ C5(IRY) and

@(t, )= fna @(x) dS,

where €, is the surface of the unit sphere in IR®. Let
¥, ) =slolt, v) + o= t, 7).

Substituting t=»(1 + 7)1/?, we get for Rex> -1

g M), @)
= [ vl \) olx) dx

= L2 [Pt D (e ) Y VT 7, v drdr

e

e V=0

T (] 4 7)1/2 f:o C.lrNo(rV1+ 7, 7)dvdrT,

where

C (N =c, (A ¥ explimalalog(¥?) +b]}, B=aa.
Let

ST W) =1+ 7)1 fr:o Cr; N orV1+7,7) dr.

Then ¢,(";\) is C* on (-1, «) and ¢,(7;A) =0 if 7= 7,()
for Rex> — 2 and all integers m. It follows that

o0

> f:o Thimbe (TN dT

Mz

(og(*3 M), 9)=

exists by analytic continuation for Rex> -2, A#1+imB,
m = integer.

(ii) Let w(z) =cnz. Then (cf. Ref. 6)

)

2. cexplimaz), a =real const# 0,

M=

w(z)=

uniformly. Let
T, :w—[a*D*+a@r+1) D+ XA+ )]}w, D=d/dz,
Tyt w—~uwb.

Then (T w)(z;)) and (T,w){(z) too can each be expanded

in a uniformly convergent Fourier series for all Ae T,

)

wy{z;0N) = (Tyw)(z;\) = 2 ¢ P explimaz),

==
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AP =[- dam? +iaam(2x + 1)+ M+ 1)]c,,

wy(2) = (Tyw)(z) = 27 ¢ exp(imaz).

Let u{x;\) =s*w(z). A short calculation yields
(Du)(x;)) = 4s™1w, (z;0).
Further,
[0 B = 53wy (2).
Let
S () =+ 1)V [T P Yo VTF T, ) dr (5=1,2),
C O (rn) =4ctP () P explimalalog(?) + b},
CB () =293 explimalalog(?) + b}

Then, for all p< C; (R,
(), 9y= 2 [~ 7rimeD(ra)dr, Rex>0,

@)

(ugl; VP, 0 = m_Z} [ Time (7)) dT, Rer> -3,

—_r

(5)

By Definition 1 and the results of (i) it follows that (4)
exists by analytic continuation for Rer> -1, rA#imp,

m =integer, whereas (5) exists by analytic continuation
for ReA>— 2, \#—13% +impB, m=integer.

By verification one proves that u(x;—- 3) is a solution
of (3). Hence we must have

4c(-3) + ke =0
and consequently
O (T=3) + kD (1, ) =0, 720
for all integers m. Thus for all < CZ(RRY),
(@ulg(e; - 2), @) + luy (05 - 2P, @) =0. (6)

(iii) Let 0K denote the boundary of K, dS the surface
measure on 8K, and 9/dn the derivative in the direc-
tion of the inward normal of K. Then for Rex> 1:

u(x, ) =0,

Ak

ou
=0, I (x;0)

K

Applying Green’s formula we get for Rex> 1 and
pe C2(RY,

((Duk)(c ; x)’ (p>
= <ux(° A, 0¢)
= [ ulx;) (0 9)(x) dx

= [ (Qu)x;2) p(x) dx
+ [ Lo6) 3 )~ uten) 22 ()l as

= [ @) o) dx = (Qu) (- 5 1), @)
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By analytic continuation we obtain with (4) for ReA> -1,
r#imB, m=integer,

(Oug=; 1), @) ={Duk(* ;M) ¢).

From this equation and Eq. (6) the assertion follows.

3. THE NONLINEAR DIRAC EQUATION
V2 3W/0x, +2Y(YyY)=0

We conclude with a few remarks on the nonlinear
Dirac equation

" ;—i + Y =0 (1)

(summation runs from 1 to 4 over indices occurring
twice, x,=1it). This equation has been considered by
Heisenberg (cf. Ref. 7), who studied solutions of the

type
Px) =lorxis) + os)a, s=£-7, (8)

where a is a constant spinor and x and ¢ are real-valued
functions. Without going into a detailed investigation of
causal solutions of (7) we want to show that the singu-
larities of (8) fit in our scheme. The following calcula-
tions are somewhat simpler and easier to discuss than
those given in Ref. 7. As in Ref. 7, we start with the
substitutions

X(s) = |A |12 f(2), (9)

@(s) = (signA) |A |1/2s1/4 g(z), (10)

where z =logs and A is a real constant (depending on a
and {?) which may be positive or negative. Then (7)
splits into the following two equations (f’ =df/dz,

g’ =dg/dz):

Sr+2f +g(fi+gh) =0, (11)
=28 +f(fi+g)=0. (12)

From here on our calculations will differ from those
given in Ref. 7. Let

f=pcosg,

where p and ¢ are functions of z =logs. Substituting
these expressions in (11) and (12), then multiplying (11)
by sing (by cos¢) and (12) by cos¢ (by — sin¢), and
adding the resulting equations we get (* means differen-
tiation with respect to z)

p*=2¢’'-3sin2¢, 2p’=p(s - 3coste).

g=psing,

Differentiation of the first of these equations and sub-
stitution of 2pp’ from the second and p? from the first
equation yields

&7+ ¢’ =3(sin2¢ + £ sind¢) = G(¢).
It follows by integration that
¢'(z) =exp(- 2){C + [ exp(t) G[p(2)]de},

where C is a constant of integration. Let

h(s)=2exp(- z) [ exp(¢) Glo(0)]de
-3sin[2¢(2)] (z =logs).
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Then
p(2) ={2¢(2) = 3 sin[2¢(2) ]}/ 2 = s=1/2[C + sh(s)]-1/2,
Since
| G(e)[<3(1+3), 9=,
we have lh(s)1<12, s= 0, and thus
|p(z)| <|Cst+12]1/?%, s=o0,
Going back to {9) and (10) we get
xX(s) = |A |/ 2s™4[C + sh(s) [V * cos[p(logs)],
@(s) =(sgnA) |A |V 2s=/4[C + sh(s)]!/? sin[ p(logs)].

Evidently the singularities of x and ¢ fit in our scheme,
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so it can be expected that the corresponding causal
solutions of (7) do not contain 8 singularities.
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Lie theory and the wave equation in space-time. 3.
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We classify and study those coordinate systems which permit R separation of variables for the wave
equation in four-dimensional space-time and such that at least one of the variables corresponds to a one-
parameter symmetry group of the wave equation. We discnss over 100 such systems and relate them to
orbits of triplets of commuting operators in the enveloping algebra of the conformal group SO(4,2).

1. INTRODUCTION

This paper is an introduction to the problem of R-
separation of variables for the wave equation

(0gp = Byq = 0pp = 35,0 ¥ (x) = 0., (1.1)

As is well known, ! the symmetry group of (1. 1) is locally
isomorphic to the fifteen-parameter group SO(4, 2). In
this and subsequent papers we will show explicitly that
every known separable coordinate system for (1.1) (as
well as some systems which we derive for the first
time) corresponds to a three-dimensional commuting
subspace of the space of second-order elements in the
enveloping algebra of so(4, 2). [We consider the elements
of so(4, 2) as first-order differential operators which
map solutions of (1.1) into solutions. ] If the commuting
operators S;, S,, S; form a basis for such a subspace
then the associated R-separable solutions ¥ of (1.1) are
characterized by the eigenvalue equations S;¥ = 2,9,
7=1,2,3, where the eigenvalues }A; are the separation
constants. The group SO(4, 2) acts on the enveloping al-
gebra of so(4, 2) via the adjoint representation and de-
composes the set of three-dimensional commuting sub-
spaces of second-order elements into SO(4, 2)-orbits.
We regard coordinate systems associated with sub-
spaces on the same orbit as equivalent.

Several earlier papers of the authors and collaborators
can be considered as preparation for the problem we
tackle directly here. In particular, the Helmbholtz,
Klein—Gordon, * and Euler—Poisson—Darboux, * equa-
tions are special cases of (1.1) as are the eigenvalue
equations for the Laplace operator on the sphere S, 3
and the hyperboloids of one and two sheets.® The same
is true for the time-dependent Schrodinger equations
for the free-particle, free-fall, harmonic oscillator’
and hydrogen atom. Our procedure will follow closely
the analogous study of the three-variable wave equation
in Refs. 3, 8, and 9. The difference consists mainly in
the greater complexity of the four-variable case (al-
though a number of computations turn out to be easier
in four dimensions than in three). In this paper we pro-
ceed as in Ref. 8 and present a group theoretic analysis
of (1.1) as well as a rough classification of semisub-
group systems for this equation. Qur future (much more
detailed) results will be fitted into the framework es-
tablished here.
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In Sec. 2 we define the symmetry algebra so(4, 2) of
(1.1) in two distinct bases and construct a Fourier-
transform Hilbert space // as well as a Hilbert space of
positive energy solutions of this equation. On//, the
elements of so(4, 2) exponentiate to yield a unitary ir-
reducible representation of the covering group SU(2, 2)
of the identity component in SO(4, 2). In Sec. 3 we de-
termine explicitly the action of SU(2, 2). Most of the
results in this section were obtained in Ref. 10 by an-
other method, [However, Eq. (6.6) for the action of a
lightlike special conformal transformation appears to
be new. ]

The remainder of the paper is concerned with separa-
tion of variables. In analogy with Ref. 8 we say that R-
separable coordinates {u,} associated with a three-
dimensional commuting subspace of symmetry operators
are semisubgroup coovdinates if the subspace has a basis
Si, Ss, S, such that S; =A? where A c so(4, 2) and 4, S;]
=0, j=2,3. A particular A € so(4, 2) may correspond
to several (or to no) semisubgroup systems. If ¥ sat-
isfies (1.1) and the equation A¥ =¢)\¥, then, since A is
a symmetry of (1.1), we can use standard Lie theory
and introduce new variables yy, ¥;, ¥,, ¥3 such that
A=0, +fly)and ¥(y) =7r(y)exp(iry,)®,(y,), where »is a
fixed function satisfying 2, » +fr=0. Then (1.1) reduces
to a second-order partial differential equation (1) for
®, in the three variables y;. The possible semisubgroup
systems A%, S,, S, thus correspond to the possible co-
ordinate systems such that the reduced equation (f)
separates.

In Secs. 4—8 we examine the possible semisubgroup
systems for which S, and S, belong to the symmetry en-
veloping algebra of (). They are of seven types corre-
sponding to seven choices for A. Using the notation in-
troduced in Sec. 2, we find the types are:

1] A=TI's. In this case (1) is the eigenvalue equation
for the Laplace operator on the sphere S;. There are
six coordinate systems.®

2] A=P, and (f) is the Helmholtz equation (5. 1) which
separates in 11 coordinate systems, 2

3] A=P, and (f) is the Klein—Gordon equation (5. 4)
which separates in 53 orthogonal coordinate systems. 3

4] A=D and (1) is the eigenvalue equation (5. 8) for
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the Laplace operator on the hyperboloid which separates
in 35 coordinate systems. ¢

5] A=P,+P; and (1) is the free particle Schrodinger
equation {6.1). There are 17 coordinate systems.”’

8] A=Ty; and (}) is a generalized EPD equation (7.1).
The number of coordinate systems for this case has not
yet been determined.

7JA=Ty,+Dy =T and (1) is (8.3). The number of
coordinate systems for this case is still unknown,

Cases 6] and 7} will be discussed in detail in future
papers. For each case we show how to pass from the
Fourier-transform Hilbert space ~ to the space of posi-
tive energy solutions of (1.1).

Qur classification includes all known semisubgroup
coordinates for (1.1) with one principal exception. Di-
agonalization of the operator A=P;+ P, in Case 5] does
not uniquely determine the variable v, which is split off
to obtain the reduced equation (f). Thus (¥) is not unique
in this case. The possibilities for the nonorthogonal
coordinates which can arise will be classified in a future
paper. [See Ref. 9 where a similar classification was
carried out for (3,; ~ 9, — 9,,)¥ =0, ] In all other cases
there is an identity analogous to (2.24) which uniquely
determines the reduced equation. The variable y, is
still not unique, but new nonorthogonal coordinates so
obtained are rather trivial modifications of the coordi-
nates we have listed.

Finally, in Sec. 9 we classify the orbits in so(4, 2)
under the adjoint action of SO(4, 2) to see why not every
A € s0(4, 2) belongs to a semisubgroup system.

The next two papers in this series will be devoted to
an explicit classification of all orthogonal R-separable
coordinate systems (semisubgroup or not) whose coor-
dinate surfaces are families of confocal cyclides. The
classification will proceed in analogy to that in Ref. 3.
However, the number of coordinate systems involved is
approximately 300. Later we will classify the nonortho-
gonal systems. Future work will concern the resulis in
special function theory which follow from separation of
variables in (1.1). Equation (1.1) is the most important
equation in special function theory and it is no accident
that Bateman® "*? devoted so much energy to its solution
by separation of variable methods.

2.50(4, 2) AND THE WAVE EQUATION

The symmetry algebra of the wave equation

(0go— 11— Bpp — 3ga) W(x) =0, x=(xg, Xy, Xp, ) (2.1)

is the set of all linear differential operators
2
L=, a,(x)3; +b(x)
i=0

such that LY is a (local) solution of (1.1) whenever ¥
is a (local) solution.

As is well known, the possible symmetry operators
L form a 15-dimensional Lie algebra, isomorphic to
so(4, 2), where the commutator is the usual Lie bracket.!®
A convenient basis for this model of so(4, 2) is provided
by the linear momentum operators
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Pa:aa: a=0,1, 2’ 3, (2-2)

the generators of homogeneous Lorentz transformations

My = x50y — xy0,, Myg=1x103 - X434, ‘waz: xaaa -~ xzaay

My =x40y +x10), Mp=x,0, tx30q, My=x,05+x,08,

My, == My, My =My, j,k=1,23, (2.3)
the generator of dilatations
D=~ (1+x9,+x,9; +x,0,+x,3,), (2.4)

and the generators of special conformal transformations
Ky=~ 2%+ (x - 2 = 265)8 = 2yxy 8y = 20,0, — 22630,
Ky =2xy + (x - x + 2x8)0; + 2x,x,9 + 2x3 6,0, + 2%, 5,0,

Ky = 2x, + (x - x + 2x2)3, + 2,% 0+ 2X,%, ) + 2%,X,3,,

Ky=2x+ (x - x +2x2)8, + 2x,x,3 + 2x,%, ) + 2%,%,0,,

where .5

XYy=Xg¥o— X1V — XpVo — X3V3
3

=XVe—X 'Y:Z) BapXals-
0

of=

(2.6

The commutation relations will follow from relations
(2.22) to be derived later.

The symmetry operators can be exponentiated to yield
a local Lie transformation group of symmetries of
(2. 1).131 Indeed, the momentum and Lorentz operators
generate the Poincaré group of symmetries

Y(x) ~ V(A Yx - a)), a=(ay,a,a, a), AecSO(1,3),
2.7
while the dilatation operators generate
exp(AD)¥(x) = exp(~ M) ¥(exp(-~ Nx), reR (2.8)

and the K, generate the special conformal tranformations

exp(apky + @Ky + aKy + agKy)¥(x)

+a(x - x)
- cat+(aq- x) x
[1+2x-a*(a a0 ‘P(l +2x-a+(a.a)(x-x)> '
(2.9
We shall also consider the inversion operator
R¥U(x) = (x - )W (= x/x - x) (2.10)

which is a symmetry not generated by the local Lie
symmetries (2.2)—(2.5).

As is well known from quantum field theory,*'!® by
formally taking the Fourier transform in the variables x,
we can express the positive energy solutions of (2.1) in
the form

\I/(x):(’z-n%ﬂz f][:exp(zk~x)f(k)du(k),

Ai(k) = dky dk, dky/ k.

(2.11)

ko= (R + 1 + K92,

Let /i be the Hilbert space of all complex Lebesgue
measurable functions f(k) such that
T Lo r12dpte <=, (2.12)

and with inner product
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Ko=[ [ [feau, fgech. (2.13)

As is well known, }!3 the functions ¥, & related to f, g,
respectively, by (2.11) satisfy

(¥, &) =(f, &) =1 fftf‘l'(x)aod_)(x) dxy dx, dx,

X3=

:-ifftf(BO\P(x))S(x) dx, dx, dx,,
XS

(2.14)

independent of {. [Note that (2.14) is easily derived
from (2. 13) for f, g belonging to the dense subspace

/) of / consisting of C™ functions with compact support
bounded away from k=0, and then considering the clo-
sure of /). For fc// the corresponding ¥ is a solution
of (2.1) in the sense of distribution theory. ]

The operators (2.2)—(2.5) acting on solutions of (2. 1)
induce, via (2.11), corresponding operators on //,

Py=iky, P;=-ik;, j=1,2,3,

My = kydyy = Ry0y,y  Myg=1hyBp = kyds,, (2.15)
My =lkopdyy = Rydayy Moy =R,
Moo= ol Min=Flny (2.16)
D=1+ kydy, +kydy, * leydy, .17
Ky =iRy(3g 0y + Dapa, + Onger),
Ky = iy gy, = RyBag, = ki duge,

+ 2kyB 0, + 2edyn, +28y),

{2.18)

K= i(kaalzzkz - kzaklkl - kzakaka
+ 2k akz”l + 2/, a,,zks + 26,{2),
K= i(ksakzks - k3ak‘k1 - kSakzka

+ 2k akakl + 2k28k3k2 + zaka)-

In Ref. 13 it is shown that // is invariant under R and

RAt0 =1 f f fJO((Zk DV dul),

where Jy(z) is a Bessel function. Furthermore, R*=E
(the identity operator on//) and R is a unitary self-
adjoint operator on this space. Also we have the
relations

RK R =—P,, RDRM =_D, RM,R*=M,,. (2.20)

(2.19)

Note: There is a minus sign error in the corresponding
expression in Ref. 8 which propagates through several
equations. The error is corrected in Ref. 15,

Now we introduce a new basis for the symmetry alge-
bra of (2. 1) which makes apparent the isomorphism with
so(4, 2). We define so(4, 2) as the 15-dimensional Lie
algebra of 6 X6 real matrices # such that 4G +GA4* =0,
where 0 is the zero matrix and

— —

= (Gaa).
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Let £;; be the 6X6 matrix with a 1 in row ¢, column j,
and zeros everywhere else. It is straightforward to
check that the matrices

rabzgab*éba:"’rba’
FaA:(faA +5Aa:—rAay lsa<4, A=56,
Fsszgss‘fss:"rss
form a basis for so(4, 2) with commutation relations
[raﬂs rw] =Gg g + Gaerr ~ Gl
- Gmrraw

l1<sa<bs<4,

(2.21)

(2.22)

This basis can be related to the operators (2. 2)—(2.5)
as follows:

Py=Ty;+ g, Py=I; 7T, Pp=I3+Ty,
Py=Ty+ Ty, Ey=D5~D5 K =TTy,

_ {2.23)
Ky=Ti3=Tyg Ky=Tyy~Tyg My =T4,
Myz="Lp, My=T,,, My=Ty,
Mop=Ta5 Moy=Ly5, D=Tys.

(That is, the appropriate commutation relations are
satisfied if these identifications are made.)

For our models of so(4, 2), [acting on the solution
space of (2.1) or on the Hilbert space /#/] we have the
identities

(1) P4~ P - Pi-Pi=K%-K;-Ki-Ki=0,
(1) Tf+ T +T{ + T3 + T3 + D4 =T +1,
(iid) F§2+T§4+Ffa-—f‘§5 ~T§~TH=-D+1,
(iv) Ff2+F§6—I‘§5-I‘126—I‘§6—I‘§5=F§3+1,

1t {¥,{x)} is an orthonormal (ON) basis for the Hilbert
space of positive energy solutions of (2. 1) then {in the
sense of distributions)

Za;\'y’a(x)\ya(x')=ﬁ.(x—x')=(—271,v _[ff

(2.24)

x explik (¥ = x") ] du(k), (2.25)
where the distribution A, is given explictly by*®
1 1 i
A = —_— +1) - -
L (x) T TR [6(r+1) -6(r~8)],
(2. 26)
r=(24+xirxd2 t=x,
Note that
Y(x)=(T, A, {x" ~x)), (2.27)

where the integration is carried out over x’.

3. THE ACTION OF THE CONFORMAL GROUP

As is well known, the representation of so(4, 2) on
defined by the operators (2.15)—(2. 18) can be extended
to a unitary irreducible representation of the covering
group SU(2, 2) of the identity component of SO(4, 2).°
The maximal compact connected subgroup of SU(2, 2) is
S0(4) XS0(2), where SO(4) is generated by the Lie alge-
bra operators I'y;, 1<i¢<j<4 and SO(2) by I'ys. We will
explicitly determine the action of this subgroup on/# as
well as the actions of other interesting subgroups.
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The operators M,, generate a subgroup of SU(2, 2)
isomorphic to the homogeneous Lorentz group SO(3, 1).
The action of this subgroup is determined by

T(0)f(k) = f(k0}), 0eSO(3),
exp(aM ) (k) = f(k,(a), ky, k),

ky(a) = ky cosha + k&, sinha,

(3.1)

where My, M;, M,, generate SO(3), and the results for
My,, M, follow easily from that for M. The P, gener-
ate a translation subgroup of operators

exp(Z a, P, )f(k) = exp(ia - R)f(k). (3.2)

The unitary operators exp(Za,K,) are more difficult
to compute. Since the SO(3, 1) subgroup transforms a
via the adjoint action, one has to consider only three
distinct cases : (1) a=(a,, 0,0, 0), a,#0, timelike; (2)
a=(0,a,0,0), a,#0, spacelike; (3) a=(qy, &, 0, 0),

a, # 0, lightlike. All other cases can be obtained by com-~
posing these three operators with the operators (3.1),
(3.2).

Starting with the timelike case, we introduce the basis
{f,j} for /i consisting of generalized eigenvectors of the
commuting operators P,,

Fi, 00 =8k, = 1)6 (kg = 1)0 (g = LYkeg, =0 <1<
thlj:— ilhflj’ h=1,2,3, Poftj :ilofzj,
Fi o Frv) =50 = 10y = )0 U= 1), 3.9
L=+ 1+,
It follows that the functions g, =Rf,j,
¥, = 1 L, Y1 /2
é.tj(k)~Z%Jo((2f\ D9, (3.4

form a basis for /#/ consisting of generalized eigenvec-
tors of the commuting operators K,,

thlj :ilhglj, Kn‘qu: - ilogzj,

3.
(@1, &0 ) =000, = )8y - )3 (5= L), (3.5)
as follows from the fact that K is unitary.
Now we have for f</ that
explaK,) f(s) fffG(a 1, s)A(1) du(D), (3.6)

Gla, 1, 8) = <exp(aKo)fzjafsj>

=(Rexp(- aP)Rf ,, fs ) = (exp(- aP gy , &)

:TGI—TTZ/:/:/;XP(_ iak)d ((2k - 1)*/2) du (k)

-1 . 4
- +
TTa] expli(l, +spa]

X (@ [2(s 0y + $ydy + 851y + 85l ),
a#0. 3.7

To compute the action of exp(aK;), we choose a basis
of eigenfunctions of the commuting operators Py, Py, My,,

Foam(K) = (2117258 (ky ~ )6 (R, = 2) exp(im6),
0<p,
A (k) = dk, dky d6,

—-p<A<p, m=0,%1, (3.8)

ky = (B} - k) /2 sind,
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ky= (K3 = cos®.

Here,
Ph=iph, Pyh=-ixh, M,h=imh,

Brorm Byrromey = 8{p =p BN =N")5, 00

It follows that the functions g,,,= Rh,,,,

k%)l /2

(3.9

explim )

orm(k) = emT Jl(7s exp(a - B)' /2]

Xd,[(rs exp(B - @)! /2]

p=vcosho,

(3.10)
A=7sinha,

ky=s coshB, k,=ssinhB,

du(R)=sdsddde, s>0, —w<f<wm,
form a basis for // and satisfy relations
Mg.g=1mg,
=28 e

Kyg=-ipg, Kig=ixg,

<gp)\my g;:'l'm') =b (p - p,)6
Now,

exp(ak,)f(k)
where

H(a, 1, %) = (exp(aKy)fy, f)

= 2 /(‘)ef.: <fl’ exp(_ aKl)ngm><gakafk> dax dp

M3t

= [ H{a, 1, OAD du(l),

i/ f f exp(ira) Zoam(DEorn(K) dXdp

exp[z(k1 +1,)/al

aj',, :

><Jo(a~1 V2 (Rl o+ Byly = Roly = Ryl ).

(3.13)
We will compute expa(K, +K,) in Sec. 6.

The dilatation operator generates the symmetries
exp(aD)f(k) = e*f(ek). (3.14)

Using these results we can exponentiate the compact
generator ['ys=3(P,- K;). The operators P, D, K, gen-
erate a SL(2, R) subgroup of SU(2, 2) and we have

exp(20@';,) = exp{tanbP;) exp(- sinb cos 6 K)
X exp(— 2In cos D) (3.15)

on SL(2, R). Evaluating the right-hand side of this ex-
pression we find

exp(26T 5 )f(k)

__ ":;9 ‘ f expl—i(l, + ko) cotd] I y(escOl2(kyly + iy

+kyly + R I/ 2)FL) din(l), 0#nm, (3.16)

The operators Py, D, K, generate another SL(2, R)
subgroup of SU(2, 2) and there follows the relation

exp(26T;,) = exp(tandP,) exp(siné cos8 K,) exp(~ 2ln cos6 D)

or
exp(26l"12
T 4r smzﬁ fexp[z(kl +1;) cotd W (cscb{2(kyly + byl
_kzlz_kal:i)]l /Z)f(l) d“'( ), @+#nm. (3‘ 17)
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4. DIAGONALIZATION OF Ty,

The restriction of the unitary irreducible represen-
tation T of SU(2, 2) on//, discussed above, to the com-
pact subgroup SO(4) decomposes into a direct sum of
SO(4)-irreducible representation Dy, dimDp = (2F +1)2,
A basis of eigenvectors for the commuting operators
I's6, D43, T'y2 can be used to exhibit this decomposition,

Lsof =i)f, Tyf=imf, Tyf=ipf,
—ilgg=zk(= 8, +1), Ty= kaatzz = k3, (4.1
. k
—il'y, :‘2“‘ (alzlkl = Onpr, = gty = 1)
+ kzaklkz + ksaklka F O,
Setting
ky=(8~1)/2, ky=Ensiné, |

du(k) =2Eindtdnde,

we find that the ON basis consists of eigenfunctions

ky= Encoss,

F—a)l(F=~b)! \!/2 R
Fran(es 0= (ST EE TN expl- (64 ) /200
XL (EBLE () expli(a +b)6], (4.2
A=2F+1, m=a+b, p=a->,
2F=0,1,2,+--, a,b=F F-1,,, . ,~F,

[Here L{*'(x) is a generalized Laguerre polynomial. ]

The (2F + 1)? functions frq for fixed F form a basis for
Dy, so TISO(4) =3 5.,® Dj.

The known recurrence relations for Laguerre poly-
nomials imply

2T frap=UF = a+ D(F +b+ D} % 1002500~ UF = F+0) 1 2y 12,00 12,5112
+{(Fta+tD)(F-b+1]} /szﬂ /2,41 [2,b-1 /2 = [(F+a)(F-b)] /sz-l /2,a-1/2,541 /25

ZipsfF,a,b = [(F +a+ 1)(F +b+ 1)]1 /sz#l /2,841 /2,641 /2= [(F‘ b)(F+ b+ 1)]‘ /afF,a,hl - [(F - a)(F +a+ 1)]1 /ZfF,a+1,b
+(F=-a)(F =01y 15,00 12,0 2 T UF+@)(F )2y 15 0t 12y ba 1= [(F+O)F =0+ D3 0y
-[(F+a)(F-a+ np /sz,a-l bt [(Fea+))(F-b+1] /sz+1 /2,a-1/2,b-1/2"

Expressions (4.1), (4.3), and the commutation rela-
tions (2. 22) suffice to determine the action of any ',
on fFab-

There is a close connection between the quantum
Kepler problem in three-space,

H®=E®, H=- ax1x1 = axgxz - axaxa

r=(x§ +x%+x91/2 fffR,,’dezdxldxzdx3<°°,

+e/r,

4.9

and the equation I';ef =¢Af., Indeed the equations can be
identified if we set k;=x,v—E, E=-¢?/42X%, (Although
the eigenvalue problems are defined on Hilbert spaces
with different inner products, it follows from the Virial
theorem, Ref. 17, p. 51, that if £ belongs to the point
spectrum of H, and @ is the corresponding eigenvector,
then ® has finite norm in//. Conversely, if fis an eigen-
vector of I'sg then [[[, ;1f1%dx; dx,dxy < and f corre-
sponds to an energy eigenvalue E in the point spectrum
of H.) Since the eigenvalues of —iI'yg are A=2F +1,
2F=0,1,2---, it follows that the point spectrum of H
consists of the eigenvalues E = — €2/4(2F + 1), (Similar-
ly, the continuous spectrum of H is related to the opera-
tor I'ys.)

Applying the transformation (2. 11) to the basis {f“b}
we can determine the corresponding ON basis {\If“b}
of positive energy solutions of (2.1),

Ty () = (21) /Zf f f eXp(ik * 1) fras () dit (i)

_ - 1/2
=g ﬁexp[i(a + b)(q) - 77/2)]<%%—%%%%;_§)

x ﬂ i f " explb(ix, - D(€ + 1)
Q

- %xl(gz - T)Z)](g.n a+b+l
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(4.3)
| XLED(ELED () (rEm) dEd, (4.5)
X,=vsing, x;=vcose.
In terms of the coordinates
__ siny =N = V2
" yo~cosy’ 'y —cosd’ "2 y,~cosy’
xaz——ya——, Y¢=CO0SQ COST, ¥,=cosa sing,
Yo — cosy
y,=sinasing, y,=sinacosy, (4.6)

we have

Up (%) = (cosa coso — cosy) expli(ime + po - (2F + 1)7)]

X (21) /2(_ 1)F-a+t ((F+a)! (F +b)!

1z ,
n(F-a)!(F—b)!) (sina)

(cosa)?F= (b-F,a-F$ . )
Tar67D Zi\gepry |TtA02). @7
Indeed, direct computation shows
T'yg=- 9, + sind(cosa coso - cosy)?, T=a,,
(4.8)

T,,=3,+ cosasino{cos® coso - cosy)™
on the solution space of (2.1). Hence
Ppgp(X) = (cosa coso ~ cosy) expli[me + pa = (2F + V) pg(a)

and substitution into (2. 1) yields R-separation of vari-
ables. It follows from this that g(@) must be a multiple
of (sina)**’(cos )& - ,F, (b— F,a~ F;a+b+1; - tan®a).
The constant is determined by explicitly computing

(4. 6) for convenient values of the variables.

There is another model of this irreducible represen-
tation which is very convenient for computations involv-
ing eigenfunctions of I'sg, I'y;, and I'y,. The representa-
tion space 7 consists of functions % of three complex
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variables u, v, i such that (- u, = v, ~ w) = h(u, v, w).
More precisely, / is the complex H11bert space with
ON basis

[(F +O)(F =)
/"Fab T L oy

1/2
FFoi(F —-(1)!] FraF+b,2F _a-b,

ab=F F-1,...,-F 2F=0,1,-- (4.9

The operators

Ty =i(d, + 03, + wd, +1), [4y= = (ud, +1v9, - wd,),

2
Ty, =i(ud, —v3,),

ot
2lyg=v(vd, +1) = —— (- ud, + 20, +wd,)

5 (4.10)

+M(118 -3, twd, +2) ~u" w'l(va)

v
—_2><- uau + Uav + waw)

Py= (- v (09, + +
20P,= (v = vw™) (v b= (w w

+ (et -t w) (d,) + 5% - v7lw)

X (3, ~vd, +wd, +2),

acting on this basis satisfy relations (4.1), (4.3) and
completely determine the action of so(4, 2). The three
variable model appears to be the simplest in which to
compute matrix elements of the SU(2, 2) operators with
respect to the {I'y;, I'ys, [y,} eigenbasis. For some ex-
amples of matrix elements computed with this model
see Ref. 18. (Indeed in this reference it is shown that
one can choose another basis for the complexification
of so(4, 2) for which the differential operators take a
much simpler form. The action of the Lie algebra on
the basis {fre corresponds exactly to the 12 known dif-
ferential recurrence relations for the functions ,F,.)

We can see from (4.6) and (4. 8) how one characterizes
those solutions ¥ of (2.1) such that Igg¥=i2T, It follows
from these expressions that ¥ =(y, - cosy)®(v) exp(~ iry)
where v = (v, ¥y, Vs, ¥3) is an element of the sphere
Sy:yi+yi+yi+vEi=1. Moreover, Eq. (2.1) for ¥ re-
duces to the eigenvalue equation

(T2, + 03, +03 +05L +T5 +13)0=(1-29)d.  (4.11)
Here (4.11) is the eigenvalue equation for the Laplace—
Beltrami operator on S;. Indeed, the symmetry algebra

of this equation is so(4) with basis {I';;, 1<i<j<4},

The operators
Lia=29dy =319y F34:3’zay3 =30y,
anz."layg_-"zayl (4.12)

acting on S, generate this symmetry algebra.

Thus, the effect of diagonalizing I'5¢ is to reduce the
separation of variables problem for (2.1) to the corre-
sponding problem for (4.11). The latter equation was
studied in Ref. 5 where it was shown that (4.11) sepa-
rates in exactly six orthogonal coordinate systems,
each corresponding to a commuting pair of symmetric
second order symmetry operators from the enveloping
algebra of so(4). Briefly, the list is

1113, I'f, (cylindrical)
2] rfz_'_r +r§3: rfg (Spherical)
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3] 02, +rf, +0%, D% +kr%, 0<k<1 (sphercelliptic)
4]0+ T +Th +a(Tf, - 18, I, -w<a<-1
(elliptic cylindrical, Type 1)

5] Same as 4] with —1<a <0 (elliptic cylindrical,
Type 17)

a-b-1 b—a-~1
BJ F‘§3—F124+(1—-a—[)> (F%B_F§4>+<1_a_[)>

x(ra-ra

20(1 - )(P§; +T5) +2a(1 - b) (T}, +T32,)
2 2 a-b-1 2
+211(1-a)(F13—P24) +2(I(1—])) '1—‘71———’- (l 12— F34)

(ellipsoidal).

The names of the separable coordinates are listed in
parentheses. These systems are studied in detail in
Ref. 5 and related to the hydrogen atom eigenvalue
equation.

5. DIAGONALIZATION OF P, ', AND D

Next we search for coordinate systems permitting
separation of variables in (2.1) such that the correspond-
ing basis functions ¥ are eigenfunctions of P,: F ¥
=iw¥. In this case we can set W(x) = exp(iwx,)®(x;, x,, X,)
where

(84 + 0pp + 0y + 0N E =0, (5.1
It follows that the reduced equation for the eigenfunctions
is the Helmholtz equation. The symmetry algebra for
(5.1) is £(3), the Lie algebra of the Euclidean group in
three-space. A basis for ¢ (3) is {Py, Py, Py, My, Myg, My,
1t is well known®*® that this equatlon separates in ex-
actly 11 orthogonal coordinate systems, each system
corresponding to a pair of commuting second order
symmetric operators in the enveloping algebra of £ (3).,
Briefly, the separable systems are

1} P, PZ (Cartesian),

2| M%, P? (cylindrical),

3} {M,y, P,}, P% (parabolic cylindrical),

4 M4 +d®P:, P% d~ 0 (elliptic cylindrical),
5] M3 + M3, + M, M% (spherical),

6) M, + M2, + M2, - ®(P}+P%, M, a>0

(prolate spheroidal),

T MG+ MR, ME, (PR Y, M, a0
(oblate spheroidal),
8) {My,, P,y = {My,, P}, M% (parabolic),

9] M2, = c2PE+ c({My,, Py} +1My,, Pob),
c(P% - P} +{My,, P,} —{M,,, P,} (paraboloidal),

10] P2 + aP%+ (a + 1)PE+ M& + Mf; + M,

M, +a(M2,+P3), a>1 (ellipsoidal),
11] M2, + M2y + M2, M2, +bMZ;, 1560

(conical). Here {A, By =AB+ BA.
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On # the condition P,f=iwf implies fk)=5(k,- w)g, &)
where w>0 and k= (ky, Ry, ky) Tanges over the unit sphere

S,: k-k= 1, k= wk. To determine the functions £, one
uses the H11bert space L,(S,) ) of square 1ntegrab1e func-
tions on S, [with measure dQu(k) = dk, - dk,/k,] on which
£(3) acts via

P, =—iwk;,, M= - kyop,

1<j,1<3, j#l. (5.2

These operators determine a unitary irreducible rep-
resentation of E(3) on L,(S,).%" Once the eigenfunctions
Z4s(K) of the operator pairs 1]—11] have been deter-
mined, the corresponding separable solutions ¥, ,4(x)
of (2.1) can be obtained from the integral transform

w exp(iwxg)

Vs (X} = el A exp(iwx - K) g, (k) d2AK).

z (5.3)
All the eigenfunctions g,5 and integrals (5. 3) have been
computed in Ref. 2.

Now we study coordinate systems permitting variable
separation in (2.1) such that the basis functions ¥ are
eigenfunctions of P,: P,¥ =— i\ ¥. Here we can set ¥(x)
=exp(-ixx,)®(x,, x,,%,), Where

(3g9= Byq = 35 T A} 2 =0, (5.4)

The symmetry algebra of the Klein—Gordon equation
(5.4) is £ (2, 1) with basis {P, Py, Py, My, My, My},
Furthermore, the pseudo-Euclidean (or Poincaré) group
E(2,1) is the symmetry group of (5.4). In Ref. 3 it is
shown in detail that variables separate in (5. 4) for 53
orthogonal coordinate systems, each system character-
ized by a pair of commuting second-order symmetric
operators in the enveloping algebra of £ (2, 1).
the coordinates 1}—4] for (5.1) are counted again in the
list of 53 systems for (5.4). ]

On # the requirement P,f=—i\f implies f(k) =6 (k,
~ Ng(ky, k,) where — = <X <%, The search for eigenfunc-
tions reduces to a study of the Hilbert space L,(H) of
square integrable functions with respect to the measure
dt=dk, dky/ky, where ky=(k}+k:+2*)'/2 The inner
product is

(i, 1) = [ [ iRy, kB (g, k3) dE, B, B’ € Ly(H), (5.5)
and the action of £(2, 1) on L,(H) is given by
PO:ikO’ Plz‘ikly Pzz_ikZ: (56)

My = kzakl - klakzy My = koakl, My, = k[)aka-

As is well known, "2’ these operators define a unitary
irreducible representation of E(2,1) on L,(H). Once the
eigenfunctions g, corresponding to each of the 53 sepa-
rable systems have been determined, the associated
separable solutions of (2.1) follow from

- IAX.
Sy

- kzxz]gas(kp ky) dt.

A detailed study of the basis functions g,z and the inte-
grals (5.7) has not yet been undertaken.

Vs (x)=

(5.7
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[Of course

Now we search for separable coordinate systems for
(2.1) such that the corresponding basis functions ¥ are
eigenfunctions of D: D¥ = —iv¥. Then we have ¥(x)
=p*1d(sy, 51, Sz, S5), Where ¥, =ps,, p=0, s-S=¢,
and €e=+1, -1, or 0 depending on whether x-x>0, <0,
or =0. From Eq. (2.24ii) we see that the reduced equa-
tion for @ is

(Mg + Mgy + M, - Mig)e(s)= (V2 + 1) @(s).
(5.8)
The operator D commutes with the subalgebra so(3, 1)
with basis {My, Myg, My,, My, Mg, Mygh and, in fact,
so(3, 1) is the symmetry algebra of (5. 8).

2 2
A401 = A462 =

As discussed in Ref. 6, (5.8) separates in 34 ortho-
gonal coordinate systems for the case € =+1, each sys-
tem characterized by a pair of commuting second-order
symmetric operators in the enveloping algebra of
s0(3,1). Some results for the case €=~ 1 are also
presented in Ref. 6.

On A the requirement Df= - ivf implies flk) = k(‘;"'lh,,(ﬁ),
~ <y <o where k=k¢k and k ranges over the unit
sphere S;. The eigenfunction problem reduces to a study
of the Hilbert space L,(S;) on which so(3, 1) acts via

Mm:kza,;l—kla,;z, Mm:-kaa,;l, 32—k akz,
My == (1+iv)ly +(1 - oz, - by y2 9,
My=-(1 +zv)k2—k1kza +(1-#9ag,, (5.9

Myg= = (1+iv)ky = byydy, - kyydz,,

where we have chosen ;el, 1;2 as the independent variables.
These operators determine an irreducible unitary global
representation of SO(3, 1) which belongs to the principal
series. Once the eigenfunctions h,ae(ﬁ) for each of the
34 separable systems have been determined the corre-
sponding separable solutions ¥,,, of (2. 1) can be ob-
tained from

ival

B, s(¥) =(’2’T)mr(1 — i)

X // expl+ 1(i + 1) /2][1 = kysy = kys, — }:’353 | -t
S3

X (k) dS(K), (5.10)
where the plus sign occurs when 1 - k- s >0 and the mi-
nus sign occurs when 1 -k -8<0, For the case e=+1,
x,> 0, these integrals are evaluated in Ref. 6. A num-
ber of cases for € == 1 are also computed.

6. THE SCHRODINGER EQUATION

Now we consider the separable coordinate systems
for (2.1) such that the basis functions ¥ are eigenfunc-
tions of Py + P, : (P, +P)¥=ip¥, Setting ¥(x) =exp(isB)
X &(t, x,, x,), where 2s=x,+x,, 2{=x; —x,, we find that
the reduced equation satisfied by ¢ is the free particle
Schrodinger equation

(188, + 9,5 + 0,5} B (L, x,, x,) = 0, (6.1)
which admits as symmetries the operators
Pr=P, Py=Py,, E=Py+P,, K,=P =P,
Ky==-3(K T Ky)), M ==My, By=3(Mgy+My),
Bz=§(M03—M13), D=-(D+My). (6.2)
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All these operators commute with ¢ =P+ P; and they
form a basis for the nine-dimensional symmetry alge-
bra G, of (6.1). This algebra is discussed in Refs. 7

and 21. In Ref. 7 it is shown that (6. 1) admits R-separa-
ble solutions in 17 (nonorthogonal) coordinate systems.
Each system is characterized by a commuting pair of
symmetry operators from the enveloping algebra of g 2
one operator first-order and one second-order.

On /f the requirement (P, + P,)f=iBf implies f(k)
=ub(u - B)ly(v, w), where B>0, u=ky—ky, v="Fky, W=k,
The search for eigenfunctions /; reduces to a study of
the Hilbert space L,(R% on which the Schridinger alge-
bra acts via

6216’ /<-2::B_l:(v2 +w2):

Pi=—1iv, P,=-iw,

Kzz‘_‘}’?.(avﬁaww), M =03, ~wd,, (6.3)

Blzéeavy BZZ%BBW’ D:-(1+vav+waw)'

1t is known''?2 that these operators induce a unitary
irreducible representation of the Schrodinger group G,
on L,(R%. Once the eigenfunctions Jg,,{v, w) correspond-
ing to each separable system have been determined, the
corresponding separable solutions ¥,,,(x) of (2.1) follow

from
e;?:)(:‘gs) ff exp[——(v +u?)

~i{xv + xsw):llﬁap(v, w) dv dw.

‘I/Bot p(

(6.4)

Using the «, v, w coordinates we can now compute the
operator expla(K,+K,)] in /. Indeed the well-known
expression

exp(it(d,, +3,,) If(x, v)

—Lim -2 [ 1 2
=Lim. [_[., exp{— 4it[(x—sl)

+ (V - sz)g]}f(sh 52) dsl d821 (6 5)

for time translation of solutions of the free-particle
Schrodinger equation, e.g.,” together with expressions
(6.2) and (6. 3) for K, leads to

exp[a(K0 + K IA(k)

4ma ff exp{ —4ai(k -k1)[ 2= 52"+ kg —s)]}

Xf(sg +s;i ~ (g = y)?

Sr— k) » Sz, sa>dszds3, fet.

7. THE GENERALIZED EPD EQUATION

We next look for solutions ¥ of (2. 1) such that I'yy¥

=¢mW¥, Then ¥(x) = exp(ime)d(xy, x,, 7) where
X3 =7 co8¢, X=vrsing

and ® satisfies the reduced equation

2
(aw- a,r_%a, +%_ an><1>:0.,

If ¢ is independent of x; then (7.1) reduces to the Euler—
Poisson—Darboux (EPD) equation. Expression (7.1) can

(7.1

278 J. Math. Phys., Vol. 18, No. 2, February 1977

be written in the operator form (2. 24iv),

(T, + T8 - Th — T ~ T3 - I3)2 = (T, + )= (1 - m*)®.

(7.2

The symmetry algebra of (7.1) is so(2, 2) with basis

{12, Tse, Tisy Tug, Tagy Tas) or alternate basis {Py, K, Py,
K;, D, My}. Separable coordinate systems for this in-
teresting equation will be classified in a later publication.

On A the requirement I',,f=imf implies f(k) = exp(im6)
xj(l, k) where m=0,+1,22, -+, 120, ky=ILcosb, k&,
=1sinb, ky=~k. The eigenfunction problem reduces to a
study of the Hilbert space /[ , of functions j(, k) Lebesgue
square integrable with respect to the measure dp(l, k)
=112+ k¥ /2dl dk. The inner product is
= [0 f_.,]'l]'zdp(l, k)y

(jhjz) jhjZELZ'

The symmetry algebra so(2, 2) acts on /[ , via

ik
Ty = @ =3,y = 170, +m?l® = 1) +ildy, - 3,

i
Ty=75 (k2 FI 29y, <10, PR~ G + 1),

Tys =5 (B2 + 191123, + 1710, = w2178 + 2y + 1),
(7.3)
1o=1+12; + k3,

7
r%:%(- dup + 8y +ID, = M = 1) =13, ~ 00,

r25 — (kz + l2)1 /Zak.

A third basis of so(2, 2) for which the structure of the
Lie algebra becomes more transparent is

A =Ty +T,, Apy=Tg +T, Ay=T, + 1,

o (7. 4)
By=Tg~T1p By=T5-Ty By=Ty-1yy,
which commutation relations
[AerZ]: - ZAay [AZ’ As]zzAly [Al’Aii]: 2A27
(7.5)

[BI, Bz]: - 233,
(4, B;]=0.

[B,, B{]=2B,, [B,, By]=2B,,

With respect to this basis the isomorphism so(2, 2)
=g1(2) Xs1(2) is obvious. Moreover, it follows from (4.1)
and (4. 2) that in the eigenspace /4, of /{ corresponding
to the eigenvalue m of - iT',; there is an ON basis {fas}
such that

Ay fap=i(|m| +20+Vfas, Bifas=i(|m| +28+Dfys
a,8=0,1,2,+-"

Also A} - A2 - AZ=B} - BZ— Bi=1-m? onH,. It follows
that this action of s1(2)Xsl(2) on/,, is irreducible and
extends to a unitary irreducible representation DY ni1)/2
® DYy mia,se of SL(2, RYXSL(2, R) on,. Here Dj is a
representation of SL(2, R) belonging to the negative dis-
crete series.

Once the eigenbasis {gg,,} in 4, corresponding to a
separable system for (7.1) has been constructed, the as-
sociated separable solutions of (7.1) can be obtained
from the transform
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_explim(¢ - 1/2)] f” ©

\I',,,c,,(x) ——TZT)ijz—'—' A llem(l’i’) [u dk
- expli(xy (k2 + 122~ x, B)]i(l, k) /(B2 + 1B)* /2,

(7.6)

8. DIAGONALIZATION OF Ty, + 'y - g6

Finally we study the separable solutions of (2.1) for
which the basis functions ¥ are eigenfunctions of L
=T+ T4y =T L¥=~i(2¢+1)¥. By a tedious compu-
tation one can verify that (2. 1) is equivalent to the
equation

(3A2+A2+AZ+AZ- B~ Bi-C}- CHU=(3L%+3)¥,

(8.1)
where
Ag=Tg+ T +20, Ay=Ti3+Ty, A;=Tp-Ty,
Ag=Ty4=~ Ty, By=Ty=Ty5 B,=Ty5-T, (8.2)
C1=Ty5+ g Cp=Ty5+ 4.

Thus, the reduced equation is
(3A2+ A2+ A2+ A% B - BZ-C2 - CHV =(-p?/3+3)¥,
(8.3

The operators (8. 2) satisfy the commutation relations
for su(2, 1) and the expression on the left-hand side of
(8.3) is the Casimir operator for su(2, 1).

w=2x+1,

The usual model for su(2, 1) is the space of 3X3 com-
plex matrices A such that

ﬁtga,l +gz,174 =0,

where®
1 0
92,1: 1
0 -1
This real Lie algebra is eight-dimensional with basis
PR 010 i0 0
Ae=]0 i 0 |, Ai=]|-10 0|, A,=|0 —-i 0],
[0 0 -2 000 00 O
[0 i 0 001 000
As=|i 0 0|, B;=|0 0 0|, B,=|00 1], (8.4
000 100 010

Possible eigenvalues
1. + a+if,

a,B#0

+1i7,

2, +ia, +B, 7,
B2+¥2>0

3. +ia, +iB, =iv,

a,B,v*0

+iB, 0, O,

a,B+0

0, 0, 0, 0

Ja. xia,

3b. i,
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al';; or al'y

004 0 00
C,={0 o0 of, C,=|0 0 i,
-i0 0 0 -7 0

and the basis elements satisfy the same commutation
relations as the corresponding operators (8.2). The
symmetry algebra of Eq. (8.3) is also su(2, 1).

It follows from (4. 1) and (4. 2) that the possible values
of kare 0,1, 2, -+ and for fixed «, the solution space of
(8.3) has an ON basis {¥; ;:1=0,1,2,-+, s=0,1,...,
x+1} such that

LY, =-i(2+ 1), A, =i(k+30+2)T,,,

A, =i(2s — k= D)¥,. (8.5)

The solution space of (8. 3) transforms irreducibly under
this action of su(2, 1) and the Lie algebra representation
lifts to a global unitary irreducible representation of
SU(2,1), see Ref. 24,

The problem of separation of variables for (8. 3) is
far from settled. The variables in (8. 3) are intertwined
in an extremely complicated manner and the standard
techniques for separating variables in the wave equa-
tion, e.g., Ref. 25, yield no nontrivial separable sys-
tems for this case. However, it follows from standard
Lie theory, Ref. 26, p. 49, that every pair of commut-
ing operators in su(2, 1) leads to a separable coordinate
system, It is not yet known whether there exist separa-
ble systems corresponding to second-order operators
in the enveloping algebra of su(2, 1).

9. CONCLUDING REMARKS

For completeness we classify the orbits in so(4, 2)
under the adjoint action of SO(4,2). This classification
has been given by Zassenhaus?” and later by many others
but we present the results here in an explicit form adapt-
ed to our notation. (This orbit analysis is useful because
we know that coordinate systems whose defining opera-
tors can be mapped into one another under an action of
the adjoint group are equivalent.) We list the possible
eigenvalues of a 6X6 matrix A ¢ so(4, 2) such that [
=TAT" for some T€S0(4,2), i.e., we list an element
on each SO(4, 2) orbit. It is easy to show that if X1 # 0 is
an eigenvalue then so are — X and X. We use the notation
Xn), n=2,...,5, to signify that A corresponds to a
generalized eigenvector x of rank n, i.e., n is the small-
est integer m such that (A — AE)"x =0 where E is the
6X 6 identity matrix.

Canonical form T

Y5 +B(Tgy + Tg5) + g5 +Ty4)

al'yp + Bl g5 + 9T 4

al'y, + BTy, +vD5

al’y, + By, or aly, +T,

E.G. Kainins and W. Miller, Jr. 279



4, a(Z), —0(2), iiB’
a#0
5. ia(3), -ia(3)
6. ia(2), —ia(2), =iB
1
7. +a, 0(3), 0, aly t—=(Ty
a#0 2
8. +ia, 0(3), 0
9. 0(5), 0O

@(Dg5 + Tyg) T ATy, +3(Dgy + Dy T 1,5 +Tgy)

0Ty + gy +Tgg) +5(Tyg + Ty TTy5+ Ty
a(l“u + rss) T8I, +%(I‘34 T D5 T +T54)
+ L)

1 1
al’'y, +7‘§' (T35 + L) or aly, +"/—_§ (Tyg T Tyg)

1
é(I‘“ +F36 Ty +I‘55) +'\/——_E(FZ4 +Fzs)

From these results we can see why many operators I' € so(4, 2) do not directly correspond to a semisubgroup
coordinate system. For example, it is easy to check that an element of so(4, 2) which commutes with I' (case 1],
a, B, ¥ +#0) also commutes with each of the (commuting) operators I'y,, I's; ¥ I'g;, and I'y; ¥T',5. The coordinate sys-
tem associated with these operators is equivalent to a separable system for Eq. (7.1). By interpreting the remain-
ing cases in a similar fashion one can show that each case is in fact associated with at least one semisubgroup co-

ordinate system.
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Conservative neutron transport theory™*
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A functional analytic development of the Case full-range and half-range expansions for the neutron
transport equation for a conservative medium is presented. A technique suggested by Larsen is used to

overcome the difficulties presented by the noninvertibility of the transport operator K

~! on its range. The

method applied has considerable advantages over other approaches and is applicable to a class of abstract

integro—differential equations.

I. INTRODUCTION

The neutron transport equation for a “conservative”
half-space (c =1 in one-speed theory) presents special
complications for essentially technical reasons. The
orthodox Case approach to the one-speed situation was
originally worked out by Shure and Natelson, ! while
Greenberg and Zweifel’ used the Larsen—Habetler
resolvent integration technique® to treat the same equa-
tion. We restrict our attention in this paper to the
resolvent integration method and point out that the
special difficulties encountered for ¢ =1 (cf. Ref, 2
for a detailed discussion) occur because the trangport
operator K is not invertible on its range for that
situation, The standard technique, originally introduced
by Lekkerkerker? is to restrict K1 to a suitable sub-
space of its domain on which it is invertible, deal with
the restricted operator of the standard Larsen—
Habetler scheme, and eventually extend the result to
the full domain. While this technique in fact works, it
is somewhat cumbersome and introduces notational
complexities, especially in the conservative multigroup
case® which is, of course, a generalization of the one-
speed situation and has been treated by the same tech-
nique. (We should point out that the solutions to the
conservative transport equation are of considerable
physical importance, especially in obtaining asymptotic
solutions to ordinary transport equations in the bound-
ary layer. ®7)

Recently, we have been studying some problems in
plasma oscillations and rarefied gas dynamics where the
ordinary Larsen—Habetler technique is not directly ap-
plicable because the operator corresponding to K
= (K 1)1 of the neutron transport equation is unbounded.
(In the neutron case for ¢ =1 the operator K! is un-
bounded but K is bounded. In the plasma and gas case
both operators are unbounded. ) It is in fact possible to
integrate the resolvent about an unbounded spectrum,
as has been done by Bareiss, ¢ but the technique involves
approximating the transport operator by a sequence of
bounded operators and is somewhat cumbersome.
Larsen suggested another approach, namely to define
an operator S= (K - zI)-!, where z is some complex
number not in the spectrum of K.? Then S is a bounded,
invertible operator, and the whole machinery of the
resolvent integration technique can be applied to S. This
technique has proved extremely fruitful in treating the
plasma and gas problems and has, in fact been general-
ized to treat a class of abstract integro-differential

281 Journal of Mathematical Physics, Vol. 18, No. 2, February 1977

equations. 10 1p the process of writing out these cases,
we suddenly realized that the same technique could be
applied to the conservative neutron transport case, with
considerable simplification over the treatments of Refs.
2 and 5. We present the analysis in this paper omitting
many of the calculational details because they have al-
ready appeared in the above cited references. In Sec.

II we treat the one-speed case and Sec. III the multi-
group equations.

il. THE CASE EIGENFUNCTION EXPANSION FOR
A CONSERVATIVE MEDIUM

We follow the notation of Refs. 2 and 3 to write the
transport equation for ¢ =1 in the form

%<x,u)+x-*w<x,u>=ﬂ%i’, 10, (1a)
with
(K"w)(u)—~ (¥ - f U(s)ds]. (1b)

We note that K- is not invertible on its range. In
fact, the vectors eg{u)=1and e;(1)=p, -1<p<i,
span the A =0 root linear manifold of K~1.? Further-
more, as is well known, the spectrum of K™ is con-
fined to the real line. Thus, the operator S=(K™ —-iD™*
is a bounded invertible operator. We easily compute
(1= ip)t / * sy(s)ds

2A(i) . ’

(S9)(W) = 72 o)+ e 2)

As in Ref. 2, we work inthe space X, ={flufc L,(-1,1)}
but restrict S to the space H, ={re X, 1 ris of class oY

the final results can then be extended to X, by continu-
ity. Here A(z) is the usual dispersion function for ¢ =1:

z 1 ds
A(z):l—Ef . (3)

=8

We now proceed to deal with S by the technique of
Ref. 3, i.e., we compute the resolvent and by contour
integration of the resolvent about the spectrum of S
we obtain the desired Case eigenfunction expansion.
The resolvent is seen to be

)1
(1+iz) {(l—iu)w(u)

(=I- Sy *p(n) = YR
sit(s)ds }

(1 +iz) “

2KGT@) J, 1) -5 (42)
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with

Hz)=2/(1—iz) (4b)
and

Ht1(2)) =z, (4c)
so that

W 2)=2/(1+1z) (44d)

The spectrum of S can be computed by studying the
analytic structure of the resolvent or one can use the
spectral mapping theorem to transform the spectrum
of K1, In either case one finds

o(S) = Po(S) U Co(S), (5a)
with

Po(s)={i} (5b)
and

Cco(S)={z|z=14@G+e'9), -m<0<0h (5¢)

Co(S) is, of course, a semicircle. Furthermore, the
point ¢ is an eigenvalue of multiplicity 2.

We now utilize the identity

er?‘ C/ (2I-8)y1dz =1, (5d)
where the contour C surrounds the spectrum of S. As
usual C is “squeezed” down into a contour I' surround-
ing Co{S) and a contour T'; surrounding the eigenvalue i.
We compute the two contributions to (5d) separately.
First consider

o f (2l - S (u) dz

1 1 ANz fﬂ sip(s) ds ,
—'2'7; _/Zl_u (ZP(U-)+ 9 z’—s)dz'
(6)

I -

Here I'’ is any contour surrounding the cut [-1,1].
Equation (6) was obtained simply by integrating (4a)
around the semicircle Co(S) and introducing the change
of variable z’ =t-1(z) =z/(1 +iz). This is precisely the
result of Ref. 2 for the branch cut integration. Thus
we are led directly to the standard formula®3

+1
51;7 [(zI—S)"w(u)dz: f A o, (u)dv, (7a)

-1

with
+1
Am=5t [ B o0 dn, (7b)
-1
R TR INCEIRCIN (7e)
and
N@) = vA*(V)A~(v), (7d)

As usual we denote

Ax(p) = lin}) Alvxie), -1<v<l.
The integration around I'; of (4a) involves the evalua-
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tion of a residue at a second order pole [since A(t"}(3))
=A'('(:)) =0]. Using the standard residue formula

1 p(z)

omi C_I-(;) dz
= STy F 3204”0 - p(z0 4"z, (82)
if g(z¢) =¢q’(z,) =0, and identifying
+
ple) =3zl = i) - p]t f sty (8b)
and
q(z) = A(t~\(2)), (8¢c)

one easily finds

1 ~
57 _ri/(zI—S)‘lP(#)dz

= —g [u fd si(s)ds + Iﬂ s*P(s) ds] . (9)

-1 e}

If one now combines Eqs. (6) and (9), one obtains Eq.
(10) of Ref. 2, i.e., the Case full-range expansion
formula for ¢ =1,

V) =tay - zap + [T AW 6, (1) av, (10)

where the expansion coefficients a; are defined by

a;=3 [J' (- ) p(u) du. (1)

We now sketch the procedure that can be used to ob-
tain the Case half-range expansion. As usual, we define
an operator E: X] —X,, where X] is the space of func-
tions f: [0, 1] —~ € with

Hf‘ p [ j(‘)l ‘uf(u) lpdu]”P < %o,
and we require

(1) (EPY(u)=9(u),
(ii) (2I - S)"'EY is analytic for Rez < 0,

u>0,

(iii) (zI - S)"'EY has at worst a simple pole at z =1,
(12)

Condition (ii) will guarantee that in the integral of
(2 - S)"VEy around a contour containing the spectrum of
S there will be no contribution from the portion of
Co(S) with Rez < 0. Because the transformation § — K-
maps Co(S), Rez <0 into [~1,0), this assures that no
negative Case continuum modes will occur in the full
range expansion of EyY, i.e,, the half-range expansion
of ¥« X;. Condition (iii) guarantees that the discrete
coefficient a; does not enter into the half-range expan-
sion of ¥. These conditions could be used to derive the
operator E, but the result would be the same as that
used in Ref. 2. Therefore, we shall only verify that the
operator E as given in Ref, 2,

1 3 (1  sf(s)ds
—— = T R
X 2 X(- -u)’ ?
Efw)= )XW (=s)(s- 1) (13)
fw), w>0,
has the correct properties. Here X(z) provides the
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Wiener—Hopf factorization of A(z)?:
X(2) X(- 2) =3A(2),

where X(z) is analytic in € \ [0, 1] and vanishes as 1/z
as lz| —oo,

When we substitute Eq. (13) into Eq. {(4a), we find
after simplification that (zI— S)}E¢ satisfies

[(zI- S EP)(1)

=[z(~ip)~-ult —iu)¢(u)+% )Ttlr(m

! sp(s)ds
X[ X(—S)l?(l—is)—s]}’ k>0 (14a)
[(zI - S EP)(1)
_ 3 Usits) [ 1-ip
2zl -in) - ] X(-s) [X(#)(S—M)
1
X @ -is) - s] ds} s K<O. (14b)

Equation (14) can be used to quickly verify that

(21 - S)"1Ey satisfies properties (ii) and (iii). To see
this, note that £~ maps the left half complex plane into
itself and is analytic except for a simple pole at z=1.
Thus X(¢~!(z)) is analytic for Rez <0. Moreover, for

1 >0and Rez<0, z(1-iu)-pu does not vanish., There-
fore, from Eq. (14a) we have that (2 - S)y'Ep(u) is anal-
lytic in z for Rez <0 and y > 0. To see that (z] - S)Ey
is analytic for Rez <0 when y <0, we need only check
that z=p/(1 —ip) is not a singularity of (zI - S)™Ey.
This is done by recalling from Eq. (4d) that #*(u/

(1 —iép))=pn. Thus (zI- S)*Ey is analytic for Rez <0,
At z=1i, we note from Eq. (14) that (2~ S)"'Ey has a
simple pole induced by the zero of X(t*(z)).

Integrating (zI - S)Ed(p) on z along a contour contain-
ing the point # and the semicircle {z 1z =%(i +¢*?),
- /2 < 6 <0} yields the Case half-range eigenfunction
expansion.

lil. CONSERVATIVE MULTIGROUP TRANSPORT

We now derive the result of Ref. 5 in the same simple
manner used in Sec. II. We define

(K1) (x, 1)

=1/w)Zelr, 1) - C [ $lx, s)ds], u+o. (15)
Here ¥ is an N-component vector where the ith com-
ponent represents the neutron angular densities in the
ith group, Z is the diagonal cross-section matrix, and
C the group—group transfer matrix. The appropriate
space to seek a solution is, as in Ref. 5, the space

N _ N
X'=5 X,

.

As in the one-speed case, the computations are done in
a dense subspace of Holder continuous functions, and
can be extended to X, by continuity, 1!

We have the dispersion function

M) =(= -2C)C s - [} uD(z, 1) du, (162)
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where

D(z, p) = (eI - pz-)4, (16b)

As in Ref. 5, we consider the conservative case for
which det(Z — 2¢) =0. In this case K-! given by Eq. (14)
is not invertible on its range. Thus defining S as before,
ive., S=(K™~i", we find

sn(w)=B(w) {pnw) +=lc - [ B(s)ds [ sB(s)n(s)ds},

(17a)
where
B(p)=(Z - D™,

We have assumed z =1 is in the resolvent set of K-, If
not, any other point could be chosen assuming the spec-
trum of K does not consist of the entire complex plane.
Furthermore, we have assumed that detA(z) vanishes
as 1/z% as lz| ==,

(17b)

It is convenient to define
F(z,p)=(2I- pB(p)).
Then a direct computation gives
(21 = Sy V(1) = F(z, 1) {$(u) + B(n) R1(2)
x[Cct- ['B(s)ds]t [ tB() Fz, 1) 9(2) di}.

(18)

(19a)
Here we have defined

R(z)=I-[C" - ['B(s)ds]" [ B ) Fle, dt. (19b)

R is actually related to the dispersion matrix A(z),
Eq. (16a), by

Rx)=[Cc1- [ B(s)ds] 'z 1A(t 1 (2)) 2. (20)
Since detA(z) has a double zero at infinity, it follows
that detR(z) will have a double zero at #(<)=13¢. The con-
tinuous spectrum of K transforms into the semicircle
given by Eq. (5¢) and the additional eigenvalues of X
[zeros of A(z)] transform by v; —#(v;).

The eigenfunction expansion is again obtained by in-
tegrating the resolvent around the spectrum. The in-
tegration around the continuous spectrum can be trans-
formed into the identical form found in Ref. 5 (or see
the result for the subcritical situation which is also
identical)?? by the change of variable z’ =¢-1(z). Simi-
larly the integrals about the isolated point eigenvalues
v; can, by the same change of variables, be transformed
into the expansions met in Refs. 13 and 5. Only the con-
tribution from the double pole at +i remains to be eval-
ulated. Again the appropriate residue for a second
order pole must must be used.

We proceed to evaluate (1/274) Jr (21~ Sy W(n)dz =1I,.
We have from Eqs. (19a) and (20)

. A (t=1(2))
b= /(F(z,H)B(“)mz(_zﬁ

Ty

X% f_;‘ sB(s)F(z,s)zP(s)ds) dz. (21)
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From the diagonal expansion of the detA(z),* we find
2
detA(z) =det(2C-1x - 232) + 3 Trz- 1A (2) + 0(1/2%),

(22)

where A (z) is the cofactor matrix of A(z). Note by
definition of the critical multigroup problem, the first
term of the rhs of Eq. (22) vanishes. The second term
gives the residue which we need. The result is

L =3{Tra A=) A (=) [ si(s)ds

+ A=)z [ sh(s)ds). (23)
For use in solving transport problems, it is conven-
ient, if not essential, to recast this result as expansion

coefficients multiplying eigenvectors of K (or K-1).
This, in fact, is the form in which the result was ex-
pressed in Ref. 5. This is accomplished by represent-
ing A (=) as (details found in Ref. 15)

A () =2Tr[Z-1A (x)] ZE® &, (242)

where E and £ are certain null vectors introduced by
Ref. b,

A(»)E=0 (24b)

and

AT(©) T E=0. (24c)

The normalization £T¢ =% has been imposed. Using this
representation, we obtain finally the eigenfunction ex-
pansion of Ref. 5, which is

o
W)= 208, +do+ [ dunly(n), Bl

+( [ duplpn), 28D p-te, (25)

The first term on the rhs is surely the contribution from
the finite eigenvalues of K. This, along with ¢, is iden-
tical with the subcritical result obtained in Ref. 12.
Only the contribution from the eigenvalue at infinity is
essentially different in the critical case.

For the half-space expansion, again an “albedo
operator” E must be introduced. This operator has
precisely the same properties as in the one-speed case,
Sec. II. The appropriate E is

(Ed))z(oill)
- Xty [} s(e - o1ty - )% ye(s) ds]y,
= -1s Ou < 01

Pylogu), (26)

where X and Y provide the Wiener—Hopf factorization
of A, as in Ref. 5:

U->0;

Y(-2) X(2) = A(z). (27)
We now compute
(1/278) [ (21 - S EY(n)dz (28)

about the spectrum of S and thereby obtain the half~
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range expansion formula,

W)= 2 br, + e+ ([ s aslEvGs), ED g, (29)
where "’f; and Y are defined in Ref. 12.

V. CONCLUSION

We feel that the results of Refs. 2 and 5 have been
obtained obtained in the present paper in a much simpler
and thereby more elegant fashion. In particular we have
avoided the introduction of subspaces Y, and restrictions
of operators, etc, However, we point out that the meth-
od described here is quite general and will permit us to
study large classes of unbounded and/or noninvertible
operators. The problems posed by critical neutron
transport is that the point spectrum extends to infinity.
The “Larsen transform” utilized here reduces both
classes of problems to tractable form.
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Prolongation structures and nonlinear evolution equations in
two spatial dimensions. Il. A generalized nonlinear

Schrodinger equation

H. C. Morris

School of Mathematics, Trinity College, Dublin, Ireland
(Received 26 February 1976)

The prolongation structure approach of Wahlquist and Estabrook is used to determine an inverse scattering
formulation for a generalization of the nonlinear Schrodinger equation to two spatial dimensions.

1. INTRODUCTION

In earlier work! we have shown how to generalize a
prolongation structure® for an evolution equation in one
spatial dimension to one for a generalized equation in
two spatial dimensions. The equations

—iaatA:Ké%z—Jra%)A—ZA(é—m]’ (1.1)
d . 1/ 3 d

A ) e o2
2 9 1fa .

represent a generalization of the nonlinear Schrodinger
equation
924

3, A 2
irA= ax2+2A|A[

57 (1.4)

to several spatial dimensions.

We will determine an inverse scattering problem for
Egs. (1.1)—(1.3) by adopting the following strategy. We
will first develop, in Sec. 2, a previously unknown pro-
longation structure for the two-dimensional system

22 az>
(é? +=7)A=2A(® ~ ),

e (1.5)
o LT

The general procedure previously developed® will then
be used to extend that prolongation structure into one
for the system (1.1)—~(1.3). The Egs. (1.5)—(1.7) are
an example of a general class of equations which will
be determined and developed in detail in the next of this
series of papers. The method used is independent of
that used by Ablowitz and Haberman?® to determine

Egs. (1.1)—(1.3).

2. APROLONGATION STRUCTURE FOR THE TWO-
DIMENSIONAL SYSTEM

To determine a prolongation structure for the
equations

52 9t
(gx—z-l—@z—)A:-i-ZA(@—‘If), (2.1)

4 3 1/2 0
L\ __2fe O *
<ay ax>(b‘ 2(ax +8y>(AA »
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(2.2)

G} d 1/0 d

—_— W= - * 2.
(a_v ax )q; 2 (637 ax>(AA )y (2.3)
we must first settle on an appropriate closed set of

2-forms. It proves convenient to introduce the variables
R and L defined by

1 0 a
R = 3 (5—; +'§;>A,

1/0 0
L=3 <6y '_a}?)A’
in which case Eqgs. (2.1)—(2.3) are expressed in the
form

(2.4)

(2.5)

2 _ 2 \s_ X *
(ay - ax)q>_-(RA +AR¥), (2.6)
2 D)y —(rar +aL%) 2.7
dy  9x ’
L= —R, +A@® -¥), 2.8)
Rf=L* +A*@® - ¥), (2.9)

where (2.9) is equivalent to the conjugate of (2.1).

These equations together with Eqs. (2.4) and (2.5),
which define R and L, have an equivalent expression in
terms of the closed ideal of eight 2-forms, «,, a,, of,
a¥, a;, a4, ¥, &4 defined by

a,=dANdy-(R-L)dxNdy, (2.10)
a,=dANdx +(R +L)dxNdy, (2.11)
@y =d® Ndx +dy) - (RA* +AR*)dx Ndy, @2.12)
a,=d¥ N (dx —dy) +(LA* +AL*)dxNdy, (2.13)
a;=dLA dx =dRAdy +A(® - ¥)dxA dy, (2.14)

@y =dR*Ndx +dL*Ndv +AX® -=¥)dxAdy., (2,15)
Seeking a prolongation structure,
Q=dt +F(A, A*, R,R*, L, L*,®,¥, [)ax

+G(A’A*’ R,R*,L,L*,‘I’,‘I’,Qd% (2'16)
in the usual way, we discover that we can choose F and
G to have the forms

F=x, +x,A +x,A* +Lx, +R*x; +dx, +¥x,, (2.17)
G=1x; tx,A +x A% +L*x; —Rx, +&x,~¥x,, (2.18)

and that they must satisfy the Lie bracket constraint
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[F, G| where we have used the notation H,=3H/3p for partial
=(R —L)GA = (R +L)F, +(R* = L*)G 4 ~(R* +L*)F,,  derivatives, Substitution of (2.17) and (2. 18) into this

lationship produces the bracket relations on the vec-
~(LA* +LA*)F, +(RA* + AR*)Fy —AX(& ~ ¥ re
¢ Wy Mo —AX Ve tor fields x,. These consist of the simple bracket
~A(® -W)F,, (2.19) relations
]
[r, %]=0, [x,%]==(x+53), [x,%]=2%-%, [%,x]=0, [%,%]=0, [x,%]=-x, [x, %] =0,
[Xa’xsl';oi [xS,xq]:—xs, [x4:x5]:0, (%4, %61 =0, [xqax7]:0’ [x4,x9]:0 [xmxm]:"xw [%5,%6] =0, (2.20)

(x5, 2,1=0, (x5, %] =%10 =Xy [¥s %10l =0, [%4, %,]=0,
together with the more complicated constraints
[oeys 2] + [0y %] =0, [x0, %0l x5y %51 =0, [x1, %] +[%ey %61 =0, [, x5] ~ (%1, %] =0, [, %,0] +[%4, %,] =0,
(%2, 6] + [Xgy Xo] + %, =0, [xp, 5] + [y %] +x,=0, [x5, %] +x6 +530] +25=0, [, %,] + %10, ;] +2,=0. 2.21)

In order to determine a representation of this algebraic structure we adopt the procedure of completing the struc-

ture into a Lie algebra. In order to do this it is necessary to introduce additional vectors x,;, x5, %15, X4, and x4
defined by

[xuxg]:_xu: (¥1y Xpol=~ %12, [%1, X6l = = xy3, (27, Xg] = = %14, [a, %3] = = x50

We are able to embed the algebraic structure we have found previously into the Lie algebra defined by the nonzero
Lie bracket relations,

[k, 1= %1, [, Xl= =X, (%, %)= (=x,), [x, %)== (0 +x), (%0, %6]==%13, [x1,%]=—-%

(X1, %ol = = %11, (¥ 0] = =215y [X3, %55 ]= (2, +05), [0, Xaa) = (g = %1), [0, Xy5 ] =%, [g, %3] = — x5,

(Xp X5]= = Xgy  [Xg Xo]= =%y [XayXg) =Xz, [Xay Xpal =3(x, +x5), [¥g, Xi5]= %5, [, ¥1]= 255, [¥a, %15 =2x,,
[y, %)= = Xg, [XapXq]= = %5, [XayXgl=X12y [XayXp)=3(xg = 7)), [Xg, %3] == x5, (55, xpa]= = x5, [¥g, %15) = =255,
(g, X0l == %5y [y, ¥io] = (g = %15), [¥i3 = %1s)y  [%, Xusl= ~%gy  [Xa, Mg =%ay  [as Xis]= %0, [X5, %3] = (216, %),
(%o, %o | = Xey  [X5y X1y )= (s +X05)y (%o, ¥agl = =gy [%5, %10l =5, [5,%5]= =%y [, %] =Xy,

(Ko Xl = = Xy [Xe» X11) = %11y [Hes X1g) = = %3y [Xgy Xus)= =26, (X, Xp5)= =%, (X0 X = =214, [¥, %] =1,
gy | = = %y [%a Xi2 ]| =Xray  [Xs s =254, [Xs Xag] =%y, [, %ol = = X1y, [Xgs X10] = %12,

[xg, Xya =ty +%5),  [Xas Xral = (0 = %a),  [Xay Mgl =21, (%o, Xio) =y = X0 = %13),  [¥o, X2 ] =3 (%, = 1)),

(%o, X15] = %Xg, [Xor %14l =1%oy [X10y ¥ra]= =500 %)), [¥10, %13]= = ¥10, [¥1gy ¥ral = %105 (X105 ¥1al =511,

[, ¥ral = = %0, [ Xl =%, (%12 %is]l =% (%00, Xia]= = %12, (%10, Xis]= = %12y

with all other Lie brackets being zero.

3. FOUR-DIMENSIONAL REPRESENTATIONS v, U, U, U,
If one seeks a linear representation of the vectors x; vju, U, 0 0
of the form ulo o v U, , (3.3)
xingRt'b) (3.1) U3 U3 []4 0 0
vjo 0 U, U,
where b,=0/9¢,;, one discovers that a four-dimensional

can easily check that the R; defined b
representation exists in a special form. Each of the one 1y ! y

matrices R, can be expressed in terms of Kronecker R,=-U,®(U,-Uy), R,=-U,8U;, Ry=-U,®U,
products of the four two-dimensional matrices U, U,, R,=~U,®U,, Ry=-U,®U, R,=-U,8U,

U,, U, defined by
o R,=~U,®U,, Ry=-U,®(U,+U,), Ry=U,®U, (3.4)

=-U,®U,, R, ,=-U;®U,;, R,==-U;8U.
A A R T o Al
ngz—(U4—U1)®U1, R14:—(U1—U4)®U4,

From the multiplication table of the U, R, =U,®(U, -U,),
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provide vectors x, which form a representation of the
algebra (2.22),

We observe that a constant, to play the role of an
eigenvalue, in the resulting inverse §cattering equations
may be included by replacing R; by R, defined by

R,=R, +)\1 (3.5)

More generally, if C and D are any two matrices such
that

[c, D]=0, (3.6)

[F)D]""[C’ G]:O’ (3-7)

then F +AC and G +AD also give rise to a solution of
(2.19) and represent a general way of introducing a
parameter. The case {3.5) corresponds to the trivial
choice C=1I1, D=0, and proves sufficient for illustratory
purposes.

This representation leads to the prolongation
structure

Ql=dg' - (A +AL +£%)dx - (£ ay,

QF=dt® —(A*' +28% - Y dx - (M) dy,

Q3 =di® - (®g! +LE* +aL%) dx — (8! - RE* - ALY dy, (3-8)
Qt=dg* - (R*g +¥L% +ar) dx — (L*¢! - ¥ +A*E%) dy.

Sectioning 92! onto a solution manifold of Egs. (2.1)—
(2.3) gives the inverse scattering problem

(3.9)

Alternatively if we note that the interchanges U, — U,,
U, — U, are an automorphism of the algebra (3.3) we
can obtain a second representation of the algebra (2.22)
and construct the following alternative prolongation
structure:

Q' =dt' +(= ALt = WL = R*¢Ndx +(=A*? +¥2% - L*¢Y) dy,
QF=dt® +(=AL? - Lg% - dr*)dx + (AL +RE - 8L dy,
Q3=dt® +(5' = aL% —A* N dx + (=Y dy, (3.10)
Qt=dg* +(- 5 - AL =AY dx +(= ) dy.

Sectioning this prolongation structure yields the inverse
scattering problem

(3.11)
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4. A PROLONGATION STRUCTURE FOR THE
GENERALIZED SCHRODINGER EQUATION

Suppose that a two-dimensional evolution equation
which can be expressed in terms of a closed set of 2-
forms {a‘}, i=1,2,...,N, possesses a linear prolonga-
tion structure {a;, ¥}, i=1,...,N, g=1,...,M, in
which the 1-forms Q° are expressed by

M
QF=2; (Fldx +GEdy)® +dg® (4.1)
o=1
and suppose that
N N
AQP=) ¥, +2, NS AQ7, (4.2)
i=1 r=1

It has been shown® that the 2-forms {{2*}, defined by

. N
QE=QFAdL + Zl (GA —=FB)2r"dx Ady
+(A% dx +BEay) ndy?, (4.3)

where A and B are constant (M XM) matrices which
satisfy the conditions

[A,B]ZO’ (44)

(G, A]+[B, F]=0, (4.5)

provide a prolongation structure for a three-dimen-
sional evolution equation defined by a set of N 3-forms
{a,}, i=1,...,N, having the structure

a,=a,Adt, i=1,...,K, (4.6)
a,=a,Ndt+8;, j=K+1,...,N. (4.7)
The forms B8, are defined by the equation
N
2 f*18;=[(dGA ~aFB)c " n dx 1 dy. (4.8)
=K +1

For further details of the procedure, the original work
should be consulted. We note the similarity of Egs.
(4.4)—(4.5) with Egs. (3.6)—(3.7), which shows that

we could have delayed introducing additional parameters
until this final stage. We have called the forms {a,},
i=1,...,K, which are basically unaltered, lineariza-
tion forms and the remaining forms {a,}, j=K +1,...,
N, which are fundamentally generalized, the dynamic
forms. We shall use this nomenclature in the remainder
of this section.

For the system (2,10)—(2.15), the dynamic forms are
a,, 4 a5, & and Eq. (4.8) becomes

0
B B

Bs B

=(dGA =dFB) ndx A dy, (4.9)

0

where A and B must satisfy the Eqs. (4,4) and (4. 5).

The matrices
0 (0
i|1 0
1

A:+§ 0

0

satisfy (4.4) and (4.5) and give
33:07 ﬁ4:0,

i

B=~% dAAdx Ady, 6:%M*AdxAdy,

(4.11)
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corresponding to the generalized dynamic forms

By = o Adt ——lz-dA/\ dxAdy,

; (4.12)
Q= ¥ N dl +-2—dA*/\dx/\dy,

which yield to the generalized Schrodinger equations
(1.1)—(1.3). The generalization of the prolongation
structure (3.10) is given by

Ql=dg* Adt - (WL +ALE +£%)dx Adt - gPdy Nd,
QP =df®Ndt = (A*L+ag® =g dx Ndt -¢tdy N,
QP =de3Adt = (DL +LL% +Aa¥)dx Ndt - (DL ~RE?
— Ay Nt +5 [0 +AL)dx A dy +(dx +dy) g,
QU =dg* Ndt = (R¥g + g +arDdxNdt —(L*r - 0g?
+A*E%)dy Ndi +% [-(A*g! +agP)dxAdy

(4.13)

+(dx -dy) NdE®].

For the alternative prolongation structure (3,11) we can
choose
0 ~10
0 1

1
QA I L and B=+

AR 7|0l o (4.14)

to yield the nonlinear Schrodinger equation (1.1)—(1.3),
The corresponding prolongation structure can easily be
calculated from (4. 3). However, it is sufficient for our
present purposes of constructing an inverse scattering
problem to concentrate on the prolongation structure
(4.13).

Sectioning onto a solution manifold of Egs. (1.1)—
(1.3) gives the equations

Lr=Ag" HAL + 6P, (4.15)
o=, (4.18)
E=A%L FALE -8, (4.17)
=t (4.18)
B=dgt +LEP AL -0ty (4.19)
g3=9r' —RL® - ALt -31 L4, (4.20)
=R AV A i, 4.21)
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Ca=L*g' UL +A*L® +3i L2 (4.22)

If £} =0, then (4.15)~(4.22) reduce to Eqs. (3.11) as
expected. If £i=0 the Egs. (4.15)—(4.18) become

Ly=—AM—AL%,  2=A*p +aLR. (4.23)
Equations (4.19) and (4.20) become
3k =—GAA* +2%)¢! + (34, -2 4)E,
(4.24)

2L =(GAF +AAN +GAA* +20)E7,
which is equivalent to the standard Zakharov and
Shabat*® form of inverse scattering problem for the
nonlinear Schrodinger equation
. a 82 f2
z—A+a—y—2A+z|A| A=0, (4.25)
The case g;’:o can clearly be treated in the same way
but is basically the same,

If we use the Eqs. (4.16) and (4.18) to eliminate £°
and ¢*, we can reduce Eqs. (4.15)~(4.22) to the more
compact form

Ci=Agt HALE L), DE=Axgt AT =Ll (4.26)

5ib,=®L' —RLZ~ALL -1,

(4.27)
2Ly =~ LR+ WL AL+

This is the form of the inverse scattering problem for
the Eqs. (1.1)—(1.3). An alternative derivation of
Eqs. (4.26)—(4.27), starting from a general form of
inverse scattering problem and determining the Eqgs.
{1.1)—=(1.3), has just been presented by Ablowitz and
Haberman® and represents a complementary approach
to the same problem.
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Axisymmetric stationary Brans-Dicke vacuum fields
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It is shown that the axisymmetric stationary Brans-Dicke vacuum solutions can be obtained from the
solutions of the axisymmetric stationary Einstein vacuum fields and also the axisymmetric static Brans—Dicke

vacuum fields.

1. INTRODUCTION

To find the exact solutions to the highly nonlinear
Einstein’s field equations, the well-known methods of
Majumdar, ! Papapetrou, ? Ehlers, ® Buchdahl, ¢ and
Bonnor?® have been found to be very much useful, With
the help of these methods one can generate exact solu-
tions from the known solutions of the simpler situations,
In the Brans—Dicke (BD) theory,® the field equations
being more complex, it is natural to see if the solutions
to these field equations can be generated from the al-
ready known simpler solutions either of the BD theory
or of the conventional Einstein theory. This, in a way,
will not only reduce, to a large extent, the effort of
solving much more involved nonlinear field equations,
but will also provide a clear basis from the viewpoint
of physical interpretation of the solutions of the BD the-
ory. Along this line a few methods have been suggested
by Janis et al,” Buchdahl, ® and the present authors, °
These, however, provide the exact, but only static
solutions to the BD field equations. Recently, McIntosh!
extended this further by establishing the method of gen-
erating the axisymmetric stationary BD vacuum solu-
tions from the axisymmetric Einstein vacuum solutions,
This method, however, is not direct, It, finally, in-
volves a set of three differential equations to obtain the
solution of the BD field equations, In the present paper
we have established a direct procedure of generating
the solutions by the method of identification., This meth-
od was used earlier by the present authors!! to obtain
exact plane symmetric BD vacuum solutions. It is in-
teresting to note that the BD vacuum solutions so ob-
tained go over to the Einstein vacuum solutions when
the BD coupling parameter w tends to infinity, This,
of course, is in accordance with the requirement of the
BD theory. Further, we have also obtained a theorem
for generating the axisymmetric stationary BD vacuum
solutions from the axisymmetric static BD vacuum
fields.

2. FIELD EQUATIONS

In the canonical representation, the BD vacuum field
equations are given as

Ryy=~ ¢% 40,5 %45;:1 2.1)
and
g”¢;u:0, (2.2)

where w is the BD coupling parameter, and comma and
semicolon followed by an index denote partial and co-
variant derivatives, respectively. The axisymmetric
stationary metric is taken in the form
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(ds) = expRU)(dt + Wdd)*
- exp(2K - 2U)[(dx1)? + (@x®)*] - K? exp(- 2U)(d@)?,
(2.3)

where U, W, K, and k are functions of x! and x? only.
The significance of the choice of the stationary metric
in this form has been thoroughly discussed by Matzner
and Misner!? and Misra and Pandey. 13 The surviving and
independent field equations, from (2.1) and (2, 2), for
the line element (2. 3) are

2K, ih 2K,9h
2L(U,o) - (U, )]+ =5hod - =il

+ e_xg_}(ﬁg)_ [(W, )2 = (W, )]+ % (R, 92— b 1)

== (w+ 1)[(?,2)2 - (5,08~ (b,22—P,11)
~2(K - U )p,1+2(K 3= U,)p,s, (2.4)

K, 1k,

W W exp(al) | 1
7 o LT

== {0+ 1)p1b,2=b,12F &2~ U )p,1+ & 1= U b3,

2U'1U'2—E;Th'—1-

(2. 5)

Wit W,y - 'I],;_(I'V,lh.i Wk o) +4(W U+ W,U,)

== (W,10,1+ W,20,2), (2.6)
U1+ U+ ';1;)(“.1’1,1 + U ok o) + E%E_U) (W, )} + (W,5)*]

== (U,10,1+U,2,2), 2.7
Byt h == (kb1 ab,), (2.8)
and
Poi*bpt (0, + (b == % (B, +hob),  (2.9)

where ¢ =e” and subscripts 1 and 2 following a comma
denote partial differentiation with respect to x! and x?
respectively,

3. SOLUTIONS FROM THE AXISYMMETRIC
STATIONARY EINSTEIN VACUUM FIELDS

Let us consider Einstein vacuum field equations
(R;;=0) corresponding to the metric
(ds)* =exp(2V)(dt + Wadd) - exp(2K — 2V)
x[(@x')? + (dx*)?] - H? exp(- 2V) (@2, (3.1)

where W and K are the same as those given in (2. 3).
This set of equations (given in the Appendix and to be
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referred as A) suggests that H satisfies the equation

H i+ H =0, (3.2)
From (2. 8) and (2. 9), it can also be found that he?
satisfies a similar equation, viz.,

(Re?), 11 + (he?), 53 =0. (3.3)
This leads us to identify H with ke? as

H=he?, (3.4)
In view of (3.4) and the following relation:

V=U+3p, (3.5)

the set of equations A reduces in terms of U, p, £, K,
and W to

2K,1h 2K 2k
2L(U, o - (U] + S - =2l

+ E)%;(;_U') (W, )2 = (W,5)"]+ %l (r, 99 = 1, 14)

==3{(0,2* = (5,01 (p,22-,11) - 2(K,{ - U,,)p,

+20K,2=U,0)p, 2+ 2 (11,0 2P,2), 3.6)
20,0, - B2t Ktz BB i+ 2
==3p1ba= bt Ea-Up,
+ (K, 1= U,)b,3= % (10,2 + h2b, ), 3.7)
W14+ W= 3 (W, W,gh )+ 4(W, U, + W,,U.,)
== (W 19,1+ W, 30,5), (3.8)

1 exp(4U
Uit Ua+ 3 (Ui + Upsh )+ _g’ﬁl‘z'—)[("".z)z +(W,5)]

1
* 5Pt na (0, (0,8 R ap a0

== U151+ U20,5), 3.9)
and
(B3 Fh20) +2(R 1 b, +hop o)+ R[p, (b, + (P,1)2 + (1),2)2]
=0, (3.10)

On comparing the Egs. (3. 6)—(3.9) with (2. 4)—(2.7) we |

L% - 2mL +a?cos?®e

2_
ds)"= L¥+atcos’e

X (L% = 2mL +a?) 2/ 2ud) gip-4/ Qurdg [dt -

observe that they are equivalent if the following rela-
tionships are satisfied:

(w= 20,2 = (5,0 1= @/B)h,30,5- 1,1 ,1),  (3.11)
W=2),20,1=/R)(, 15,2+ 1,2D,4), (3.12)
and
D1t b2+ (0,0 + (P =~ (/B)(h, 1 p,s+ 1y D,,).
(3.13)

The Eq. (3.10) together with (3, 13) is equivalent to the
set of Eqs. (2.8) and (2.9). Hence the set of Eqs.
(3. 6)— (3. 10) along with (3.13) is equivalent to the set
of Egs. (2.4)—(2.9), provided the conditions (3,11) and
(3.12) are satisfied, That is, the BD vacuum axisym-
metric stationary solutions are obtainable from the
Einstein vacuum axisymmetric stationary solutions
when the relations (3.11) and (3.12) are valid. These
two conditions, however, suggest a relationship be-
tween p and 4 as

p=[4/@w - 1)]1nk, (3.14)
which in view of (3.4) determines p and %, in terms of
H as

p={4/@w +3)]InH and h=[H]%w-1)/Qusd) (3.15)

Thus, we find: Given any Einstein vacuum axisymmetric
stationary solution (U;, Wy, K,, H;), one can always gen-
erate a corresponding BD vacuum axisymmetric
stationary solution (Ug, Wy, K5, Hg), where

UB:UO_éln¢7 WB:WO’
KB :K(); HB: [HO](Zw-l)/(de)’

with the BD scalar ¢ being given as
¢ — [H0]4/ (2!04-3).

A useful application of this theorem is made to ob-
tain the BD vacuum solution corresponding to the Kerr
solution, The Kerr solution® in the form of the metric
(2.3) is given as'?

(ds)? = (dt)? - (L* + a* cos?0)[(d0)* + (dR)?]

2L (it +asin’6da),

- 2 2 02 2
(L +a°) sin G(dq)) 2+ cosio

(3.16)

where L=e®+m +[(m? - a®)/4]e®. In view of the above
mentioned theorem, the BD vacuum solution corre-~
sponding to (3.16) is

2amL
L2=2mL +a’cos

2
75 dtb] - (L2 = 2mL +a)?/ ?e*®

xsin4/(2w*3)0x (LZ + aZ COSZQ)[(de)Z + (dR)Z] - (LZ —9mL +a2)(2w+5)/(2w+3)sin2 (2w+5)/ (2w+3)9

LY+ a® cos?o
L2 -2mL +a®cos?s

x ey

with the BD scalar ¢ given as

¢ = (LZ —9mL +02)2/(2w+3) sin4/(2“"'3)9. (3.1 18)
It can be verified that for w — <, (3,17) reduces to
(3.16) and ¢ approaches unity. This agreement makes
this BD vacuum solution physically interesting and
hence deserves a critical investigation,
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(3.17)

'4. SOLUTIONS FROM THE AXISYMMETRIC STATIC

BRANS-DICKE VACUUM FIELDS

In the following steps, we show that the set of equa-
tions (2. 4)—(2.9) can be reduced to the set of BD vacu-
um axisymmetric static field equations. This is done by
introducing an auxiliary function L as

e~ = e? cosh2L, @4.1)
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and defining two relations by
PI/'1:— 2)\he”L'2 and W,2:27\he’L.1, (4. 2)

where A is any arbitrary constant, With the help of
(4.1) and (4. 2), the relation (2. 6) is identically satis-
fied and (2. 7) reduces to

1
Loyt Lot 7 (Lyhy+Loks)== (L b1+ Lsb).

h
4.3)
Equation (2. 4), in this case, reduces to
2X, 1k, 2X,oh,2 . 1
2[(L,2) - (L, )]+ T2k = SRl 2y~ )
h h h
== (w+1)[(p,2)* = (b,1)*]= (B,22- P, 11)
-2, - L )p,1 +2X 2 - L 3D, s, 4.4)
where the function X is defined to be such that
_ L+ ip,y
X =K+ m D1,
4.5)
_ Lotipe
X,Z_K,Z + p'z +h'2 7h, P'z.
Equation (2. 5) reduces to
X,1h,2 X,Zh.i 1
2Ll == 7 ke
== (w+1)p 1p2-b12+ X - L )p,+ X o~ L2, 1,
(4.6)
when the BD scalar ¢ =¢? satisfies
b,2h,1 =91k, 5. 4.7)

With (4.7) being valid, the integrability condition for Eq.
(4. 5) requires the BD scalar ¢ to satisfy

L¢,o=L 0 . {4.8)

But, in this process, the Eqs. (2. 8) and (2. 9) are not
affected. Hence, with the relation (4. 7) and (4, 8) being
valid, the Eqs. (4. 3)—(4. 6) along with (2. 8) and (2. 9),
now constitute the set of BD vacuum axisymmetric
static field equations corresponding to the metric

(dS)2 :eZL(dt)Z _ e2X—2L[(dx1)2 + (de)Z] = h2e-2L(d<I>)2.
4.9)
Thus, given any axisymmetric static BD vacuum
solution (L, X, #) along with the scalar ¢ satisfying (4. 7)

and (4. 8), one can construct the corresponding axisym-
metric stationary BD vacuum solution (U, W, K, k) with
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the same BD scalar ¢, where U, W, and K are deter-
mined from (4. 1), (4.2), and (4. 5), respectively.

It may be remarked here, that for ¢ =const this the-
orem reduces to that of Misra and Pandey'® ghtained for
axisymmetric stationary Einstein vacuum fields.

ACKNOWLEDGMENT

The authors are thankful to Professor G. Bandyopad-
hyay and Professor J,. R. Rao for their constant en-
couragement during the progress of this work,

APPENDIX

The set of independent equations from the Einstein
vacuum field equations R;;=0 corresponding to the
metric (3.1) are given by

2K H, 2K, 2H, »
L e A o e
e4V . ) 1
+ 2H§[(W,1) - (W )+ E(H,zz—H,u):O,
K,2H,1 K, Ha, e 1
2V,oV,1 - —H_1 - “"111_2 o WaiWet jH =0,

1
W, 11+ W99 — ;I(W.lH,i +WoH ) +4(W,V (+ W,V ,5)=0,

1 etV
VitVat 'I;,(V,1H.1+ V,oH, )+ S [(W, )2 +(W,)*]=0,
and
H tH,=0
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The n-bubble series in the theory of the classical one-

component plasma
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With the aid of the Mellin transform, an exact expression for the three-dimensional Fourier transform
G(k) of the renormalized sum exp[— Aexp(— r)/ r]— 1+ Aexp(— r)/r for n-bubble graphs is given in two
equivalent forms, where the plasma parameter A is not necessarily smaller than unity. Its several

properties, such as small and large k limits, are discussed in detail.

INTRODUCTION

In the usual nodal expamsion‘"4 of the potential of aver-
age force w,(7) =k Ting,(7) for the pair correlation func-
tion gz(r) of the classical one-component Coulomb gas,
we meet the well-known difficulty®® that the series of
w,(7¥) with respect to the plasma parameter A =¢%/

(ks TXp), where Ay is the Debye length, cannot be pur-
sued beyond the second-order term, when only the long-
range (Debye) resummation of the bare Coulomb inter-
action 1/7 is taken into account. This stems from the
nonexistence of the Fourier transform of the Debye
potential

(47/®) ﬂ)ndrrsin(kr)(e"/ﬂ"

for n> 3. To circumvent this difficulty, we have re-
course to the well-known trick due to Abe and Meeron®
which consists in the resummation to all orders of the
most diverging n bubbles, at »=0, with n Debye lines
curved together between the {two) root points, through
the expression (Fig, 1)

i _A)" T\ 1 . Ae~"
G(r):%:{( n!) (QT) —exp(= A" /¥) =1+ i Y

where 7 is measured in units of Ap. In order that the
nodal expansion be worked out for w,(#) in the Fourier
space, the actual quantity of interest is

G(k) :% fwdvrsin(kﬂ[exp(— Aexp(- ar)/7)
0
—1+A(exp(- ar)/#], (2)

where an arbitrary o (Rea > 0) is retained for the sake
of generality. ® This problem has apparently been treated
by several authors®” in the past. To our knowledge, how-
ever, neither an explicit expression of G(¥) nor a gen-
eral discussion of its properties has been given in the
literature. Also, let us notice that the technique of the
modified Mellin transform, first used by Iwata’ to study
the simpler quadrature

J=2mp? [ dr vexp(= Bg(1) - 1 +Bq(r) - (82/21)g* ()],
q(r) =e? expl{- kp7) /7,
is quite a powerful tool for the evaluation of the type (2).

During the study of the asymptotic behavior of chain
graphs in which 2 bubbles are combinatorially replaced
by higher-order bridge graphs, graphs which are not
taken into account in the usual hypernetted-chain equa-
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tion, we have had to renormalize a given bridge graph
of order »# with [ Debye lines and # nodal points (=1

- k). We also found it necessary to give a qualitative
indication on how bridge graphs of lower order (n=3
and 4) behave at large distances (for the Fourier trans-
form, this corresponds to the small & limit).

The purpose of the present work is therefore to give
mathematical support to our previous work® on the
asymptotic behavior of the equilibrium pair correlation
function in dense electron gas. The paper is organized
thus: Analytic derivation of Eq. (2) is given in Sec. 1.
Section 2 is devoted to an alternative evaluation of G(k)
by direct expansion of sink» in Eq. (2). Equivalence of
two results, Eqs. (10) and (15), is also discussed. After
having studied the convergency of the series (10), in
Sec. 3 we examine in detail both small and large 2
limits of G(®), corresponding respectively to large and
short distances of G(¥).

I. EVALUATION OF Gik)

The three-dimensional Fourier transform of G(7),
Eq. (2), can be obtained straightforwardly by means of
the Mellin transform

o¥ice

e —l+x == -2<0<-1, (3}

2m gai®

where T'{s) is the gamma function. Setting x =Ae™ /7,
we obtain

dsT(s)x~s,

4 7 . 1
G(k):?j;drrsm(ky)ﬁ

o+f A -8
xf dsf(s)(7exp(— ow)) , —2<0<-1

-1 ®

o+
JAr 1 dsT(s)A"s
k 2m Tef
X f dr v sin(kr) explasy), a<0, (4)
0

with Res € 0< - 1. The last step is justified by the ab-
solute summability of the integrand with respect to s and
v, respectively (Fubini’s theorem). Now, using the
formula®

Gir) = o+@+.@=+@+---

FIG. 1. Iwata’s sum G(r) representing the resummation to all
orders of the most diverging n bubbles at the origin.
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f dt 1! exp(— at) sin(bt) =T@)(a®+ b~ /?
0

b
Xgin (V arctan (5)> ,

b>0, Rea>0, and Rev>-1, (5)
we obtain

AZ a+ice
G(k) = 4 —1— dsT(s)T(s + 2)(a%s? + b)) /2

B 2T J,i=

) b
X sin [(s + 2)arctan<———)] , (6)
—as

where a=aA and b =kA, The restriction Re(s +2) > -~
necessary for I'(s +2) to be analytic at the right of s

= -1, can be easily relaxed by analytic continuation of
the integrand onto the left of the Mellin contour, where
T'(s)T'(s +2) has a double pole at s=~-n, n=2.

In order to prove that there is no contribution to G(&)
from the large semicircle at the left of the Mellin con-
tour, we first expand the integrand for large Isl. With
the aid of the identities

= b
F(s)=sin ((s +2) arctan(m»
3
ESin(-%+§pf)?+---)~-sin(9, [s|>1

and of Sterling’s formula

in[T(s)I'(s +2) ]~ (25 + 1)Ins - 25 + In2,
we have

lim |T(s)T(s + 2)(a2s® + b2)~ "2 /25 (s) |
18~

Ss-le-ZS

e
:277—?{‘;2—511'1(;) =A.
Upon putting s =p exp(i6), we see
2 b
Re Ind :1!1(‘(17 sma>
+p ln(%) cos(6) - [9 sin(8) + Zcos(e)] - Inp,
T/2+n<6<31/2-7

with lim,..n—~ +0. Since cos6 <0, RelnA% " -
ReAd - 0.

©, Thus
Q.E.D.

We are now ready to evaluate the residues of Eq. (6)
at the double pole s =-# of I'(s)I'(s +2), To do this the
Cauchy’s power series expansion of I'(s)!® is of the
order

. (=7 1
um s = (5
(7
where A, =7m%/2+ ¥ (n+ 1) = ¢’ (n+1) and () =T"(z)/

I'(z) is the di-gamma function. The straightforward cal-
culation then yields

1

T+ 2) = 5 o o D s+

{1+G+mn+1)

+ 9 -] +3(s +0)%A,+A,,

+2¢9(n - Dy + 1) ]+ O[(s +n)2T}. (8)
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-+ dn+1) +3(s +n)A,+0l(s +n)2]),

Now, given an entire function H(s) in the left of the
Mellin contour, we have

1 O+f® . )
7 )i ds T'(s)I{s + 2)H(s)
—i(di[l“(s)l‘(s +2)H(s)(s +n) ])
n=2 S=-n
Rl 1
%m[[d)(n— 1) +¥r+1)]H(-n
+<£H(s)) s;"], ~2<g<-1. (9)

Putting H(s) = (a®s? + 522 /2gin[(s + 2) arctan(b/
- as)], we obtain successively

H(-n)= —( co‘zzn) " sin{(n - 2)96,)
and
; an "2 an .
H'(-n) :(—cos(en)) [ln(—_cos(f?,,)) sin((n - 2)6,)

+6,cos((n-2)8,) + 2=

2 cosf,sin((n - 3) 9,,)] )

where tané,=b0/an, 0< 6,<7/2,

Finally we get the desired expression

4mA & 1 an \™?
Gle) = k L_’z I'n-1I'(z+1) (cos(e,,)>

{ [ln (ﬁ{;"» — -1y = dn+ 1)] sin{(n - 2}6,)

+6,cos((n-1)8,) + n—;—z cos8,sin{(n ~ 3)8,)

(10

This expression is equivalent to that given by Del Rio
and DeWitt.® To see this, it is sufficient to set, in their
Eq. (19), n=ik=(n?+k)! 2 exp(-1i6,) with tan(8,) =k/n.
Then after simple algebra we obtain'!

1
G(R)rw =3 C (k).

Il. ALTERNATIVE EVALUATION OF G(«) BY
EXPANSION OF sin (kr) IN EQ. (4)

Equation (4) can be rewritten as

477 T ( ) ® 2i4
%= 0(21 = f dv »(kv)
x[exp(=Ae™"/v) =1+ Ae™®" /7]

e ( ka)t 1 G+iwo . -
_4ﬂL(2l+1)' A ds T'(s)A

Gr) =

Xf dy v***Sexp(asy), Res<0, -2<g<-1.
0

(11)
Now with the 7 integration carried out with the change
of variable » =Af, we get

41rA , (RA)Z* 1
Glr) = Z =) (2l +D)1 21

g+im
X f ds T(S)I'(s + 21 + 3)(~ aAs)-(s2i*3)
[

)

(12)
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Next, since in the vicinity of the double pole s = - »,
T(s)T'(s + 2l + 3) can be expressed as

1
m+1)ITn - 20 - 2)s +n)?

1"(s)1"(s+21+3):_[‘

{1+ (s +n)[dn+1) + (n - 21 - 2)]
+3(s+n)?A, + A, 5
+29(n + (e - 21 = 2)]+ Ol(s + n)3]},
(13)
the s integration straightforwardly gives
2_717i f _u:ds ()T (s + 21 + 3)(— aAs)= (529

* (an)n-ZI-S

_ n-21-3
T+ 1) I (n-20-2)

(ln(an) +

—21)(n+1)—lp(n—2l—2)), a=al, (14)
Finally G(k) is given by

G(k) _4TIA2 (kA)zhl : ann-Zl-s
- I+ 5+ DT (n-21-2)

w_w(n+l)—w(n—2l"2))'

sy
A

X <ln(an) +

(15)

The radius of convergence of the series, associated
with that of sink7, is obviously ©. The two forms, Egs.
(10) and (15), are not a priori the same. In Appendix A
it is shown that they are indeed identical.

Hi. MISCELLANEOUS PROPERTIES OF G (k)
A. Convergence of the series (10)

The series is not uniformly but absolutely convergent.
To prove this we use for large » the asymptotic expres-
sion of the gamma and the di-gamma functions

I(n+1)=v2nn™1/2e"
and

1 3
lp(n)—lnn—é—n-—z;,zT—ﬂ,

[N

where B, is the Bernouilli number. Denote by u, the
nth term of the series. Then

0, 2! zT(i‘KF ("’ZA) . [(lnA - Inn) sin(k) + o(k)]

n n
IEFZKF (v, InA — w,) sin(k), (1)

with v, =(e*A/n)™! and w,=v,Inn. According to
D’Alembert’s ratio test'? for absolute convergence we
have successively

c Upal 2 s n n . n
Znl 520 - —eA -
lim e°A lim (n 1) ——~g(n 0 el lim [FSIL 0,

new Up . 1

w n
lim =" = eA 1i
im 1m——+—1)2

e Wp e (M

In(n +1)
Inn

1,1 )]
0 3t

nec

A n 1
=eAlime =7 [”m (1-

- 0.
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Therefore, 3 ,.,u4, is absolutely convergent for any
value of A. However, the series is not uniformly
convergent.

FPyoof: Construct the partial sum
RN,p(k, A) :uN+1(ka Aot uN+p(k, A)
e Ne A
~ i -~ N>1,
mSlnk"ﬁl(vnln w,,), 1 (17)

In our case v,,;/v,=¢e?A(1+1/n)"n/(n+1)% and, since
expln/(1+n)]<(1+1/n)"<e for any n, we have the
inequality

n 61/".

n v
A <l
€ m+1¥ o, eh n+1)?

Then

A .
Ui C2  for N4p>n=N+152,
n

v,

The first term in Ry , can thus be approximated by

Lo eA %L (eA)N) 2 <e )”*1
)~ —_— ~ — N - 1)!
Z}Jvnln N a0 N+ 1)1 (ed) N ( b

x{eyapa(eh) — ey y(eM)},

where e, (x) =37 %' /l!. In the same way, since

Wnst _ Umy In(n+1) v,

w, v, lnn v

for sufficiently large =,

Nj-\p N:‘p

2 Wy 24 U,

nsN+1 n=N+1
Therefore,

1 NG
Ry (R, A)= (Z—ﬂ)—n}—sin(k) In (—e>
XN-3 /2[9N+,>-1(6A) - eyalen)]. (18)

In order that IRy ,(k, A)| <€, € being an infinitesimal-
ly small positive number independent of N, we observe
immediately that the smallest integer value N for which
the condition is satisfied depends on A. The convergence
is nonuniform. ¢.E.D.

B. Limiting case a = 0 of Eq. (10)

Since the ratio /a=*k/a is independent of A, two
limiting cases have to be checked: ¢~ +0 and o —~+x=,

The limiting case @ =0 has already been considered
by Bowers and Salpeter.'® In our notation this corre-
sponds to the limit 6,~ 7/2 and thus cosf,=~ an/k.

Equation (10) then reads

T (RA)"
6 =3+ L T DT+ 9)

x| = {oln+1) + P+ 3) - In(kA))

X sin (%ﬂ) +%cos (n?‘n):l . (19)

Now the first term in the sum can be expressed in
terms of the Kelvin function
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1/2\2d | [Rr\ (1-R)![x%\
kerzx:i(?) ',f?gsm(?> k. \4d

b +— b x+1(x ’
—In 2) er,x 3 ei, 5\

X)_:, —H%%ﬁs—)sm( )[d)(k+ 1) + Pk +3)],
k=0

where ber,x and bei,x are also Kelvin’s functions re-
lated to a Bessel function of a complex argument through

the relation
ber,(x) + i beiy(x) =J,(x exp(+ i37/4)).

Setting x2/4 = kA and by the use of the power series
expansion of ber,x and beigx,

Z—‘E (BA)! sm ln ——berz (2VEA)
,Ol'l”(l+3) cos ’
be12(2w/ RA)
we finally obtain
4TA
G(R)o =37 (1= 2ker,(2vRA)]. (20)

This expression is equivalent to that previously ob-
tained by Bowers and Salpeter.'®

C. Small ¥ expansion, equivalent to large « limit

The small % expansion (k¥<< 1) of G(&), directly de-
rivable from Eq. (15), is of particular interest for the
asymptotic behavior® (r — «) of a Meeron line, when
we take into account the resummation to all orders of
the most diverging graphs at ¥ =0. In fact it allows us
to perform order by order the nodal expansion of the
potential of average force with finite graphs.?'® The re-
quired limit is reached upon setting b~ 0, cos(6,)~0
and therefore 8,~k/an in Eq. (10). To zeroth order in
k%, we recover Iwata’s result.” This is easily seen when
Eqg. (10) is given in the form

2
i1‘r514—1ﬂ [G(k) 41;3A 21‘ arctan(zka)]
© n=3
:A3(§T’f?{)—r-€;‘_j [1n(an) — $(n+ 1) = ¥(n - 2)]
va © (an)n-4 ) A3 ZJ (an)n-a

ot D+ 1D - 3) 2L+ )T - 2)

X(ln(an) +n%3_ Yn+1) - d(n- 2)), a=al, (21)

This is identical to Iwata’s expression except the
multiplicative factor A3, Now, with only the zeroth- and
the first-order terms with respect to 2% in Eq. (15) re-
tained, G(k) assumes the form (a=1)

G(k) = 47AZ[A(A) - B(A)R?), (22)
where
(An)n-s
A = 4+AL’ T+ DI(n-2)
X (ln(An) +n%_ Pr+1) - P(n-~ 2)) (23a)

and
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11 A A2 2 (An)™S
1A AT s W)
B(A)“e[s 54796 " LT+ DIm-)

X (ln(An) +'%5 —dn+ 1)~ d(n = 4))] . (23pv)

Two functions A(A) and B(A) are positive and decrease
monotonically with A, The corresponding G(v), Eq. (2),
shows a Debye-like decrease at infinity through the
relation

G{r) "2t A2a exp(- B7) /7, (24)

with @=A2/B and 8={A/B)!/2. Note that A(A) and B(A)
are also defined as integrals'® (see Sec. 2),

A(M) :7}2 jo‘”dr Plexp(- Ae”/¥) = 1+ Ae™" /7] (25)
and
B(A) :3*!1K2 j:drr"[exp(— Ae/¥) =1+ Ae™/¥],
(26)

Next, when we relax the condition |#%i<<1, Eq. (22)
certainly breaks down. In this case we have to include
higher order terms in the ¥* expansion of G(k). Slightly
modifying Eq. (15), we write G(k) in the following form:

Gk = 47025 ()1 A (AR, (27)
1=0
where
1 ° ¥, -X 7
A;(A):m ][; dr v* ?‘[exp(—Ae /-1
+Ae™7/¥] (28)
B A2 [zi_\;a (_)n I‘(2l+3—£)
TR+ L nt (edn)PM
© (aAn)n-Zl-S
+ ";‘:‘,),3 T+ DI(n-2i-2) (“‘WM)

n=21-3
+_—.
n

- +1) = dn-2- 3))] . (29)
A large A limit of A,(A) with [ fixed is discussed in
Appendix B.

Extensive numerical analysis of #,(A) as a function of
A has been carried out on the computer UNIVAC, first
by summing up the infinite series (23a) and (23b) with
a prescribed convergence criterion, and then by direct
integration of Egs.(25) and (26) by means of the Gauss
quadratic method!* (6 subintervals, 24 points in each).
We have verified that, for 0.1 <A <10, two methods
give the results with absolute error smaller than 108,
For those values of A greater than 10, only the integra-
tion method is used, because of a slow convergence of
the series. Numerical values of 4,(n) for 0<1 <17 are
given in Table 1.

Now it is interesting to see to what extent the trunca-
tion of the series (27) may well represent the true G(k).
One way of testing a validity of the approximation, Eq.
(22), is to evaluate poles of the integrand for the w,(7)
integral
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TABLE 1. Coefficients A;(A) in the k% expansion of G(k).

A AN Ay(A) A8 A(A) A As(8) A A B
0,5 1.6298(-1) 1.9551(-2) 3.0760(- 3) 5.5536(—4) 1,0833(—4) 2,2181(~5) 4, 6930(- 6) 1,0155(—6)
1,0 1.3356(-1) 1.8570(—2) 3.0311(~3) 5.5277(—4) 1.0816(—4) 2,2169(- 5) 4,6929(— 6) 1,0168(-6)
1.5 1,1558(—1) 1,7761(~2) 2,9894(-3) 5.5026(—4) 1,0799(-4) 2, 2156(—5) 4,6919(-— 6) 1,0168(— 6)
2,0 1,0292(- 1) 1.7070(-2) 2,9504(=3) 5.4782(—4) 1,0782(-4) 2, 2144(-5) 4.6910(- 6} 1,0169(— 6)
3.0 8.5724(~ 2) 1.5929(-2) 2,8791(-3) 5.4314(—4) 1,0749(-4) 2.2119(- 5) 4, 6890(~ 6) 1.0167(— 6)
4,0 7.,4267(-2) 1,5007(-2) 2,8150(~3) 5.3869(—4) 1.0717(-4) 2,2094(—5) 4, 6871(~6) 1.0166(— 6)
5.0 6.5929(- 2) 1.4236(—2) 2,7565(— 3) 5,3444(—4) 1.0685(—4) 2, 2070(— 5) 4, 6851(—6) 1.0164(—6)
7.0 5,4403(-2) 1.2998(-2) 2.6530(—3) 5,2646(—4) 1,0624(—4) 2.2022(-5) 4,6812(~ 6) 1.0161(— 6)
10.0 4,3672(-2) 1.1619(-2) 2.5223(=3) 5.1557(=4) 1.0537(—4) 2.1952(- 5) 4, 6754(— 6) 1,0156(~ 6)
15,0 3.3381(-2) 1.0021(~2) 2, 3480(-3) 4,9962(—4) 1.0402(~4) 2,1839(~5) 4, 6660(~ 6) 1.0148(- 6)
20,0 2.7273(-2) 8.9034(-3) 2.2094(- 3) 4,8573(—4) 1.0276(-4) 2.1732(-5) 4, 6568(— 6) 1,0140(- 6)
25,0 2.3174(-2) 8.0612(-3) 2,0946(- 3) 4.7338(—4) 1.0160(-4) 2,1628(-5) 4, 6478(— 6) 1.0132(-6)
30,0 2,0211(-2) 7.3963(-3) 1,9969(— 3) 4,6226(—4) 1.0050(—4) 2,1528(— 5) 4. 6390(— 6) 1.0125(— 6)
40,0 1.6183(~ 2) 6,4003(— 3) 1.8375(-3) 4,4283(~4) 9.8493(-5) 2,.1338(—5) 4, 6218(~ 6) 1.0109(- 6)
50,0 1.3550(—2) 5, 8795(— 3) 1,7111(=3) 4,2623(—4) 9.6677(~5) 2.1160(-5) 4,6053(— 6) 1.0094(— 6)
70,0 1.0289(-2) 4, 6885(~3) 1.5194(-3) 3.9889(—4) 9,3486(—5) 2,0831(-5) 4, 5738(~6) 1.0065(— 6)
100, 0 7.6138(~3) 3.7706(-3) 1.3197(-3) 3.6735(—4) 8,9487(-5) 2.0393(-5) 4, 5299(~ 6) 1.0023(~ 6)
150, 0 5,3528(— 3) 2,8933(-3) 1.1036(-3) 3.2922(—4) 8,4180(-5) 1.9767(=5) 4,4636(—6) 9,9578(—17)

2A * 1
wy(7) =, f dk ksin(kr) (— 2t
o :

[-1/%% +H(k)]2>

1+1/K2—H(k)

H(k) = G(k)/4TA

which is just the first step of an iterative process that
leads to the HNC equation. We note here that the evalu-
ation of w,(r) by a contour integral, as was done pre-
viously by Del Rio and DeWitt, % is one place where an
exact analytic form of H(k) has a real utility, although
the complicated Eqgs. (10) or (15) are certainly unneces-
sary to obtain numerical results for w,(r).

When G(k) is replaced by Eq. (22), the equation

1+1/k°-H(k) =0 (30)

yields two purely imaginary roots which coalesce at
k=Fk,=1.807 with the corresponding critical A value
A,=7.307. This result ik, >1, which agrees apparent-
ly well with the recent Monte-Carlo data, 16 surely in-
validates Eq. (22). In view of estimating how many
terms we have to retain in power series (27), we
first solve Eq. (30) by using the full expression (10) for
G(k). Two purely imaginary roots coalesce this time at
A, =4.247 for k,=1.498{. This is in excellent agree-
ment with Del Rio—DeWitt’s result.® Next we approxi-
mate H(k), successively, by truncating the infinite power
series (27) at the order %%, £!', and k! i.e.,

2(2v+l)

H () =A 25 (=)A,k%, v=1,2, and 3.
1=0

Solutions to the equations 1+ 1/k%* = H¥(k) =0 are plotted
in Fig. 2. As far as the lower part of the v — A curve

(v = —ik) is concerned, H®X%) is apparently satisfactory
for A <A_. To evaluate a correct A, value and complex
roots for A >A,, however, H®(k) is found to be a good
approximation of practical use, in that curves of com-
plex roots always stem from the coalescent point (A,
v,). With regards to the upper branches of the v ~ A
curve, we realize that the curve (a) obtained from the
complete expression, Eq. (10), is the only correct re-
sults, i.e., an accurate computation of the upper roots
requires all powers in #* of H(k). Evaluation of two
complex roots for A > A, with the use of the exact form,
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Eq. (10), and analysis of their behavior in the A —=
limit!" are still left open to further study. As an indica-

tion, those complex roots are also plotted on the same

figure.

All these technicalities serve as the basis for the
evaluation of the onset of short-range order through the
appearance of oscillations of the pair correlation function

(3 A
1 L L 1 L 1 1 "

0 1 2 3 4 5 6 7 8

FIG. 2. Numerical solutions to the equation 1+ 1/k*—H(k)=0,
(a) with the full H(k), (b) with approximate H® (&), (c) with
approximate H'?(2), and (d) with approximate HY%). For
A>A,, complex roots obtained with H?(k) and H® (k) are also
shown.
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TABLE II. Comparison of G(»), Eq. (1),

and its asymptotic form, Eq. (24),

(a) A=1.0 (b) A=5,0 (c) A=10.0

r Eq. (1) Eq. (24) v Eq. (1) Eq., (24) ¥ (1) Eq, (24)
0.5 5.1035(-1) 5,0259(— 1) 0.5 5,0676 5, 2051 0.5 11.131 12.453

1.0 6.0080(— 2) 6.5741(—2) 1,0 9.9831(— 1) 8,8736(—1) 1.0 2.7040 2.3619
1.5 1.0535(~ 2) 1,1465(~ 2) 1.5 2.1909(~1) 2,0170(—1) 1.5 7.1346(=1)  5.9728(~1)
2.0 2.2387(—3) 2,2496(— 3) 2.0 5,1292(— 2)  5.1578(—2) 2,0 1,8498(~1)  1.6992(—1)
2.5 5,3318(-—4) 4,7080(—4) 2,5 1.2768(—2) 1.4069(—2) 2,5 4,8458(—2) 5,1564(-2)
3.0 1,3695(— 4) 1.0264(—4) 3.0 3.3494(-3)  3,9973(-3) 3.0 1.3040(—2) 1,6300(—2)
3.5 3.7113(— 5) 2,3014(=5) 3.5 9,1725(—4) 1.1682(~ 3) 3.5 3.6172(~3)  5,2996(—3)
4,0 1,0467(~ 5) 5.2681(~ 6) 4,0 2.6009(~4) 3.4851(—4) 4,0 1.0325(—3)  1,7590(—3)
4,5 3,0446(— 6) 1, 2250(— 6) 4,5 7.5866(—5) 1,0562(—4) 4,5 3.0222(—4)  5,9309(—4)
5.0 9.0759(—"17) 2,8843(— 1) 5.0 2,2649(-5) 3,2412(—5) 5.0 9,0393(—5)  2,0247(—4)
6.0 6.0 2,1319(- 6)  3.1399(— 6) 6.0 8.5219(—6)  2,4278(— 5)
7.0 7.0 2,1208(~7) 3.1287(-7) 7.0 8.4813(—=T7)  2,9942(—6)
8,0 8.0 8.0

9.0 9.0 9.0
10.0 10.0 10.0

a=0,9606, B=2,6818 @ =17.6332, B=2.1520 @ =16,415, g=1,9387

Z»(r) around unity, as discussed explicitly for the first
time.® We must emphasize that the critical value A,

=4, 225, in accord with the previous Del Rio—DeWitt
estimate, ® does correspond only to the pole contributions
The branch cut contributions from 27 to <7 will be con-
sidered in a forthcoming work.

Finally, we check the validity of Eq. (24) by com-
paring it with Eq. (1). In contradiction to the asymptotic
theory of the inverse Fourier transform, Eq. (24) is not
a bad estimate, even for rather smaller values of 7,
namely, in the region 1 <» <3, whenever A <10. (See
Table II. )

D. Large k expansion

The simplest way of establishing a large % limit is to
start not from Eq. (10) but directly from Eq. (2). We
first rewrite this in the form

= [,"dvsin(kr) f(r),
with
f) =rexp(-=Ae”/7) - r+Ae.
Obviously f(7) verifies f(0) =A, (=) =0, f'(0)
=-(1+A), and f'(») == 0. Also f(») is continuously dif-

ferentiable for any value of . Therefore, by the second
mean value theorem, we obtain

[F(e)| <A+ 0) | [ drsin(er)| < 20 /k.

Hence, F(k) and G(k) consequently decrease to zero
as |k|—, Now by successive integration by parts we
get

F(k) = ((+o) %gf"(+0)+;1¢f‘4’(+0)+---

+Sk§#f‘2">(+ 0+ R,,(k)) R

where

R, (k) = %22,—" fowdr cos(kr) ™ (y),
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Here, as will be shown below, we have set /{4 =)
=f®N+)=-.-=0. The remaining term R,(¢) is bound-
ed, since

} fow dr cos(kr) fe™1(7) |

< [T ar| e | = £+ 0)] <o

In view of these results we are led to evaluate f™'(»)
for n> 2. First we have
) =[r exp(= Ae /7)]™ -

where 0, is the Kronecker delta. To evaluate
[ exp(- Ae"/7)]™, we recall the formula

(plotx)]) ™ = 27—1 MUCY) ( (z)[— w(x>]"5[w(x)ﬂ‘">).
Upon setting ¢ =exp[d(»)] and #(») =~ Ae~ /7, we ob-

tain after elementary calculations the following
expression:

81 + (=)™,

m=0

£ =2 (:;)r‘"""’[exr)(— AeT/r)]m

- 6,1+(=)"Ae”, (31)
where
X f(n
- ( )7("""’[exp(— Ae™ /r)]m
m=0 \""
s( s)

=n! exp(~Ae”/7) [”Z_/llv ( -r)lszl;(i) - m

4
n -1 11

oo m=m)m! (s7) ,JZ' port

(— )l ot (s 4+ m- 1)1 1

(s—l)',,,o(n Tt (sr)"‘-l’ n=2. (32)
We thus observe that ¢ (+ %) =0 for #> 2 by virtue

of the exponential factor e™/». On the other hand, we

obtain f™(+ 0) = (-)"A because of exp(=Ae~’/#). It then

follows that

FEM(40) =A (33)

Y. Furutani and C. Deutsch 297



Since lR,,(k)l <A/1k1%, G(k—=) is calculated to give

47A 1 1 w1
G(k) = F(k) = (1_—’;2+E¢_ +(=) W)
47A (_)ml)
=155 I~ J- (34)

Thus when the integration by parts procedure is re-
peated sufficiently many times (z— =), one can let the
remainder be as small as possible. We finally obtain
the Debye limit

G(R)*==anA /(1 + kY, (35)

which is the obvious limit of Eq. (1) for small 7.

Let us remark here that the large k limit is equivalent
to the small @ limit of G{k) which has already been dis-
cussed in Sec. IIIB, since, in Eq. (10), % enters in the
infinite sum through 6, only. To prove this, we may use
an asymptotic formula, due to Titchmarsh, '8 of the
Fourier sine and cosine transform F (k) and F,(k) which
is valid under rather restricted conditions. Let x(v)
=7 Y(v) where 0 < <1 and ¥(») is of bounded variation

in the interval (0, ). Then
Fk) = [," dr sin(kr)r=y(») (36)
~(+ 0 (1 -~ @) cos( 3 ) Bt | k|- o, (37

F,(k) is obtained with cos(ma/2) replaced by sin(ra/2).
We apply this to Eq. (4) and examine the asymptotic
limit of the integral J;°dr »** sin(k) exp(s#), with Res
< -1, Setting =~ (s+1) in Eq. (37), we find
lim dr ¥** sin(k7) exp(sr) = = [(s + 2D sin(%s~)
izt-w Jo

(38)
with - 2 <Res <=1, which just corresponds to the
Mellin contour. The remaining procedure to obtain
G(k) for large % is similar to that given in Sec. 1. The
result is

47 1 " R -s i (TS
G(k) =~ ~ 5w /M‘ds C(s)(s +2)(RA) sm(2 >
4r S (RA)?

:?Lm[ [ +1) +9(+3)

~ In(kA) ]sm(l2 )+ Zcos(lzﬂ)],

which is Eq. (19). The large # limit of G(k) is thus
Bowers—Salpeter’s expression, Eq. (20), which reads
in the asymptotic limit

1/4
~——g—4ﬂA [1 - ﬁ__‘nl_expé— b )cos (2«/3 +%—ﬂ)] ,

G(k) i

b=FkA. (39)

Although the correction term is quite different from
that given by Eq. (34), the dominant term in two ex-
pressions is just the Fourier transform of the bare
Coulomb potential.

IV. CONCLUDING REMARKS

With regards to the onset of shortrange order for
,(¥), qualitative and physically meaningful results®:®
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have already been obtained by the method of residues
which takes into account only those poles closest to the
real axis of the complex » plane. Nonetheless, a more
quantitative analysis, which also includes the contribu-
tion to g,(») of all other poles located farther as well as
the branch cut lying on the imaginary axis 2i <k <iwo,

is still required in order to definitely settle this prob-
lem. This will be undertaken in a forthcoming work.
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APPENDIX A: PROOF OF THE EQUIVALENCE OF
EQ. (15) AND EQ. (10)

For the most general proof we start from the
expression

2ym/2 . _f\ (=) 2141 m!
(1 +x?) 51n(marctanx)—l>_=,0(21+l)!x TN

[x]<1. (A1)

It is readily seen that, for a given m, the infinite sum
over ! is automatically trucated when m < 2! by virtue
of the relation

1 1 1

lim s =g == =0 L2
First, setting m=n~2, n>3, and x="FkA /an in Eq.
(A1), we get
i (_)l (kA)Zli-l—‘“—l_-——
2RI+ DT T(r-21-2)

1 sin[(n-2)8,]
“Tm-1) cos™(6,)
Next, differentiating (A1) with respect to x and then
setting m=n—-2, n= 3, and x =kA/an in the resulting
expression, we obtain

f) )} (kA)Z"121+1 1
21+ 1)1 \an n I'n-=21-1)

(A2)

sin(0,) cos((n - 3)6,)

n=2 1
- 0s"™%(0,)

n TI'(n-1)

Finally we shall prove the identity

1=0 (21 + 1)1 Th-21-2)
“I-1) ios"-?(o ) [(*”(” - 1) +In[cos(6,)]
n-2

+

sinz(9")> sin{(n - 2)6,) - (9" _n-2 sin(G,,)cos(B,,))

(A3)

Xcos{(n-2)8,) + n=2 sin(8,) cos((r - 3) 9,,)] .

Proof: Differentiate Eq. (A2) with respect to n, by

using the relation

d 1 _d __¥n-1)
dnTm-1) dzT(z-11,, Cxr-1"
We then obtain
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5 =) (EA)ZI’lw(n—Zl-Z)
TR ) \an Fn-2l-2

Z2=n

_d 1 sin((z-2)8,) | |
Tdz |T(z-1) cos®™4(6,)

FAn-2 1  cos(8,) cos(ln~3)6,
an n Tn-1) cos™2(8,) :

Evaluation of the first term then yields Eq. (A3).

Q.E.D.
Collecting the results obtained, we get
I (&) w1
o2+ \ an I'(n-21-2)
— +
X(ln(an) + 2 2~Zln 1 Pln+1) = vln ~ 21 - 2))

1 an
“Tn-1) cosTZ(B,,){[ln( cos(9,,)> - ¥+ 1)

~ P~ 1)]sin((n -2)8,) +n—;~2— cos?(6,)

Xsin({rn ~ 2)8,) + 8,cos((n - 2)6,)

2 sin(8,) cos(6,) cos({n — 2)0,) }

Combination of the second and fourth terms by tri-
gonometric algebra recovers Eq. (10). Q.E.D.

The above derivation does not apply for n=2. The
n=2term in Eq. (15) can be correctly evaluated when
we recall the relation

ZP(Z) mol
lim 555=)

Then the » =2 term reads

,(k/2a) 2142
r(3)Z( T - ()
_1ls ) (B/20)% Y (k
“p 4 Tare =graretan(yg)
Thus, when a=1, we obtain
amn?f 1 L (pA)2
G(®) *T[zv arctan( >+Z)( (O

© (An)n-ZI-B
Xfi ra+1rk-21-3)

(In(An) +n—_rzzl-:§

- w(n+1)—¢!(n—2l—2))]. (A4)

APPENDIX B; LARGE A LIMITS OF A, (A)

After integrating Eq. (28) by parts once, we can write

}41(A) as

1 1
A’(A):K(l—(2l+l)!(21+3)

X f@drrz“l(l +7) exp(~ 7 - Ae"/’r)) . (BY)
9

Now, in order to evaluate large A limits of 4,(A), let
us consider the integral

L(A) = [,"dr v exp(= 7~ Ae” /7). (B2)
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Introducing a new variable » = A'/%y, I (A) becomes

LA =772 (% gyexpl- A 2h(w)),

where h(u) =u + (1/u) exp(~ VA u) = (a/V'A) Inu. Denote by
4 2 solution of () =0. Then, dividing the integration
range into two subintervals [0, «.] and [#«,*], we can
apply the Laplace approximation to each of the two in-
tegrals, since exp{— VA h(u)] has a sharp maximum at
u=u.. The result is

o+l

I,(A) e — x: exp(@ )1 +erflz,)], (B3)

where Xy = VA tte, 24 =[(1+ a)xy, /(1 +x,) + (xq — @)
X(1+x,)F2/V2 and @q =0 —x,(2+x,)1/(1 +x,).

Then

e Ve 1
Audar s (1 - Tm) [0 (A) +15y.,(A)]

(B4)

Accuracy of the above expression depends crucially on
a value of x, which we could obtain from the recurrence
relation (x, =lim,..x,)

valid when VA > a. In this case a starting test value
x9=1n{A/InA) ensures a rapid convergence of iteration.

Finally, in order to corroborate Eq. (B3), the use of
the Laplace approximation must be justified. To this
end, consider the integral [; dr»+* exp(- » - A/¥) which
may be considered as a loose bound of I,{A), since
Ae™/y <A/r. With the aid of the identity

® 4A
f drexp(~ Br -~ A/¥) :—;Kl(z), ReB>0, ReA=0,

0 ;
(B5)

where K,(z) is the modified Bessel function of order 1
and z = 2(BA)' /%, we obtain

® _ (3 aa Kl(z))]
j; drv* exp(-r-A/v)=(=) 4A[83°‘( . o

Using then the formula for the derivative

S I G

=(=20)"K, ,(2VA) /(2VA)**,

we have
f;drw” exp(— 7~ Ae/¥) =20V /2 (2VA). (B6)

Then in the limit A - with fixed @, the asymptotic
expansion for a large argument of K,.;(2VA) is in order
and yields

f dr v* exp(= v = A /7) A2V A @1 /2 oy (— 2VR),
a

(B7)
a result which we can recover by using the Laplace
approximation.

To finish it seems interesting to give below some
properties of 1,(A): (1) I, (A) obeys the recurrence
relation
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X9 1 0
(rarm)e=a3 (1235 o,

(2) When I(») is known, I,(}) is a solution to the differ-
ential equation

1 7 \*
ET(I‘A'a_Q I(A)

) Ad d
:(l +—&5)—\>'(1 +§'a—7\><1+7\a_)\)10(>\): (B9)

which is not yet solved.
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A classical Markov process in nonequilibrium quantum
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We obtain, from the exact microscopic, reversible, dynamics of an oscillator coupled to a heat bath, a
classical, Markov stochastic process, for the energy of the oscillator. Also, the corresponding macroscopic
phenomenological equation, describing an irreversible approach to equilibrium, is obtained.

1. INTRODUCTION

A central problem in nonequilibrium statistical me-
chanics is to explain how a large assembly of particles,
whose microscopic laws of motion are reversible, can
generally admit a contracted description in which a rel-
atively small number of macroscopic variables evolves
according to some self-contained, irreversible pheno-
menological laws (e.g., hydrodynamics, heat conduc-
tion).!?

In Refs. 1 and 2, it was proposed that such laws may
be extracted from the microscopic equations of motion
by means of a two-stage program. The first stage cor-
responded to the derivation of a classical, Pauli, master
equation for the macroscopic variables; and the second
stage, to the derivation, from the master equation, of
phenomenological equations of motion.

The object of the present paper is to carry out a sim-
ilar program in a rigorous way for a particular solvable
model. This is the model of Ref. 3, consisting of an
oscillator coupled to an infinite heat bath: Models of this
type have been treated elsewhere with different purposes
(see, e.g., Refs. 4=7). For the macroscopic variable,
we consider the energy of the oscillator. Qur main re-
sult is that this variable evolves according to a law
which, in a certain well-defined limit, corresponds to
a classical Markov process. ®°

In Sec. 2, we describe the model and certain of its
properties, then we consider the existence of the Van
Hove limit for the time correlation functions of the en-
ergy of the oscillator corresponding to a KMS state!’s!! of
the composite system {Sec. 3). Through these time cor-
relation functions, we obtain the classical Markov pro-
cess, with specified diffusion equation, obeyed by the
energy variable of the oscillator (Sec. 4). Finally, (Sec.
5), the corresponding phenomenological equation is ob-
tained from the diffusion equation.

Throughout this article, we shall use the following
notations. The standard symbols Z,, R, R,, and C will
be used to denote the positive integers, the real line,
the positive reals, and the complex numbers respec~
tively. z will denote the complex conjugate of ze C. If
H is a Hilbert space, we shall denote by (., -)y, the cor-
responding inner product (linear in the second variable).
The Fourier transform of a function f on R will be de-
noted by f, with the convention that (cf. Ref. 3)

) =@m1/2 [ Zdy fly) exp(- ixy) VY xcR.

Finally, we shall use 7i=1.
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2. THE MODEL

In this section we set up the model, which is a slightly
different (less general) version of the one considered in
Ref. 3, together with some of its consequences, most
of them worked out in Ref. 3.

Let H be a complex Hilbert space, and T a strongly-
continuous unitary representation of R in H, whose in-
finitesimal generator is 74.

We render A4 {(H), the set of all complex-valued func-
tions on H with finite point support into a * algebra by
equipping it with an involution A —A* and a binary multi-
plication (A, B) - 4B, according to the formulas

A*(n=A(-pH wvfecH (2.1

and

(AB)(f)= 22 A(Q)B(f - g) exp(iIm(f, &)y) YfeH. (2.2
[4S971

The set # of all faithful Hilbert space representations
of A(H) is nonvoid, and the map A — Al = sup,¢ 3 1T(A)
of A(H) into R, is a C*-norm on A (H).!? The C*-algebra
of the CCR over H is the completion A (H) of A (H) with
respect to this norm, If, for each fc H, we define 6;
A (H) by the formula

1 =
5,(2) :{ for f=g,

0 for f#g, (2.3

then;4_(H) is the norm-closed linear span of {G,Ife H}
and 8, is the unit element of 4 (H).

Let S(H) be the set of all states on A (H). The charac-
teristic functional T': H - C, corresponding to the state
w is defined by

I(N=w(d;) VfcH. (2.4)
Let Ty : R~ AutA (H) be defined by the formula
(o (DAY P =A(T(-t)f), VYAcAMH), fcH, tcR. (2.5

The automorphisms 7,(R), induced by the transforma-
tion T(R) of H, represent a quasifree evolution of A (H),
(cf. Ref. 13).

Let 5(H, T) be the triple (4 (H), S(H), 7;). We consider
this triple to represent a physical system, whose dyna-
mical variables, states, and dynamics correspond to
the self-adjoint elements of A (H), S(H), and T7(R), re-
spectively. We call such a system a quasifree system,

Definition 2.1: We define I to be the class of all quasi~
free systems Y(H', T') for which:

(i) The one-particle Hamiltonian # is a lower semi-
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bounded operator in H*, h>ml, where mc R,, and
n'/2 is invertible, Further, H! lies in the domain of

h-l/Z'
(ii) If we define F:H'XR - C by the formula
FPA = T Y eH, teR, (2. 6)

then for each f'c H', F(f',(-)) is the inverse Fourier
transform of a bounded, continuous, L,-class function
F(f1, (+)) on R, which satisfies a Lipschitz condition
[P, x+9) - F(, 9 | < Alx[?
Vx,ye R, with0<d<], (2.7
where A, 0 are constants.

Definition 2. 2: We define II to be the class of quasi-
free systems $(H2, T?) such that H2=C, T?is given by
the formula

TXt)z =z exp(ix,}) VitecR, zeC, (2.8)
where x; is a positive constant, and where
(z,2")o=22" ¥z,2'cC, 2.9

Let §'=3(H}, T') and 32=Y(H?, T? be quasifree systems
of class L and I, respectively.

Definition 2.3: We define 3 =7(H, T,) to be the quasi-
free system obtained by compounding 3! with 52 as
follows:

(i) The Hilbert space H is the one obtained through the
direct sum H'@® C, with inner product

(Fioz,, i@ z)y= (L, fm + 2,2,
Y[l fieH, 2,2,<C. (2.10)

(i1) Ty is defined as the strongly-continuous unitary
representation of K in H, whose infinitesimal generator,
ihy, is given by the formula

I=hy+ v, hy=hdx,, (2.11)
where
o(f'd2)=28'd (g, Nyt YSfeH, zeC, (2.12)

¢! is a fixed element of H! and X a real positive constant.

(iii) Since we know ° that for each f* € H!, F(rL, ()
is a real valued, nonnegative function on R, we will as-
sume that

F(g',x) >0

(iv) We assume that A e (0, &), where A, is the positive
real number referred to in Lemma 6.1, (ii) of Ref. 3.

Vv x e (0, x,). (2.13)

(v) If we call m, the lower bound of the operator v,
then we assume that

inf{m, x} > [inf{0, xgm,} |, (2.14)
where m is defined in (i) of Definition 2.1,
This model is solvable, and if we define

) =T (0D 1) tcR, (2.15)

we can define u, and %, to be the maps of R,U{0} into C
and H! respectively, given by the formula

D =B D u () te R, u{0}. (2.16)
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Then,
() = va(t) + wy(f) vicR,, (2.17)
where
ua(t) = expilx, +iX3(m/2)t 20, x) )t VWieR,, (2.18)
and
w{(t) :(—ggm [ : dx exp(—ixt)[J(g', x) - J(g*, )}

x{[x = x, = i02(n /2" 20(, x,))

X[x = xy—iN(m/20 20, Ot YieR, (2.19)
where

J(g', x)=F(g', x) +iG(g',x)  VxcR, (2. 20)

G(g', (*)) being a real valued, bounded, continuous func-
tion on R. Also

lJ(gt, x +v) = J(g', ) | < B|x][°

where B ig a constant, and 0 is the same as the one in
Eq. (2.7).

Now, the characteristic functional I' corresponding to
a primary KMS state w (w is unique except for a gauge
transformation of the second kind'®), which character-
izes the equilibrium state of = at the inverse tempera-
ture 8, can be taken as

T'(f) = expl- s(coth(zBm)f, Ny] vV fecH. (2.22)

Let (/, 7, Q) be the GNS triple'**> induced by this initial
state w of £, and R(f) be the self-adjoint field operator
corresponding to the Weyl operator m(8;) = exp(iR(f)).
Then'?:!?

L) = (Q, exp(iR(N)), =(exp(R() VSfcH.

We can define ¥ f< H, the annihilation and creation
operators'® by

v x,veR, (2.21)

(2.23)

a() =3[R() +iRGEN), a(N*=3[R(N-iREN]  (2.24)
which have the following commutation relations:

la(fy), alf =0
and

la(ry), alf)*1< (fbfz)HI/IJ Vi, focH., (2.25)

Using Eqs. (2.22)—(2.25) and the invariance under
gauge transformations of the first kind, !* we can easily
deduce that Vfi,...,/,€H, and ¥rnecZ,

2alf,) *a(f)) = (coth(3Bh)fy, fu - (i, folu,
and
@(h)* - alry*ar) -+ -alf )y = [araltrn |,  (2.27)

where the rhs stands for the permanent16 of the nXn

matrix [{a{f) *a{f;)].

Since,® Vf=/®zcH, 1(5;)=1(6a)® 7%(3,), it follows
that

alf) = a'(fH® P+ P b(z),
a(f* =ad (F)*® P+ I'® b(z)*,
where (1), a'(fY)* and b(z) =bz, b(z)* =b*z are the

(2.28)

(2.28)
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annihilation and creation operators of &' and Z?,
respectively.

If we take, at time f=0, {0)=0® 1 (cH), then
xo0a(F(0)Y* aff(0)) = I'® x b*b =*® E(0),

where E(0) is the energy operator of &2 at =0, whose
time evolution, Vf{c R, E(f), is given because of the
quasifree evolution, by f(?).

{(2.29)

3. THE TIME CORRELATION FUNCTIONS

Definition 3.1: We call, v¢,...,t,c¢ R, and ¥neZ,,
(E{#,) - - - E(t,)) the time correlation functions for the en-

ergy of 2% for the equilibrium state given by Eq. (2.22).

We are now interested in the existence of the Van
Hove limit (weak coupling limit), i.e., A%=7, x-~0,,
t—, 7, fixed, for these time correlation functions.
For that, we consider first the Van Hove limit of Eq.
(2.27), for f,=f(t), t,eR, k=1,...,n.

Because of Egs. (2.11), (2.14), and the Rellich the-
orem (see Ref. 17, p. 1263), we obtain that

s- lim coth(38%4,)(0) = coth(3 Bhy)f(0)
XD,
=0® coth(3Bx,). 3.1

Using Eqs. (2.10), (2.186), and (3. 1), it follows that
V7ecR,,

lim [(coth(2Bm)A(0), f(T/X2)),

A0y

~ coth(zBxun(7/2H)]= 0, (3.2)

and

13m ((F(0), AT/A®) gy — un(T/X®) | = 0. (3.3)

-0,
Because of Eqs. (2.13), (2.20), and (2.21), we obtain
through Eq. (2.19) that Y7 cR,,

lim w\(7/3%) =0,
A= 0+

(3.9

uniformly w.r.t. 7.

Using Egs. (2.17), (2. 18), (2. 20), (2. 26), (2.27), (3.2)—
(3.4), and the unitarity of 7, it follows that

~(lptay=ty) |ewt- ewli=m i,

V7,...,7,€R, VYneZ, (3.5)
where
alxy) = (1/212F(g', xy), (>0). (3.6)

Now, with Eqs. (2.17), (2. 18), (2. 20), (2. 25), (2. 29),
and (3.3)—(3.5), we can obtain the time correlation
functions for the energy in the Van Hove limit, which
we will denote by (£, - - E, ). However, such expres-
sions are not invariant under the permutations of the in-
dices of the 7’s., In order to achieve such invariance,
we can proceed in two different ways.

(i) Taking the Wick normal products for the energies
(cf. Ref. 6), in which case the mean value of the energy
of 72 in the equilibrium state is given by
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(E)=(Ey=x,/lexp(Bx) -1] V7TcR. (3.7

We notice that this is a rather formal procedure.

(ii) Taking the classical limit, x,8 ~0,, in which case
(Ey=p".
With both procedures, we obtain that

+

(B, ---E.)=|V| wr,...,T,cR, V¥neZ, (3.8
where
V=[(E)exp(- a|T;-T,])], (> 0), (3.9

and where a and (E) are given by a(x,) and Eq. (3.7)

or by (0) and 8, depending on whether we choose the
point of view (i), or (ii), respectively [also if procedure
(i) is the one chosen, (ET1 -+ E. ) really stands for
GEepe-E Dl

The Van Hove limit, as well as the classical one,
xo8 0, exists uniformly w.r.t. the 7’s.

4. THE STOCHASTIC PROCESS

For arbitrary, but fixed 7,,...,7,€e R, ncZ,, we
are faced through Eq. (3.8) with a moment-problem. '8
That is, we want to know if there is a unique character-
istic function w,l,...,,n(xl, eev, X)), Xy, ...,%,€ R, which
reproduces these time correlation functions.

Now, we consider

Pryee Xty -0y %) =1/|1=3VD], D=[8,%), (.1

which is the characteristic function corresponding to an
n-dimensional gamma-type distribution. ***?° This dis-
tribution can be obtained as the one corresponding to
one-half the sum of squares of two independent z-dimen-
sional Gaussian vectors (X;,;...; XT”), (YH" e )

with zero mean values and the same covariance matrix
V. 19,20

That this distribution reproduces the time correlation
functions of Eq. (3.8), can be seen in the usual way
through Eq. (4.1} or by considering the moments of the
2n-dimensional Gaussian vector (1/\f§)(XTl +B, Yo ;

s Xy +Bz,,Y,2n), where B4, ..., B3, C, and then taking
By=iforl=1,...,nand Bj=-iforj=n+1,...,2n,

B Ly, =Bl B iy, ..
T.«R, neZ,, and

-;jn€Z+U{O}1 (ETRARE

Aon=F3n 0,0,400,0 T L0,2n,0,+0+,0

+”.+F0,0,0,-”,2m (4‘2)
it follows that the series
PR (4.3)
n=l

diverges (comparing it with the harmonic series).
Then, !* the uniqueness of the characteristic function is
asserted.

Then, because of Kolmogorov’s fundamental theorem,
the family of time correlation functions [Eq. (3. 8)],
gives us a stochastic process {E,; 7 c R} with state space
R,, and with

E, =3(X2+7D),

T

(4.4)
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where {X,; T< R} and {Y,; T< R} are two independent
stationary Ornstein—Uhlembeck velocity processes
(colored noises) with zero mean value and the same co-
variance matrix V.

This energy process which, unlike a Gaussian one,
is not specified by its mean value (E} and covariance
matrix [(E)? exp(- 2ai7; - 7;1)],%" is continuous, station-
ary both in the strict and in the wide senses.® It is
Mavrkovian in the sirict sense,? and also in the wide
sense. Moreover, ?® It is a homogeneous diffusion pro-
cess whose Fokker—Plank equation®® for the transition
probability density, p =p(7, E, E), is given by

5 32E, 2
L= 20(B) 578 - 205 ((E) - Bp), E,TcR. (4.9)

This singular, f)arabolic, differential equation has a
unique fundamental solution, * normalizedV E), Tc R,,
which is given by?*:23,26

p(T’ EO; E

- 1 [ 2V E,E exp(- a7)
“{E(1 - exp(-2a7) | (E)(1 - exp(- 2aT)) ]

E +E exp(- 2a7)
X exp [" EY(1 - exp(~ 207))

] VE E,TcR,,
{4.6)
where [, is the modified Bessel function of zero order.

We have that®®

pL’q = EI.IEP (T’ ED; E) :'*_'——exp(<_E>E/<E>)

as one might anticipate.

VE, E,cR,, (4.7

The irreversibility of the process can be character~
ized through the monotonic increasing entropy,! given
by

p(T, EO’ E)

eq

S(, EO)I—-[ dEp(T,EO, E)]_og
0

VE,7cR, (4.8)

The contracted nature of the description!'2 of the sto-
chastic process for the energy variable that we have
just formulated becomes particularly manifest when one
notes that the Van Hove limit for the time correlation
functions for the position and momentum operators of
2% do not exist.

5. THE PHENOMENOLOGICAL EQUATION

Using Eq. (4.6) and Eqs. (9.6.3), (11.4.28), (13.4.1),
and (13.6.12) of Ref. 27, we obtain, for the conditional
mean value £ (E, | E ), for the energy of %2 at time
T (T R,), that [cf. Ref. 4]

E(E,|Ep = (E,~ (E)) exp(- 2aT) +(E)

VE,TeR,. (5.1
This conditional mean value is the unique continuous so-
lution of the differential equation

304 J. Math. Phys., Vol. 18, No. 2, February 1977

15_(%7_1_@ +2a5(E, | E) = 2a(E),

with £ (E,|E) = E,cR,. (5.2)

With the same set of equations as above, we find that
the relative width R(7, E), is given by

o= [ m) (80T

V71,EcR,.

(5.3)

From Eq. (5.3), it follows that if & (E, 1 E) > (E),
then

R(T,Eo)<°[('é_<%ﬁ)m]’

which tells us that the fluctuations of the energy vari-
able remain sufficiently small so that we may consider
Eq. (5.2) as a phenomenological one, describing an ir-
reversible approach to equilibrium.!+?
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Exact diagonalization of relativistic Hamiltonians including a

constant magnetic field
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It is shown how to exactly diagonalize the Dirac and Sakata-Taketani Hamiltonians, including the effect
of a constant, external magnetic field, using a unitary transformation. In the latter case, the magnetic
moment coupling must be of the Yang-Mills type in order to perform the transformation.

1. INTRODUCTION AND SPiN %

One of the interesting features of the Dirac equation
(;Z =C= 1),

igkB

HD‘I’D-(°“”1+043P3+”15+ T B Yp=Edp,

1)

for a spin-3 particle of charge ¢, mass i, and anoma-
lous magnetic moment factor ¥, moving in a constant
external magnetic field B= (0,0, B), so that A
=(-3By,zBx,0) and 7, =p, - ¢A,, is that the exact en-
ergy eigenvalues E may be obtained directly from Eq.
(1) by a unitary transformation, to a diagonal form.
The diagonalization can be seen as two steps. The first
step, as noted by Tsai,! is

L‘L"i’)

U HRUT —_—{[mz +(oem)?) ? (I4I;f 03}3 + ayPs, {2)
where
Uy=exp[zBa o7, tan™ (|7, | /)] (3)

and 0 is a representation of the Pauli spin matrices. It
is interesting that U, is the generalization of the Melosh
transformation® to include some external field effects,
that U; commutes with the anomalous magnetic moment
interaction, and that if P;=0, a possibility since it is a
constant of the motion for this problem, Eq. (2) is man-
ifestly diagonal. In the P#0 case, one may still obtain
a diagonal Hamiltonian by a further unitary transforma-
tion with the result

UyUH U7 U3

= [([mz +(0em)?] 2 - ‘14';3 o >2 +p§]mﬁ, )

where

P
Uy=exp zBa,tan™ ([7 CITRaLk

(qKB/4m)U;)'
(5)

The main purpose of this paper is to look at a Hamil-
tonian form of spin-1 theory with a six-component wave-
function, the Sakata—Taketani theory,?® under conditions
similar to the above in the spin one-1 case, and to find
the unitary transformation that exactly diagonalizes the
Hamiltonian., It turns out that exact diagonalization is
only possible for k=1, in which case the energy eigen-
values take a particularly simple form, equivalent to
the spin-3 theory with k=0. The choice k=1 for a
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charged vector particle (to lowest order in the fine
structure constant) is the value appropriate to Yang—
Mills type coupling,* and, in fact, as emphasized by
Lee,’ such a choice should not even be regarded as
anomalous.,

2. SPIN ONE

Corresponding to Eq. (1), the Sakata— Taketani equa-
tion for the six-component wavefunction ygr is

BS 2 - BS S ° 2 .
- qB—;ﬁi (1 +x)(p, +ip2)] dgr = Edgr. ®)

The matrices py,,,3 have the algebra of the Pauli spin
mafirices, and 8 are a representation of spin-1 matrices.
Equation (6) may be written in a more convenient way

as follows. Defining o =% - 2¢BS,, one has

AL ALY
Hgrijsr = [(’” + 2"‘)03 (—ZE = T)lpz

+—(IEB§;3<1 - K)(p3+ipz)]d)ST:Ed)ST' (1)

This is useful because @ commutes with S; and (8 -1rl)2.
The next step is to expand (8 +7,)? according to

Sem) =33 (v} = 7d) + Zy(mymy + mym )]
+3qBS, + (3 - S¥/a) a, 8)
where
Z1=81- 8}, Z,=5:5,+5,5;. )

Letting 5, be S;, the T; have the algebra®
T2 =8y;8% +iey T, (10)

the same as the Pauli matrix algebra (there %=1 so
040, = 5,0 % + i€ 40%).

With this form for (8+7,)?, one sees that there are
two kinds of anticommutation relations involved in Hgg,
those among the p; and those among the Z;, and in some
of the terms in Hgy both kinds occur. To unitarily
transform Hgr to a form that is exactly diagonal, Hgr
must be composed only of two terms that anticommute
with one another plus terms that are already diagonal
and commute with the unitary transformation. Examin-
ing Egs. (7) and (8), this is only possible for k=1, In
this special case, the Hamiltonian simplifies to

Copyright © 1977 American Institute of Physics 306



HST,(WZ )p3+< (3= 1) - {5 (et - )

+Z2(1711Tz+ﬂ'2171) 'f'qu:j])ipz. (11)

It is convenient for later results to consider the diag-
onalization as taking place in two steps. The first step
is

. a o
HéT:: UHg U 1_—_(m+2—7;) P3 “'(ﬁ* (3%4)

1 .
-5 21+ "B ]V2Sy dpy, (12)
where

2,22} = 0}) + Zy(mym, + mym,) and =2 =8%(a? - ¢2BY)-
The operator U has the form

U = exp($;%,6/2N),
where N=(-S;%,)* and tan =N/(¢B). The second step
is to diagonalize the p,; dependence. The result is

Hip=VHigV ™

S N

(13)

1 172
2_;”_ (EE +q2BZ)1/ZS ] p3

=(m* + a)!/?p,, (14)
where

V = exp(peps/2) (15)
with
tang = —l(@/2m)6T= 1 = W/2m)EL + B S} g

m+o/2m

and V is unitary in the Sakata—Taketani metric, Vp,V'
=1. As mentioned before, the form (m? + 7% - 2¢BS,)!/?
is the same eigenvalue for spin 3, as well, when k=0.

The possibility of the exact diagonalization of Eq. (6)
only for the special case k=1 and the similarity of the
eigenvalues in that case with the spin ~ 3 result for «
=0, may be considered further circumstantial evidence
on the electromagnetic properties of the vector bosons
which are thought to mediate the weak interactions,’

DISCUSSION

It has been shown that the special case k=1 leads to
a simplification of the Sakata—Taketani Hamiltonian, In
particular, it allows Hgp to be diagonalized by a unitary
transformation, and the resulting energy eigenvalues
have the same form (m?® + 7% - 2¢BS;)!/? as the Dirac
energy eigenvalues (k =0). The nonrelativistic limit
is, of course, m +a/2m, and it is worth noting that the
magnetic moment g/’ m, found from this approach does
not agree with the “minimal” modification of the
Schrédinger Hamiltonian Pz/ 2m, in contrast to the
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spm— case. Recall that for spin 3, one can make the
following modification:

PlegePOeP—~0goqoen=n"—2qS+B. 17}

For spin 1 [in the representation with (S;);, =~ ie; ;] the
argument goes as follows:

Py
pi—|P, [Pth:Ps]‘i‘(s'P)z
P

LT
~| m |[my, 7y, 73] + Sem)=n-q8.B,
LE

(18)

where the two terms are the helicity squared (0 and 1)
projection operators, so that a completely nonrelativis-
tic argument gives ¢/2m for the magnetic moment of the
spin-1 particle.

It is, of course, possible to find the exact eigenvalues
of Eq. {6), even when x#1. In that case, one first re-
duces the wave equation to three-component form,
defining ¥, to be the upper three-components of ysr. The
result in the representation with py= (¢ 1) and ip, = (.{ §)
is

[m +0!+(1—K) Sz+(1--;c)qB<1+é—-2)s3

+(1- K)qu

[Zo(r} - 73) ~ Zy(mymy + "z”1)]]¢u=E4)u,
where Eq. (10) has been used to simplify products.
Applying a similarity transformation to the terms linear
in £; leads to the exact eigenvalues8

E=m?+a+(1- K) s2 +(1 - k)gBS, (19)
a\? az__quz )2 2]1/2

) - . 20

[(1 * 2777) ( 2m? Ss ’ (20)

the same ones as for the Proca theory.?
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We analyze a simple velocity dependent potential in the framework of stochastic mechanics. A nonlinear
Schrodinger—Langevin equation is obtained. This equation turns out to have solutions with the remarkable
property of giving an approach to stationary quantum states. Information theoretical aspects on the

irreversible behavior of the model is also briefly discussed.

. INTRODUCTION

It has been suggested? that stochastic mechanics,
as developed in Refs. 1—5, in the case of dissipative
forces can give us some understanding of how one
should treat, in terms of quantum dynamics, forces
which explicitly depend on velocities. In the theory of
nuclear phenomena the dissipation of energy (or what
can also be called nuclear friction) is not a very well
understood topic and certainly there is a need for a
theory corresponding to “quantized friction, 67

In the present work we will use the machinery of
stochastic mechanics in order to analyze the dynamics
of a simple velocity dependent potential, Classically
our model corresponds to a damped harmonic oscilla-
tor. Upon quantization in terms of stochastic processes
we will arrive at a nonlinear dynamical equation, the
Kostin equation, %? Solutions in closed form will be
given., These solutions will have the remarkable prop-
erty of approaching stationary states of the harmonic
oscillator for large times., Thus our model will exhibit
an approach to equilibrium (to a stationary quantum
state).

The formal setting is very simple and all calculations
will be performed in the next section. In the last sec~
tion we will give some general remarks and point to
some information theoretical aspects concerning the
irreversible behavior of the model.

We do not claim mathematical rigor and regard our
discussion as heuristic, Some of the mathematical
aspects have recently been discussed by Messer!? and
we intend to discuss our model in terms of the Weyl
quantization in a future publication.

11. STOCHASTIC MECHANICS WITH DISSIPATIVE
FORCES

In stochastic mechanics one assumes that the position
x(t) of a particle under consideration can be regarded as
a stochastic process. The “quantization” is prescribed
by giving the correlation function

E(dx () dx (1)) = 2D dt 1)
with
D=7/2m (2)

and where E(-) denotes a (conditional) expectation val-
ue. ! Higher order moments vanish by definition. The
particle then performs a Markov process of the Wiener
type. ! Now suppose that there is a classical time-
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reversible conservative force f acting on the particle
(we consider one-dimensional problems only). We can
then write

f=- 26w, 3)

where ¢ {x) is the corresponding potential, General
dynamical equations®? can then be derived for the
stochastic process in terms of current velocity v(x, ¢)
and the stochastic velocity u(x, £), !!

v v ou 2%u
—mi—yHE - Lu+p=
f m[at v +(ax” ox " Dax2>] @
and
2
du v 4 dvu =0, (5)

ot ax®  ox

where m is the mass of the particle. If we now introduce
the complex function

def ' Slx, t)
wir, )% expRis, ) exp () ®
where, by assumption,
0
mu (e, )= P S, t), (7)

one can provel? that ¥ satisfies the Schrédinger wave
equation

N 2 A2y
L) (®)

where the function R(x, {) will be related to the probabil-
ity density (the kernel of the semigroup corresponding
to the relevant Markov process) on the configuration
space, p(x, 1), by

Inp(x, £)=2R{, t). ©)

The coupled system of nonlinear equations (4) and (5)
can thus be linearized by the transformation (6) and the
result is the Schrddinger equation. Hence conventional
quantum mechanics can be formulated in terms of
stochastic processes. We can then use either of the two
mathematical schemes in order to obtain information
about quantum dynamics.

We shall now see how one easily can extend stochastic
mechanics so as to incorporate velocity dependent
forces. We consider the most simple linear velocity
dependent force classically given by

f=~-mpuv, 10
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By incorporating this force into the framework of
stochastic mechanics one arrives at the dynamical
equations?

; 24 — Qg _— _(% + 231’_‘):,
_va—mwx—m[atv+axv o Dax2 (11)

and Eq. (5). Here we have assumed an additional
harmonic potential with angular frequency w. By letting
the “diffusion constant” D tend to zero, which corre-
sponds to the Newtonian limit, one sees that the corre-
sponding force is that of a damped harmonic oscillator

mx (t) = — mBE(t) = mwx (t), (12)

where the dot - denotes differentiation with respect to
time,

If we still assume that Eq. (7) is valid, one can re-
write Eq. (11) in the following manner:

v ou %u 2
Ho+ Ly Hys =— 2 (8S+
"t ax” ax e ox (BS+9), 13)
where
o x) = pmwx?, (14)

The same procedure as that which lead to the
Schrodinger equation (8), can now be applied and one
arrives at the following equation?:

.0 %
== " (BS+ ) +a)y, (15)

where «(f) is a time dependent constant which we will
fix below, Equation (15) has been derived, in another
context, by Kostin® using the Heisenberg— Langevin
equation for a quantum Brownian particle interacting
with a thermal environment as discussed by Ford,

Kac, and Mazur. !* A semiclassical derivation has also,
independently, been derived by Kan and Griffin, 14

We will now adjust the time dependent constant «(f) in
such a manner that the sum of potential and kinetic en-
ergy equals the total energy at each instant of time,
This can be regarded as a suitable “renormalization”
of the ground state energy of the damped harmonic
oscillator because, physically, it is now imbedded in
some environment, This adjustment can now easily be
achieved by noticing that in stochastic mechanics, as
well as in quantum mechanics, we can use the following
operator representation of the energy!®:

L, 0
Eop_zﬁat (16)

and

def

E=(E,)=~ iﬁ-@’ +(¢). 1m)
2m \gx? —
These equations imply that
a®)=- [ p")SK&’, t)dx’. (18)
Now, using the fact that
S(x, )= (mD/i) In[¥ (x, t)/¥*(x, )], (19)
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we can easily obtain the following Schrodinger—
Langevin equation:

2 2
ik——L—a‘Ila(); f) —— 5% a¥x, ) ‘I;J(; t) +§mw2x2‘1’(x, t)
4 t 14
+ 8 m[\;‘;—(g;%] ¥e, )~ B, 1
e , Yx’ t
x/:w dx']‘ll(x,t)[zln[@-%’,—%]. (20)

We notice that Eq, (20) has the remarkable property
that every stationary solution of the harmonic oscilla-
tor is a solution. Moreover, it can be verified by ex-
plicit calculations that Eq. (20) also has the following
type of solutions:

V(x, 1) =p,0c - £(1)) exp(= iE,t/F)
xexplifc, £(t), £1), 1)), (21)

where ¥, is the nth eigenstate of the harmonic oscillator
and

F,=(n+3)lw. (22)
The function f(x, £, £, #) is given in closed form by

SO, E®), £, 1) = (m/R)x - (8) + g (£(8), £1), 0, (23)
where £(f) satisfies the ordinary differential equation

En+BE() +wlE(t) =0 (24)
and g(&, £, 1) is determined by

R0, 50,0 f):mﬁg(t)g’(t)+§mwzgz(t)_m%@- (25)

It is now a matter of straightforward calculations to
find an explicit expression of the mean energy, which
turns ouf to have the form

E(t):(\l/,iha%\lf)

=@+ BAw+ 3mEl exp(- B[ (1 + ) cos? (Rt + Q)

+ @ sin (R + Q) + BR sin (29 + 29,)] (26)

if the solutions of Eq, (24) are parametrized as follows:

£(t) = &) exp(~ 2Bt) cos (R + Q) 27)
where

20 = (40 - gH1/2 (28)

which we assume is positive, We notice that, for large
times £, the solution (21) approaches the nth stationary
state of the harmonic oscillator and that Eq. (26) im-
plies that

HmE () = (n + $hw. (29)

o

Hence we see that our approach to velocity dependent
potentials, in a special case, exhibits a remarkable
property of an “approach to equilibrium,” where equilib-
rium corresponds to a stationary state of a harmonic
oscillator. The solutions of the form (21) have also
been obtained, independently, by Kan and Griffin!! for
the special case when n=0, and in general by Kan, ¢
The question of uniqueness of these solutions is briefly
discussed in Ref. 17,
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The current and stochastic velocities can now be cal-
culated. For the ground state of the harmonic oscillator,
i.e., =0, one finds that

v=- £ exp(- zpt)[cos(Qf + Q) ~ sin(Qf + Q)] (30)
and
u=—wl — £(B). (31)

We see that (30) and (31) tend to their “equilibrium”
values, ? when the time f tends to infinity.

We can then characterize the corresponding stochas-
tic process completely by the following stochastic dif-
ferential equation:

dx (t) = (- wx () + w& () + £(1)) dt +dw(t), (32)

where w(f) is a Wiener process with diffusion constant
D, For each function £ with continuous time derivative,
(32) has the solution®*

x(ty=50+ [ expl- w(t~ s)]dw(s), 0. (33)
The two-point function can then easily be evaluated,
7
EGe (e (t)) = 5 exp(- wlt= )+ E@EE. (34)

For large times { and #/, this decays into the corre-
sponding correlation for the harmonic oscillator,
independent of the initial conditions of £(f).

As a final remark we stress that the uncertainty
relation between momentum, and position!? is valid for
all times. This means that we have quantized a system
with energy dissipation, without having any contradic-
tion with the Heisenberg uncertainty principle, which
has been a central difficulty in previous works (see,
e.g., Ref. 7, where additional references can be found).

t11. CONCLUSION

In the preceding paragraph we showed that a “quant-
ized” damped harmonic oscillator exhibits a remarkable
structure namely that of asymptotic stationary states. '3
Hence we can have the coexistence of damped and
stationary solutions, although the superposition princi-
ple, in this special case, is no longer valid. We showed
this explicitly for the harmonic oscillator but our
method works in other cases. A closed form can, e.g.,
be given for the free motion and the constant force
case. We do not discuss these solutions in the present
work since these have been discovered, independently,
by other people (see, e.g., Refs, 19—21),

Let us now return to the case of the harmonic oscilla-
tor and briefly discuss the apparent irreversible be-
havior. We restrict ourselves to the ground state of the
harmonic oscillator. The mean forward velocity can
easily be calculated if one uses, e. g., the stochastic
differential equation (32). One finds that

ot (0 — :
v,(x, #) —};rf;E( il )— wx (1) + wg(t) + EQ@). (35)

The normalized probability density p(x, £) will then
satisfy the (forward) Fokker—Planck equation

3p | @ 2%
@, -pLE_
ot ax @.p)= D T 0. (36)

310 J. Math. Phys., Vol. 18, No. 2, February 1977

With the choice (35) for the forward mean velocity one
finds the following unique solution:

o, 0=(12) " exp (- 22 (x s07) @7)

which, of course, also could have been obtained from
the solution in the form (21). If the probability density
p(x, t) is time independent one can show, by using the
continuity equation for p(x, ¢), that v,(x, #) must be time
independent, For the ground state of the harmonic oscil-
lator this fact corresponds to the choice

v, D) =— wx(t), (38)

The Fokker—Planck equation then, of course, gives the
following unique normalized solution:

po(x):<%?w>1/2exp <— ff%";’ﬁ) 39)

We see that every solution of the form (37), indepen-
dently of the initial conditions of the () function, ap-
proaches the stationary solution (39). This is typical
irreversible behavior,

According to information theory the quantity
p®) [ dxplx,HInplx, 1) (40)

is the unique (to within a positive multiplicative con-
stant) measure of the information contained in the
probability distribution p.?? Straightforward caleulations
now show that

Hp@®)=Hp,) = 1, (41)

where I; is a constant. Hence our total information
about the system is constant in time, which should be
obvious, since the distributions p; and p satisfy a con-
tinuity equation.

In order to measure the irreversible behavior in
terms of information-theoretical concepts, one can
introduce the relative entropy, I(p(f)|p,) defined by the
following equation®?;

Hp)|pg) = [ dx plx, ) In(p(x, £)/py(x)). (42)

In our case, I{p{f)ipy) can easily be evaluated and one
arrives at the expression

I(p(®)| py) = 2w/D)EX() (43)

which tends to zero as the time parameter tends to
infinity. This will have the consequence that

lim plx, £) = py () (44)
in a suitable sense, We also notice that I(p(f)lpy) is a

measure of the potential energy of the classical damped
harmonic oscillator, and more precisely

I(p(t) | po) = (2w/M[E®) = Ey = 3mE (). (45)

Although many of the statements in the present paper
cannot be considered as “rigorous” we believe that
stochastic mechanics can be useful in the study of some
nonstandard quantum mechanical problems.
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Electromagnetic eigenmode perturbations caused by
deformation of a plasma core in a spherical cavity
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A perturbation formalism for the electromagnetic eigenmodes of a lossless spherical cavity resonator has
been derived from the Boltzmann-Ehrenfest theorem. The perturbations are caused by adiabatic

deformations of a plasma core located at the center of the cavity.

1. INTRODUCTION

For a lossless spherical microwave resonator we
analyze the eigenmode perturbations caused by surface
deformations of a nontransparent plasma core located
at the center of the cavity. An immediate consequence
of the deviations from spherical symmetry of the plas-
ma-field interface is the complete or partial removal
of the azimuthal degeneracy of the characteristic elec-
tromagnetic multipole fields, Our perturbation calcula-
tion is based on the Boltzmann— Ehrenfest adiabatic
theorem, =% The applicability of this intuitively appeal-
ing approach hinges on the assumption that the deforma-
tions of the plasma boundary take place on a time scale
which is long in comparison with the oscillation period
of the microwave field. Such deformations may be pro-
duced by acoustic surface vibrations or by low frequen-
cy electrostatic surface oscillations of the plasma which
can exist only in the presence of an external electro-
magnetic field. !

For the sake of simplicity we assume the plasma
boundary to be sharp, thereby neglecting the thermal
motion of the particles. In conformity with the adiabatic
approximation for the plasma surface deformations,
we treat the plasma as a perfect conductor, The as-
sumption of infinite plasma conductivity, which can be
justified only as long as plasma heating by the micro-
wave field may be disregarded, has also been made by
Yankov® in a theoretical study of the stability of a
homogeneous plasma sphere in external uniform and
quasiuniform electromagnetic fields, and by Butler? in
an equilibrium analysis of a dense spherical plasma
core located in the center of a spherical microwave
cavity in which there exists a rotating transverse elec-
tric multipole field of lowest order together with a
uniform d. c. magnetic field, High-conductivity plasma
cores have been simulated by copper spheres, spheroids
and other configurations in an analog experiment7
devised by Hatch and Butler to study the conditions for
the equilibrium of dense plasma cores contained by
microwave cavity fields.

Describing the plasma surface deformations by multi-
pole parameters, which are spherical tensor compo-
nents, and expressing the characteristic electromag-
netic fields in terms of vector spherical harmonics
enables us to take advantage of the elegant and powerful
techniques supplied by the theory of the irreducible
representations of the three-dimensional rotation group.
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These techniques are used extensively in atomic and
nuclear physics. By means of the Clebsch—Gordan re-
duction and the Racah recoupling transformation we ob-
tain concise expressions for the components of the
eigenfrequency perturbation matrices,

In Sec. 2 we discuss the characteristic electromag-
netic modes for a domain bounded by two concentric
spherical shells of infinite conductivity. In accordance
with the approximations mentioned above, these charac-
teristic modes represent the unperturbed resonant elec-
tromagnetic field set up in the space between the plas-
ma core and the (superconducting) metallic cavity wall.,
Expressions for the time-average electromagnetic en-
ergy of these eigenmodes are derived in Appendix A,
Section 3 contains the formal analysis of the eigenmode
perturbations induced by deviations from spherical
symmetry of the plasma-field interface; in this section
we make use of results derived in the Appendices A, B,
and C,

2. EIGENMODES OF A MICROWAVE CAVITY
BOUNDED BY TWO PERFECTLY CONDUCTING
CONCENTRIC SPHERES

In the present section we analyze the electromagnetic
eigenmodes of a lossless spherical cavity resonator
which is partially filled with a plasma sphere at its
center, The plasma is treated in the limit of infinite
conductivity, We therefore deal with the problem of de-
termining the characteristic modes of a gavity bounded
by two concentric spheres v =%, and » =R, (¥, <R)
which are perfect conductors. Infinite conductivity of
the cavity walls entails that the tangential component
of the electric field E and the normal component of the
magnetic field B vanish at » =7 and » =R,

For harmonic time-dependence of the electromag-
netic field vectors,
E(t, x) = E(X) exp(- iwf), B(t, X)=B(x)exp(~ iwl),
(2.1)

the Maxwell equations in a source-free domain of the
vacuum are equivalent to either one of the two sets of
equations

(V2 +EHE=0, {2.2a)
vV.E=0, (2.2h)
B=- (i/k)VXE, @. 2¢)
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or
(V:+E)B=0, (2.3a)
v-B=0, (2. 3b)
E=(i/k)VXB, (2.3c)

where £ =w/c, with ¢ denoting the vacuum light velocity.

In a spherical coordinate system (7, 8, ¢) a solution of
the vector Helmholtz equation (2, 2a), which also satis-
fies (2. 2b) is®

Elm:fl(k'r)rxvylm(es $), l=1)2y39' ) —lSmSl’
(2. 4a)

where f;(k7) denotes either a particular spherical Bessel
function or a superposition of two linearly independent
spherical Bessel functions, and where Y,,(8, ¢) is the
spherical harmonic of order (I,7), The solution (2, 4a)
together with the corresponding magnetic field

B, =- 7 VXEj, (2. 4b)
is referred to as the magnetic multipole field of order
(I, m), From Eq. (2.4a) it is immediate that

r-E,,=0. @. 5)

Magnetic multipole fields are therefore also called
transverse electric (TE) multipole fields. The trans-
verse magnetic (TM), or electric, multlpole field of
order {I,m) is defined by®

B =fi(k7)r XVY,,(6,¢), 1=1,2,3,:++, =lsm<=l
{2. 8a)
and
Ein= 5 VXBip. (2.6b)

The expression (2, 6a) satisfies the vector Helmholtz
equation (2, 3a) as well as the source equation (2. 3b),
and Eq. (2.6b) corresponds to Eq. (2.3c); Eq. (2.6a)
implies the transversality of B,:

r.B;,,=0. (2.7)

Since the coordinate origin is excluded from the domain
(r¢ <7 < R,), we represent the radial function f,(k7) as

a linear combination of the Bessel functions of the first
and the second kind, j,(7) and =, (k7),

fi(Br)=C,j,(r)+ Din, (k7). (2.8)

The characteristic TE modes of the electromagnetic
field in the domain 7, <7 < Ry, bounded by two perfect
conductors, are determined by Eqs, (2.4) in conjunc-
tion with the boundary conditions

[fl (k’V)]r:'O = 07 [fl (ky)]r=Ro = 0, (2' 9)

which ensure that the tangential components of E and
the normal component of B vanish at the plasma-field
interface and on the cavity wall. On account of (2. 8)
the boundary conditions (2. 9) lead to the system of
homogeneous equations

Ciji(rry) + Dyny(kry) =0, Cyj,(RRy) + Dyny (RRy) =0,

(2.10)
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for which a nontrival solution exists if and only if
J1kroIn, (RRy) =4, (RRy)n (k7).

The nth root of this transcendental equation determines
the characteristic frequency

TE __ .3, TE
Wpy "Cknl

(2.11)

(2.12)

of the transverse electric multipole mode TE,,. Since
for each value of I there are (2! +1) values of , it is
obvious that each characteristic frequency w,, is

(21 +1)-fold. On account of (2.4) and (2.10)—(2.12) the
electromagnetic field in the TE,, mode is

E n=fiku?)TXVY,  By,=—(/ky)VXE,,, (2.13a)
with

Filku?) = Cosljr (k) + ctpymy (ke y?)], (2. 13b)
where

ap=an == [jt(knlyo)/nl(knl'ro)]

== {71 (knRy)/n; (ki Ry)], (2.13c)

and where

ot =kt 2.13d)

The relationship between the normalization constant
C,; and the total electromagnetic energy of the TE,,,,
mode is established by Eq. (A10).

The characteristic TM modes of the electromagnetic
field in the domain 7y £» <R, are determined by Egs.
(2. 6) together with the boundary conditions

[Bf;(krﬂ o, [a ;(ky)} ~o, ©.14)
r=ry rafy

s 4 or

which according to (2, 6) ensure the vanishing on the
cavity walls of the tangential components of E and the
normal component of B. With (2. 8) and (2. 14) we obtain
the system of homogeneous equations

d . . d
c [r]l(kr)]r=r0 +D,—[7’n, (k?’)]r=r0:O,

—
dv dr 2. 15)

d . . d
Cl% (74, (ky)]raRO +D, ar [”nx(k"’)]nko =0,

for which nontrivial solutions exist if and only if

(i)

= el (G5 s

The characteristic frequency

TM__ ., TM
Wep = Cknl

(2.16)

2.17)

of the transverse magnetic multipole mode TM,,,, is
then determined by the nth root of the transcendental
equation (2, 16); it is clearly again a (27 +1)-fold eigen-
frequency. With (2, 6), (2.15)—(2.17), and (Al4) we

write for the electromagnetic field in the TM,,,, mode,
Bum=/1km?" )T XYY, E,p=(i/ky)VXB,, (2.18a)
with
Silen?) = Cpyl Gy Rpg?) + apymy (7)) , (2.18b)
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where
=T Brnivojy-1 (Bni¥0) = Ly (Rnt?o)
ko g ng?o) = Iy (on?y)
R TRy 1)
and where
fo =Rag" 2. 18d)

The relationship between the normalization constant
C,; and the time-average electromagnetic energy of the
TM,,,, mode is given by (All).

3. SHAPE PERTURBATIONS OF THE PLASMA-
FIELD INTERFACE

A deformation of the plasma-field interface modifies
the electromagnetic eigenmodes which can exist in the
domain bounded by the plasma surface and the metallic
cavity wall. Changes of the characteristic field fre-
quencies which are caused by small adiabatic shape
perturbations of {he plasma surface may be determined
by means of the Boltzmann— Ehrenfest adiabatic theo-
rem.~® This theorem is applicable provided that the
shape perturbations occur on a time scale which is long
in comparison with the field oscillation period and that
these perturbations are not large enough to induce tran-
sitions between adjacent modes. For the present pur-
pose, the Boltzmann—Ehrenfest theorem asserts that
the total time~average energy U of the electromagnetic
field in the domain defined by the plasma boundary and
the cavity wall divided by the characteristic frequency
w associated with this domain remains unchanged.

U/w= invariant, 3.1

if the plasma boundary deformations are continuous and
sufficiently small; the latter requirement means that the
radial deviations 87 of the deformed surface from the
spherical surface are small compared to the wavelength,
27c/w,;, of the unperturbed eigenmode. From (3.1) it
is immediate that

dw oU

P 3.2)
where 8w and 85U denote the changes of w and U which
are caused by the deformation of the plasma surface.
The force, F,, exerted by the electromagnetic field on a
unit area of the undeformed plasma boundary surface is

Fp:—er'(’:"(orrer+0roee+0roe¢)’ 3.3)

where e,, €,, €, are the unit vectors of the spherical co-~
ordinate system (r, 6, ¢), and where ¢ denotes the
Maxwell stress tensor, whose components are®?

1
Tas= g [~ E Eg— BByt 56,4(E* + BY)],
O/:’V,G,¢, ﬁ:V’ 9)4)- (3“4)

Since on the surface of a perfect conductor the tangential
components of the electric field and the normal compo-
nent of the magnetic field vanish, the electromagnetic
pressure is always normal to such a surface. There-
fore, Eq. (3.3) becomes, in accordance with (3. 4),

1
Fp:_orrer:“erg—w[Bg+B?o—Eg](r"o)- (3.5)
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Here, the subscript (» =%;) indicates that the field com-
ponents By, B,, and E, are to be evaluated at » =7,
The work, — 60, performed by the electromagnetic
pressure (3. 5) during the adiabatic process of surface
deformation is

- 8U= [ da(- 6ve,).F,, (3.6)

where da denotes the element of surface area. Since
the radial deviation 87 is assumed to be a continuous
function of the angular coordinates 6 and ¢ for which

3
a_¢7 8r
we are justified in replacing the unit vector normal to
the deformed surface by the unit radial vector e,. With
(3. 5) and (3. 6) we may then write for the adiabatic
change 8U of the time-average of the total electromag-
netic energy stored between the plasma core and the

cavity wall,

or| <<r, | Zor| << |or], <lor|, @)

_ 2r (4 —_ . —_
5U:§17;73 j; do _O[SinedQ o7 (6, o) E2— B} - B .
3.8)

An adiabatic and volume conserving deformation of the
plasma-field interface is stable if

5U>0, 3.9
or, by virtue of (3.2), if
dw > 0, (3.10)

The assumption of infinite plasma conductivity ensures
conservation of the photon number N during the de-
formation process. The stability conditions (3, 9) and
(3.10) are therefore directly related by the equation

6U = NFibw, (3.11)

it is convenient to describe the shape of a surface
which deviates only slightly from spherical symmetry
by means of a multipole parameterization, % Wwe there-
fore characterize the deformed plasma-field interface
by an expansion in spherical harmonics of the radius
vector ¥(8, ¢) from the center of the sphere to a point
with angular coordinates (6, ¢) on the deformed surface,

r(e,m:m{w 28> me,m} 0@, G.12)

s=0 g=-s

Since 7 (8, ¢) is a real function of the angular variables,
and since Y% = (- 1)Y , the multipole parameters
B, satisfy the relation

2= (~ 1)°8,, -
The surface deformation is measured by the distance

57 (8, §) =7 20 Bss¥ (0, b). (3.14)
50

(3.13)

For each multipole of order s there are (2s +1) param-
eters B, (~ s <0 =<s). Equation (3.13) implies that the
parameter B, is real and that the 2s complex param-
eters B,, with 0#0 are not independent but are equiva-
lent to 2s independent real parameters, If s> 1,

three of these parameters specify the orientation of the
deformed surface, so that 2s ~ 2 parameters are asso-
ciated with its intrinsic shape. A mere change in
volume of the plasma core without shape distortion of
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the wall is specified by the monopole parameter Sy,.
The dipole parameters 8;, (¢ =—-1,0,1) represent a dis-
placement of the center of mass of the plasma core and
are not related to its shape, as the |5;,| are small, in
accordance with the first relation in (3.7). We there-
fore restrict the summation in expression (3. 14) to in-
clude only terms with s> 1.

Since for a given TE,;, or TM,,;,, mode the corre-
sponding eigenfrequency, Eq. (2.12), or Eq. (2.17), as
well as the corresponding electromagnetic energy, Eq.
(A10), or Eq. (All), are independent of m (-1 <m <1),
we are confronted with a degenerate perturbation prob-
lem when considering distortions of the plasma-field
interface. Because of the azimuthal degeneracy of the
TE,;n or the TM,;,, modes, a particular linear com-
bination of the 2/ +1 independent multipole fields (2. 13)
or (2.18) which belong to the same value of » and to the
same value of / but to different values of » has to be
substituted in (3.8). A deformation of the plasma-field
interface will either partially or completely remove this
degeneracy. As a zero order magnetic or electric mul-
tipole solution of Maxwell’s equations in the cavity do-
main bounded by the deformed surface (3. 12) and the
cavity wall » =R, we now choose the linear combination

1
{g"i“}= % A(n,nm{g"""}, ~1sps,
niu

msal nim
where the coefficients A(n, 1), are functions of the de-
formation parameters 8. In order to ensure the same
normalization and orthogonality for the electromagnetic
field represented by the linear superposition (3. 15) as
exists for the field vectors (E,;,, B,;), the coefficients
A(n,l),,, must satisfy the unitarity conditions

Z A(n,l):';f,,,A (n;l)um -

(3.15)

(3.16)
A(n DX A, D)y m="08,m.
As an immediate consequence of (Al), (A3), and (A5)
we have the orthonormality condition

1
167U,

-/V. dV[E:lm'n Entm + B:lm"’ nlm] = Gm'rn“ (3' 17)
ca

In (A10) and (A11) the time-average electromagnetic en-
ergies for TE and TM modes are expressed in terms of
a single field normalization constant, With (3, 15),
(3.16), and (3.17) we have

1
1_6?(-]; 4dv[£:lu'°5nlu+B:lu’°8nlu]:6u'u° (3.18)

The linear combination (3. 15) represents the particular
electromagnetic field which the perturbed field ap-
proaches in the limit of vanishing deformation of the
plasma-field interface. By replacing in (3, 8) the time-
average (real) field components with the corresponding
{complex) field components defined by (3, 15) we obtain

__i

d(9 ¢) [(lgnlu )0 (anu)o

+ (Bnlu‘):(Bnlu)o](nro)ﬁy(es ¢) (3. 192.)
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for a TE mode, and for a TM mode

Ty = 1= [0, 0N (Ets? (Et),
- (Bnlu');‘(BnXu)e_ (Bnlu'):(gnlu)o](rsrn)&r(e’ ¢)’
(3.19p)
where

S ae,¢)-+-= ["de [ sinoas---,

and where 67(6, ¢) is given by Eq. (3.14). The square
bracket terms in (3.19a) and (3. 19b) are time-average
quantities in accordance with the oscillatory time de-
pendence, Eq. (2.1), of the electromagnetic fields, For
a given plasma surface deformation, the proper linear
combination (3. 15) is constructed by selecting the co-
efficients A(n,?),, such that the matrix (3.19a) or
(3.19b) is diagonal in the (2! +1)-dimensional subspace
associated with a transverse electric or a transverse
magnetic (z,7/)-mode. If we denote a perturbation 6w
of the characteristic frequency w,; by w{), we have
for the characteristic frequency w,;, of a perturbed
(n,1)-mode the expression

{
Wiy =Wy +w,il, (3.20)

which is exact to first order. We then replace (3.2) by

6u/u‘""(nil)u = wnl Gﬁnlu'u/[_]nlu) (3- 21)
where
= 1
U= 7o= f AV Emul®+ |Buul?] (3.22)
167 Vea
From (3.18) and (3.22) it is immediate that
Unt = Un. (3.23)
With the definitions
](72, l);};‘n Fw"{-?rf LL _/;l(a ¢)[(Bnlm’ [’ (Bnlm)e
+ (Bnlm (Bn!m ],._,.05‘}’(9, ¢) (3- 243-)
or
100, 1338 = b [0, ) (Edunly By~ (Bl
167 UTM ’ nim'/r nim/r nim'/é
X(Bnlm)e— (B:tm) (Bnlm)a]r-roéy(e (»b)
(3. 24b)
we obtain from (3.19a) or (3.19b), and (3. 21)
T A, DA, Dl 1, Do = S, 034 (3.25)

If we multiply Eq. (3.25) by A(r,I),, we find after
invoking the unitarity relations (3. 16) the set of
equations

20 (102, Dim — wnt LOrmlA (R, 1), (3. 26)

m==}

This system of homogeneous equations has nontrivial
solutions if and only if its characteristic determinant
vanishes,

det[l(n;l)m'm_wnlu5 ¥ ]‘_0-

Since the rank of the characteristic determinant is
21 +1, the equation (3. 27) is an algebraic equation of

(3.27)
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degree 21 +1 in the frequency perturbation w,‘,m There

are then, in general, 2/ +1 different real roots for this
equation. These roots are the values of w,‘,}L to be sub-
stituted in (3. 26) in order to determme the coefficients
Am,l),,. K all 2/ +1 roots w,,,u are different, the
azimuthal degeneracv is completely removed.

We now evaluate the integrals in (3. 24) by utilizing
some of the results derived in Appendices Band C, In
accordance with (B15) and (3. 14) the integrands in
(3. 24a) and (3. 24b) may be written as

(B! « Baimlrs, 7
i+1
(2(1 + 1)) [lgn.Hl(VO) - (Z + l)gn,l 1( )]2
XQYET - Y"':+1+V CFD(Y - Y7+ YT Y 0w)
+ (l + 1)Y i 1 Yl,l-l]'y() 2 stYsoy (3° 28&)
SHo
and
(B33 Eifh - Bl - BTN, 0r

= @y g+ D)

- TTFD (YT Y

[e+nys my Y74

xm’ *m’
YR YD) LYY Y]

- (kIf"vo)ZYr;"'«Y:?}ro 23 Boo¥soy (3. 28b)
34
respectively. The vector spherical harmonics Y7,

(j=1,1+1) are defined by (Bl). The radial functions
gni.1(r) and gi%(r) are in accordance with (2, 13b) and
(2. 18b) given by

ngui("') = C:xE[jm(k:lE'V) + affnm(kff?)] (3.29a)
and
gnt ) = C [, (et + cmy (') ). (3. 29Db)

By virtue of formula (C6) we find, after combining
(3.28a), (3.29a), (A9), and (Al0Q), for the expression

(3.24a)
1w, Dk = = 7o W6nUE) 1 1 B [ (6, )
[B:I(ns) B;fr)n]:f Yso
1
= (‘)m-1’4_\/——w“ nl o/Ro)(”z kTE"’o)/”t k Ro))z]

X[285, 14185, 11 + 2V F1)0, 11105, 11
+ (@ +1)5,, ,_15,,,_112,3‘ 105515 38) mtms (3.30a)

and, after combining (3. 28b), (3,29b), (A9), (All), and
(A12), for the expression (3. 24b)

I, D =7riwd (16WUTM)'1TB

* (1) )
-B Bnlm](r=r0)Yso

EXT) . ED
nim’ Entm

(8, ¢)[E

nim’

1
=(=y"— w::

Var

) oo

y [(z + 1 (03270) = I (370) ]2}-1
(I + 1, 1(k Ro) - lnf+1(kn! Ry)

){E+D[E+1)040, 1,185, g — 2VIT F1)
X841, 34185, 101 T 185, 12484,3.4] = (21 +1)
X (feng'7y) 5“5,;} 17718 38) moms

{[(k:1M70)2 -1g+ 1)]

(3.30b)
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where

r+1@ + 1)) P o
1(§j'ls; B)mm—((—zj—-z—ls)%)—) Bs, m-m Wjlj'; 18)

X(j0j'0| SO, — m,Im’ |s,m' —m). (3.30c)

In deriving the results (3.30) we have used the sym-
metry properties

(aabBleyy = (=)*"*(bpac|cyy, (3.31a)
<aabﬁlc,y>:(_)a*b'-c<a’_a’b’_ﬁlc,_)/)’ (3-31b)

of the Clebsch—Gordan (C—G) coefficients, as well as
the symmetry property

Wlabcd;ef) = W(cdab;ef)

of the Racah W coefficients, From (3. 31b) it is im-
mediate that the presence in (3, 30c) of the C—G co-
efficient (j0j’0!s0) entails thatj +j’ - s=0(mod2), Since
either 7,7 =1+1 or j,j’=I, it is then obvious that only
even values of the multipole index s contribute to
(3.30a) and (3. 30b), Furthermore, from the presence
of the C—G coefficient {I, -~ m,im'|s0) it follows that
Im’—=m| <s <2I, Therefore, only those deformation
multipoles (so) (characterized by the surface param-
eters By,) contribute to (3. 30a) and (3. 30b) for which

o=m'-m, (3.32a)
|m’—m| <s<2l, (3, 32b)
$=0,2,4,---, (3.32¢)

Since s =0 implies that m’=wm, the azimuthal degenera-
cy of a transverse electric or a transverse magnetic
{(n,!)-mode can be removed (to first order) only by a
quadrupole (s =2), a hexadecupole (s =4), or higher
even (deformation) multipoles, The additional condition

=il =s =i+, (3. 32d)

follows from the presence in (3. 30c) of the C—G co-
efficient (j0j’01s0) or of the Racah coefficient

W(ljli’; 1s)y. If s > 20— 2 the condition (3. 32d) implies
that in (3.30a) and in (3. 30b) those terms vanish which
are multiplied by 8, ;.48;,;.4. [If s <2, it follows from
(3.32d) that in (3. 30a) and (3. 30b) there are no terms
containing the factor &8y, ;.49;, ;1. | The relation (3, 13) for
the deformation parameters and the symmetry prop-
erties (3.31) for the C—G coefficients ensure that the
perturbation matrices (3.30a) and (3. 30b) are Hermitian
and, thus, that their eigenvalues w$) are real. If the
rank of the characteristic determinant in (3.27) is (2/ +1
~ 2), the multiplicity of the eigenfrequency perturbation
w@} is A, This connection between the rank of the cha-
racteristic determinant and the multiplicity of the as-
sociated eigenvalue is true only for the so-called simple
matrics, of which the Hermitian matrices constitute a
subclass. Thus, the perturbed eigenfrequencies (3. 20)
are nondegenerate only if the characteristic determi-
nant in (3.27) has rank 2!.

The sets of the expansion coefficients in (3. 15) con-
stifute the eigenvectors

A, ), ={AMm, 1), -1 <m=l} (3.33)

of the perturbation matrix (3, 30a) or (3. 30b). Since the
matrices (3, 30) are Hermitian, their eigenvectors
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(3. 33) which are associated with distinct eigenvalues
w{}), are orthogonal. This orthogonality property is ex-
pressed by the first equation in (3, 16). Since for a
simple matrix the maximal number of linearly indepen-
dent eigenvectors associated with the same eigenvalue
coincides with the multiplicity of this eigenvalue, it is
possible to orthonormalize these eigenvectors and
thereby fulfill this orthogonality relation even if the
azimuthal degeneracy of a given eigenmode is not com-
pletely removed by the deformation of the plasma
boundary.

APPENDIX A

The normalization of the characteristic multipole
fields (2.13) and (2. 18) to unit energy density requires
the evaluation of the integrals in the expression

1
Unlm:ia 4dV[IEn1m’2+ IBnlmlz]y

which represents the time-average of the electromag-
netic energy of the cavity resonator volume V. The
integrations in (A1) are simplified if we take into ac-
count that the time-average values of the electric and
magnetic field energies in a cavity bounded by perfectly
conducting walls (of arbitrary shape) are equal (Ref. 9,
p. 291),

fvcadV(IE12+ |B|2):2fvcadv |E|2:2fvde|B|2.

(A1)

(A2)
With (A2) and (2.13) or (2.18) we obtain for (Al),
1 R 2r
U”’"‘ZB—Tng” Vzdr[jz(knz"’)+antn1(knﬂ’)]2f do
7y 0
xf, i ede—f’iw 60+ | Lr,.6 6!
o Sin sinZQ Im ’¢ 20 im ’¢) .
(A3)

For the evaluation of the these integrals, a few
properties of the spherical harmonics, the Legendre
functions of the first kind, and the spherical Bessel
functions are needed.

The spherical harmonics are defined for =0,1,2,---
and -/ sm <! by the relation

_ 1/2
Yy, 08, ¢)= [214—:1 %] PP (cosé) exp(imo).

(A4)

By means of the Legendre differential equation and the
orthogonality relations for the Legendre functions
PT(cos?b), which are stated on pp. 198—9 of Ref. 11,

it can be shown that

2r T
. d 2
fo dd)/sm@d@[a—eY,m.(O,qs)*ﬁY,m(6,¢u)
0

b T 6, 0% 1,00, )] = Oyl 1), (a5)

sin

For the spherical Bessel functions of the first and the
second kind,

1/2 1/2
36 =(3) Fap), me)=(3) N, (3o)
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we have the relations
[ arv5ier) = 27°[5er) - 514 (k7) 514 (07)]
whevre
(k) :{f;f(’fﬁ)} ,
and
[ ar ¥ (er)n, (k)
=7 2], (kv ng (or) = 31y (k7 gy (R7) = g (R Iy ()],
(A8)

(AT)

The Egs. (A7) and (A8) are immediate consequences of
the first formula given on p. 88 of Ref. 11, By virtue of
(A3), (A5), (A7), (A8), (2.13c), and the cross product
relation

G124 (2) = Gy (eI (2) =272, (A9)

stated on p. 439 of Ref. 12, we find for the time-average
electromagnetic field energy of a TE,;,, mode (=l <m <)
in the spherical cavity v, s» s Ry,

Il+1
usF = i) gz g e R

- [7’0”3 (k::E"'o)]-l}-

The corresponding expression for a TM,,,, mode is

(A10)

l+1
om= e L) s enm, - 10+ 1) 1R3!

X[ (ent"Royny.q (oni*Ro) — I (kg 'Ry ) ™
= [Rrr)? =100+ 1) gt
X[(kyTero)nm(kStM"’O) - l"t(kthM"’o)]-z}- (A11)

Equation (Al11) can be derived from (A3), (A5), (A7),
(A8), (2.18c), (A9), and the recursion formula for
spherical Bessel functions (Ref. 12, p. 439)

20+1

71(2) = 5a(2) + 5 4(2),

”(z):{j,gz) Q

i (A12)

In Secs. 2 and 3, and in Appendix C, we refer to the
relations

4 (752 er)] =k 5. (oy) = 15, (R7)

ar
==k ky) + (@ +1);,(k7), (A13)
which follow immediately from the relations
0+ £ 0= 1),
Lo~ L5 0= 5146, (a14)

which are stated on p. 439 of Ref, 12,

APPENDIX B

Solid angle integrations involving scalar as well as
vector products of multipole field vectors are substan-
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tially simplified by expressing the fields in terms of
irreducible tensors whose components, known as vec-
tor spherical harmonics, arel®!4

Y75(6,0) =2 GplT]lm)¥;,(6, den (B1)
uT

Here, Y;, denotes a spherical harmonic, (julT]lm) a

Clebsch—Gordan coefficient, %1% and ¢, a spherical unit

vector, defined in terms of the Cartesian unit vectors

e,, 8,, 6, by the relations

1 .
- -ﬁ(ex+zey), T=1,
€. = (8, 7=0, (B2)
1 ,
—E(e,—ze,), T=-1,

The definition (1) implies that there are three linearly
independent irreducible tensors of rank /; they are as-
sociated withj=1, j=I+1, andj=I-1,

From the values of the Clebsch—Gordan coefficients
(julTlim) (given on p. 76 of Ref. 15) it is immediate
that the well-known relations

LY, =VIFm)lxm+1)Y, ..,
LzYlm = WLY,m,
where

_exp(iz(p)( +icotd ¢>,

LZ:—iE—QT ,
may be written as
LY=()VITFIXE, m+ 7,1, = 7[Im)Y e, (BY)
where
1
-—L, 7=1,
V2
L.=L-e,=(L 7=0,
1
—1L,, T=-1,
V2

are the spherical components of the angular momentum
vector (operator)

L= % r XV, (B4)
From (Bl1), {B3), and {B4) then follows the relation
(rXV)Y,,(8, 0)=iVIT +1)Y7, (6, ¢). (B5)
From the identity
d
—pgl_vy .
UX{rXv)=rv- -V ayv
and from the Helmholtz equation
(VE+R) 5, (7)Y 1, (0, ) =0
where 5,{k7) denotes a spherical Bessel function, it
follows that
VX (@ XV, Vp) = - [kzr;,Y,m+v(a%v;,> Y,,,,]. (B6)

318 J. Math. Phys., Vol. 18, No. 2, February 1977

In order to express the first term on the right-hand
side of Eq. (B6) in terms of vector spherical harmonics
we first represent the position vector r as the contrac-
tion of the two first-rank spherical tensors 7Yy, and et
4\ /2

r=r(5) T ¥ne . (1)
Next, we decompose the product of the spherical
harmonies Yf, and Y;, according to the reduction
formula

127 741\ 1/2
Yi"'rylm:_<i [(l 1) A+1,m=1,17|Im) Y 1y, mer

4r 21 +1
1 1/2
- (%—1> -1,m~rm, 1Tllm>Y,_1'm_T]

(B8)
which follows from the Clebsch—Gordan decomposi-
tion!® 14

Y m=(=)"Yy, Vi
3\'/* 2z+1]“2 .
= (=){— = 101050,
(&) 5 B amolo
x(1,-7,lm lj, m=1Y; s
in virtue of the symmetry relations (3, 31a), (3.31b)
and
2¢ +1\1/?
_(ybepfaC 1 - -
(aabB|cy) = (=) (2a+1) (c,- ybBla,- ).  (B9)
In view of (B7), (B8), and (Bl) we may then write
172
rth“7(4g> T YEY 1nfr
1+1\1? L\ .
,-’)r[(ﬁ) szn'hi— 2l +1 Y.’ln.t-l]
(B10)

To the second term on the right-hand side of (B6) we
apply the gradient formula [Eg. (2. 58) of Ref. 13 or the
second equation on p. 150 of Ref. 14],

1/2
vf(/y}Ylm(0> ¢) == [(;Z_:_ll> (dV i, ) 1,341

_(211+1)1/2(Z]; : f) ,,,_1]. (B11)

With f(#) = (d/dv)[7 ;, (k)] and the differential equation

1A{]
1/1257[7261 }l(ky)]+[2 _(__f_ﬂ] 5, (k7) =0,

we obtain from (B11)

d 1+1\ /2 d l
v(?i;,”}l) Ylm:<zl+1> ’}’k2}1+l<;1;—; ji Y"lnp“'i
1 1/2 5

+<2l+1) vk, + (I +1)

d l1+1
X(d_r + T) }x]Yﬁz-t-

By combining (B6), (B10), and (B12), we arrive at the

(B12)
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equation
1+1\2 (ad 1
curl(rxv],Y,m)=—[(—21—+-T) Z(E;,—;)}z?x",m

1\t d  1+1
() ()

(B13)

On account of the relations (Al4) we may replace (B13)
by

curly, (k7)) (r X V)Y, (6, ¢)

2—ﬁ’L+—1 (VT 5y (b7)YT 1,46, 6)

= QT 544 Ek7)YT, 1.4(6, 9) 1. (B14)

It is obvious that the vector given by (B5) is tangent to
a sphere, On the other hand, the vector given by (B14)
has a nonvanishing radial part.

Since
2 d
VX XV) 1Y =5 2V°Y - ar n)VY,,,

we have for the radial part
[V X (rX¥) 5, (k7)Y (6, $)] 7

== e ey, 6,0)

1 (+1
= e L (FTYE16,0) - VT ¥3,406,00)

(Bl15a)
and for the tangential part
[V X (£ XV) 5, (k7)Y 106, $)]?

== L (1, (er) VY16, 9)]

N IfzzlwE :)317)2 (2504 (er) = €+ 1) 11 (k7))

X[V YT 14 (6, ) + VI+1YT, 4(6, 9)]. (B15b)

The second equation in (B15a) follows immediately from
(B10) and the second equation in (B15b) follows from
{(A13) and the gradient formula (B11),

APPENDIX C

By virtue of the formalism exhibited in the preced-
ing appendix, the solid angle integrations in (3, 24) are
reduced to the evaluation of an integral of the type

1[@'m,j")*;1m,j; so]
= d(8, d)YT(8, 6)* - YTy(6, )Y 0 (6, ¢),

where d(6, ¢) denotes the solid angle element. The
definitions (B1) and (B2) imply that

(C1)

f@'m’,j')*;im,j; so]
=2, m -1, 1‘r[l'm’)(j,m~ T, 17'|lm)

X [ d(8, §)Y jo, il 6, D)y, 1 (6, D)V o (6, ). (C2)
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By applying the reduction formula

s [@+1) 25 +1)
VeV mer= 0 3 [y B

<j’9-m’+Tyj’m_ Tliy—m'+m>Y;,m'-m

172 _
] x(j"0j0[70)

together with the orthonormality relation
f d(ey ¢)Y7,m’-m(9’ ¢)* Yso(e’ ¢) = 6?3 mi=my
we obtain for (C2)

1@'m’,j')*;Im,j; so)

.7 . 172
= [ER ) g0l soys, (C3a)
where
§=5 (=X, m = 1, 17|Um”G, m = 7, 17|lm)
X(j',—m'+‘r,j,m— TIS,m—‘WZ'). (C3b)

In this expression the sum over the products of three
Clebsch—Gordan (C—G) coefficients can be evaluated
by applying the Racah recoupling transformation, *%
An immediate consequence of this transformation is the
formula

"?1_}"2 (Gamyjamy |jamig)(isamyigmy |jmh(Gamy jgms |jagmag

=(jiymyjogmas |im) V&g T 1)(2jgs ¥ VW (14247557 12723),
(Ca)

which enables us to express the sum (C3b) in terms of
Racah W coefficients, In order to bring this sum to the
form (C4) we interchange in the first C—G coefficient
the angular momentum indices together with their pro-
jection numbers (j’,m’ - 7) and (I’, m’) in accordance
with the symmetry relation (B9); we further interchange
in the second C—G coefficient (j,m - 7) and (1, 7) in
accordance with the symmetry relation (3, 31a), The
formula (C4) then yields for the sum (C3b) the
expression

S=()VRITFDRIF YW Lsj; 1K1, - m'lm |s, m— m"),

(C5)
By combining (C1), (C3a), and (C5) we find
ﬁz(e, B)YRp(6, )% - YT,(6, 0) Y, (6, )
_ (_),,,_1[(2]" +1)(2j +1)(21' + 1)1 + 1)] /2
47 (2s +1)
X W(j1'5"; 1s X5 05'0| sO)Z, — ml’m’ | sa), (C6)

where we have used the symmetry relations (3. 31) for
the C—G coefficients as well as the symmetry
property!® 4

W(abcd; ef ) = (=)**/-*°W(fdae; bc)

for the Racah W coefficient,

*Work performed under the auspices of the U.S. Energy Re-
search and Development Administration under contract No.
W-7405-Eng-48,
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This paper deals with the exact solution of a special electromagnetic diffraction problem, namely,

diffraction of a line-source field by a half-plane. The line source is located on the surface of the half-plane,
and radiates an E-polarized wave described by ui, = H{1) (kr|)sinng, , where n = 12,3, -, and (r| ,¢, ) are
polar coordinates with the origin at the source point. A new, closed-form, exact solution for the total field

on the shadow boundary is presented. This exact solution consists of # terms of order k=7, where p =

1,2,. .., n Its first two terms, which are of orders k ~1/2 and k - 3/2 relative to the incident field, agree with
the asymptotic solution derived in a companion paper by the uniform asymptotic theory of edge diffraction.

1. INTRODUCTION
The diffraction of a line-source field by a half-plane

was treated by ray techniques in Ref. 1, referred to here-

after as Part I. The diffraction problem considered there
has been sketched in Fig. 1. A perfectly conducting half-
plane at x <0, y=0 is illuminated by a cylindrical wave
due to an (anisotropic) line source located at (x=-d
Xcosfl, y=dsinf?). By using the uniform asymptotic
theory of edge diffraction, an asymptotic solution for

the total field up to and including terms of order #3/2
has been obtained in Part I. That solution was given

in (1.2.3) and (I. 2. 4) for the general case, and in (I.3.6)
and (I. 4. 4) for two special cases. (Equations from Part
I are quoted by their numbers preceded by 1.) As the
uniform asymptotic theory is a formal asymptotic meth-
od based on an unproved ansatz, the solution obtained
from it in Part I, of course, may or may not check with
the asymptotic expansion of the exact solution for the
problem under consideration. In the present paper, we
will derive the exact solutions for some test cases, and
show that they are in complete agreement with the solu-
tion obtained by the uniform asymptotic theory.

An arbitrary cylindrical wave emanated from a line
source may be considered as a superposition of the
multipole fields

(1.1a)
(1. 1p)

ui(,rl, ¢1):H7$1)(k7’1) COS”¢1 H

sinng,

n=0,1,2, +--,

where (7, ¢;) are polar coordinates with the origin at
the source point (Fig. 1). For the case n=0 in (1. 1a),
i.e., when the line source is isotropic, exact solutions
to the diffraction problem were first derived by Carslaw
and Macdonald around the turn of the century. More
easily accessible is the elegant solution due to Clemmow
as described in Ref. 2, pp. 580—84, Clemmow’s
approach is first to decompose the Hankel function H{!’
as an angular spectrum of plane waves. For each plane
wave of the spectrum, the Sommerfeld half-plane solu-
tion applies and, then, the total field solution is ex-
pressed as a superposition integral with the Sommerfeld
half-plane solution weighted by the spectrum of the inci-
dent field as its integrand. The same approach can also
be applied in principle for the cases n# 0.3 However,
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the superposition integrals in the latter cases become
quite complex, and to our knowledge no explicit solution
has been obtained,

Since our main purpose is to check the validity of the
asymptotic solution given in Part I, we will not solve
the diffraction problem of Fig. 1 in its full generality.
Instead, our attention will be focused on a test case. In
this test case, we assume (i) u=E, (E-polarized wave),
(ii) 2 =0+ (line source on the upper surface of the half-
plane), and (iii) ¢ =7 (observation point on the shadow
boundary). This case corresponds to Case A discussed
in Part I, Sec. 3. The incident field will be given by
(1.1). Thus, the solution to be derived should eventually
be compared with (I.3.9) and (1. 3. 11).

Our method of solution consists of two main steps. In
the first one (Secs. 2 and 3), for incident fields in (1.1)
with #=1 and 2, the total field solutions are obtained
through differentiation of Clemmow’s solution for the
isotropic line source, and the enforcement of the edge
condition. Guided by those results, we then derive in
Sec. 4 a recurrence relation for the total field on the
shadow boundary due to a general incident field with an
index » in (1.1). The recurrence relation is subsequently
solved by two methods in Secs. 4 and 5.

Several conventions used in this paper are stated be-
low: (i) The time factor is exp(-iw!) and is suppressed.
(ii) Unless explicitly mentioned otherwise in Sec. 2,
only the case of E-polarization is considered and u=E,.
(iii) Three sets of polar coordinates are employed (Fig.
1): (7, ¢) has its origin at the edge point (x=0, y=0);
(74, ¢1) at the source point (x=~d cos®Q, v=dsinf); and
(7.1, ¢.1) at the image source point (x = - d cos$?, y
=-dsinf?). All angles take values between 0 and 27;
¢, ¢4, and § are measured clockwise, and ¢,
counterclockwise.

2. DIFFERENTIATION OF SOLUTIONS TO
EDGE-DIFFRACTION PROBLEMS

In this section, we deduce a theorem on the differen-
tiation of solutions to half-plane diffraction problems.
In Sec. 3, this theorem will be applied to the diffraction
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OBSERVATION
POINT

SOURCE

IMAGE

FIG. 1. A half-plane illuminated by a line source at
(x=—dcosQ, y=dsinQ).

problem of Fig. 1 in the cases of an incident field (1. 1)
with =1 and 2. The solution to these problems will be
obtained by differentiation of the known solution to the
diffraction problem for the isotropic line source as
presented below.

Referring to Fig. 1, we consider the diffraction of the
cylindrical wave

ul(yb ¢)1) :H(()1 )(kyl)’ (2- 1)

due to an isotropic line source, by the half-plane x <0,
y=10. The two cases of E-polarization and H-polarization
are treated simultaneously, and the resulting total field
is denoted by #; = E, in the case of E-polarization and

by u,=H, in the case of H-polarization. Then u,, u, must
satisfy the reduced wave equation (A +k%)u, ,=0, the
radiation condition at infinity, the boundary condition

2
u, =0, a”z =0 on the half-plane, (2.2)
and the edge condition (see Ref. 4, p.45)
wy (v, §) =002, wy(r, ¢)=0(1), v=0. (2.3)

According to Ref, 2 [Sec. 11.7, Eq. (20)] or Ref. 5
[Egs. (8.46) and (8.68)], the total fields #;, u, are given
by the exact representation

1,5(7, §) === [J(k”2£ kr) FJ(B2E Ry L)), (2.4

where the upper (lower) sign corresponds to u; (u,). The
function J(x, ¥) in (2. 4) is defined by

J(x, ) —exp(zy)f

and the detour parameter £(£') of the incident (reflected)
field is defined by

E=(r+d -7)*"?sgnlcosz(¢p ~ D]

exp(ip?)

Wd#, (25)

1/2
= (;;%d:-;) cosz (¢ - Q), (2.6a)
1
£ =+d-r,)""%sgnlcos(¢ + Q)]
1/2
= (7-%7\) cosz(¢ + ). (2. 6b)
-1

Near the edge =0, the total fields in (2. 4) behave as

4 [r\!/2 N )
uy (7, @) :-1?1:((—1) exp(ikd) sinzQ sinz ¢ + O(7), (2.7a)
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1/2
uy(7, 0) = HY(kd) +%<§) exp(ikd) coszQ cosso + O(7),

(2. 7b)
which comply with the edge condition (2. 3).

Now let us consider the diffraction of an E-polarized

wave due to an anisotropic line source and given by
W, 90) = o HEO (). (2.

Because Ju, /0x satisfies the boundary condition on the
half-plane x <0, y =0, it would appear that the total
field for the present problem is simply given by du,/dx,
where u, is given in (2.4). However, such a result is
incorrect since du,/3x does not satisfy the edge condi-
tion: generally 8, /3x = O(r"!/?) [compare with (2.7)],
whereas the correct total field should be O(#* /?) near
the edge =0. Therefore, 9u,/9x must be supplemented
with an additional term that should satisfy the reduced
wave equation, the radiation condition, and the boundary
condition on the half-plane, and should compensate the
edge singularity of du,/dx. It is easily found that the
additional term is a multiple of

2\ /2 exp(iky)
AT

— (2.9)

H{Y, (k) sinz¢ = - i ( sing¢.
The total field v, due to the incident field in (2. 8) is now

given by

nilr, 6) =32+ 4, BET)

sin o, (2.10)
where the constant A, is to be determined by the require-
ment that at the edge =0, the »'/2_singularities in the
two terms in (2. 10) should cancel. It can easily be shown
that (2. 10) satisfies all conditions for the present dif-
fraction problem. Hence, by relying on uniqueness,
(2.10) does represent the exact total field due to diffrac-
tion of the incident field in (2. 8).

Next consider the diffraction of an H-polarized wave
due to an anisotropic line source and given by
; 2
w' (ry, 1) :aHé"(krl). (2.11)
By employing a similar argument as before, it is found
that the total field w, in this case is given by

du expliky)
w7, ) ==+ By~ rr— cosz @, (2.12)
where %, is given in (2.4). Because #; = 0 on the half-
plane, the tangential total electrical field at x< 0, y=0,

which is proportional to
dw,_ 3% u1 _B exp(ikr)
Ty ayET T2T2ATE
9 expl(ikr) .
=_ ["—Z'a;t! + kzul + B, __Wp( s1n§¢)] ,
also vanishes on the half-plane. The constant B, in

(2.12) can be determined by enforcing the edge condi-
tion wy(7, ¢) =0(1) as v~ 0.

sin ¢

Guided by the two results in (2.10) and (2.12), we can
state the following theorem for the differentiation of so-
lutions to the half-plane diffraction problem sketched in
Fig. 1.
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Theovem: In the two-dimensional diffraction at a per-
fectly conducting half-plane x< 0, y=0, let u; =E, (u,
=H,) be the total field due to the incident E-polarized
wave (H-polarized wave) #'. In a similar notation, let
vy (v,) be the total field due to diffraction of du'/dx, and
let w;, (w,) be the total field due to diffraction of du'/3y.
Then

du exp(iky)
v=—ttA —'%rrz—

sinz¢, (E-polarization), (2.13a)

exp(ikr)

2
v, :% +A; =7 cost, (H-polarization),(2.13b)

wy :%1% +B, %(72.-:1) sins¢, (E-polarization),

(2.14a)
w, :aa_’il + Bg_ex%(%ﬁ) coszd, (H-polarization),

(2. 14b)

where the constants A;, A,, B;, and B, are determined
by the requirement that the total fields should be free
from the »'/2-gingularity at the edge »=0.

Three remarks are in order: (i) The above theorem
is valid not only for the incident field % given in (2.1)
but also for a general incident field as, e.g., in (1.1).
[See the application in connection with (4. 8). ] (ii) The
theorem can be extended to higher-order derivatives.
In fact, one such example will be worked out in the next
section. (iii) For the special case of plane wave inci-
dence, the present theorem was established by
Bouwkamp® in 1946. As Bouwkamp points out, a quali-
tative version of the theorem was already enunciated by
Rayleigh in a paper of 1897.

3. DIFFRACT!ION OF LOWER-ORDER MULTIPOLE
FIELDS DUE TO A LINE SOURCE

In this section, we consider the diffraction problem
sketched in Fig. 1 when the incident field is an E-polar~
ized wave given by (1.1b) with =1 and 2. By use of
the theorem in Sec. 2, we determine the total field solu-
tion and this solution is specialized for the case Q=0+,
that is, the line source is located on the upper surface
of the half-plane. Finally, we derive a simple closed-
form result for the total field on the shadow boundary
¢ =7. The diffraction problem for an incident field
(1.1) with general » will be discussed in Sec. 4.

First, consider the diffraction of the E-polarized wave
as given in (1. 1b) with n=1, viz.,

u'(ry, @) = H{V(kry) sing,. (3.1)
If one uses the relation
d A 0 6}
a—y~—sm¢1-a7l—cos¢>171%:, (3.2)
(3.1) may be rewritten as
Wy, 1) =2 B o) (3.3)
1> Y1 b ay 0 i/ .

According to the theorem in Sec. 2, the resulting total
field « is found to be
(Eiuz_'_B1 exp(ikr) ‘n‘¢)

u(v, p) =1 (3.4)

_77'2—
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where u, is given in (2.4). To determine B, the be-
havior of du,/dy near the edge should be examined. With
the help of (2.7b), we have

du,_ 2 expl(ikd) .

1 -1/2 qsnda
T d 08382 7 sinz ¢ + 0(1),

r—0. (3.5
The edge condition requires that # in (3. 4) must be free
from the v} /2.singularity. In view of (3.5), this require-
ment is satisfied if B; assumes the value

27 exp(ikd) | _
By =" coszll. (3.6)
Thus, (3.4) and (3. 6) give the exact total field (valid for
all € and ¢ between 0 and 27) due to diffraction of the

incident field (3.1). Specializing the solution in (3.4) for
the case Q:0+, we have

N exp(in?)
ur, ¢)= urk y (exP(Zkr‘)_[_kl /2 (u2+2krl)”2d“)

+ 2 explik(r +d)]

Wz— sinz¢, 3.7

where £=(» +d - 7,)*/?sgn(cos3¢). Along the shadow
boundary ¢ =, it is easily shown that

or, . 0& d 172 B
=0 @_(_—_—Zr(r+d)) at ¢ =7, (3.8)
Using (3.8) in (3.7), we obtain
, 1 2t /2
u(r, ¢ =7) = expli(ky + kd Eﬂ)]———mnk(r+d)d . (3.9

This is the exact total field on the shadow boundary due
to the incidence of (3.1) with =0+, When (3. 9} is com-
pared with the asymptotic solution in (I. 3. 9), they
coincide.

Next consider the diffraction of the E-polarized wave
given by

ul(ry, o)) =H{ (lery) 5in2¢,. (3.10)

If one uses (3.2) and the relation
a 1 ¢

— = — +sj —_—

ix cos¢y a7, sing, PP (3.11)
(3.10) may be rewritten as

W (r, b)) =Bl H oy (3.12)

1, %1 axay 1] 1/ @

On extending the theorem in Section 2, it is found that
the total field « in the present diffraction problem may
be expressed as

1= | T S

ik 1 s
+Bs§%§-lrzy—) (1 —ﬁ;) sinsz] ,

where u, is given by (2.4), and the constants A and B,
are to be determined by enforcing the edge condition.
The second and third terms in (3. 13) are multiples of

H{),(k7) sing$ and H%(kv) sinde, (3.19)

(3.13)

respectively; these terms do satisfy the wave equation,
the radiation condition, and the boundary condition on
the half-plane. Near the edge » =0, it can be shown that
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uy _ 1 exp(ikd)
oxdy m A2

- k kd
coszit r¥/2gind¢ +;—e—§g!(%-z—l

X<1'rkla> cosi® »/2sinte +0(1), r—0. (3.15)

The edge condition requires that # in (3. 13) must be
free from the 7~3/2-gingularity and the »™'/2-singularity
near the edge. These requirements determine A, and
B, with the results

k ikd
AB:_;ﬂ%%—)(uﬁe%)coséﬂ, (3. 162)
B(i:%exﬁs(}rg—d'_) COS%Q- (3. lsb)

Thus, (3.13) and (3. 16) give the exact total field (valid
for all € and ¢ between 0 and 27) due to diffraction of

the incident field (3.10). Specializing this solution for
Q=0+ and ¢ =7, we obtain

w(v, ¢ =) = expli(ky + kd + )]
. (v +3d)

474 /2
TR(r + a2 [1 T ral T d)]' (3.17)

This exact solution again verifies the asymptotic solu-
tion derived by the uniform asymptotic theory and given
in (1.3.9).

The above procedure can be continued to derive the
total field due to diffraction of a higher-order multipole
field in (1. 1b), However, this is not necessary. In the
next two sections, we will derive a recurrence relation
for the total field on the shadow boundary, due to the
incidence of a general multipole field, and obtain the
desired field solution by solving the recurrence relation.

4. DIFFRACTION OF A GENERAL MULTIPOLE
FIELD DUE TO A LINE SOURCE

This section deals with the diffraction of the line-
source field (1. 1) with general » by the half-plane ¥ < 0,
v=0 (Fig. 1). The line source is located on the upper
surface of the half-plane (2 =0+) and the incident field
(1.1) is an E-polarized wave. We will determine the
resulting total field on the shadow boundary ¢ =7.

Consider first the case of an incident field (1. 1a) which
is symmetric with respect to the plane y = 0. Then the
fields produced by the source at (x =-d, ¥ = 0+) and its
image at (x=-~d, y=0-) cancel exactly. Hence, the total
field is identically zero everywhere. This result veri-
fies the asymptotic solution derived by the uniform
asymptotic theory and given in (1. 3. 11).

Next consider the diffraction of the asymmetric E-

polarized wave as given in (1. 1b), viz.,
ul(ry, ) = HY(kvy) sinnegy, n=0,1,2,"--. 4.1

Let the resulting total field on the shadow boundary ¢
=7 be denoted by

w(v, ¢ =7 =g,(¥) for Q=0+, (4.2)
then obviously
&) =0 (4.3)

and, according to (3.9) and (3.17),
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— oxuls 2 A
gl(”)—eXp[l(k7’+kd+7T/2)]ﬂ—kd D (4.9
22(») = expli(kr +kd + )]

4 A 2 7 2(r + 3d)
x[w_kd”z(wrd)+E?<?dﬂ/2(r+d)1 ] (4.9)

We will derive a recurrence relation for the functions
{g,}. For this purpose, we observe that

3 i
o SRHE k) sine - 10y

+3kHG(kry) sin(n +1) ¢y

:_%kui-1+%kl¢£*1: n:1’27 39”'; (4-6)

where (3.11) and some well-known recurrence relations
for the Hankel function have been used. In view of (4.6),
the total field on the shadow boundary, due to the inci-
dent field du’/3x, is then equal to

4.7

On the other hand, referring to the theorem in Sec. 2,
the total field is also given by

- 2k (1) + 5REn 0 (7).

) -0, 2RI _ gy

Here, the constants {C,,} are determined by the require-
ment that the 71/ %_singularity in the total field at the
edge should vanish (edge condition); hence,

C,=lim# 2g(7).
r=9

9"—‘;:(%’27—) (4.8)

(4.9

By equating (4. 6) and (4.8), a recurrence relation is
obtained,

2C, exp(ikr)

AT n=12,3,""".

gn+1(,r) :gn-l(/y) +_z'gr,x('r) -

(4.10)

It has been verified that g, g, and g, in (4. 3)—(4.5) do
satisfy (4.10). The field {g.4 are now completely speci-
fied by (4. 10) and the “initial values” g, and g in (4. 3)
and (4.4).

We will now solve the recurrence relation in (4. 10).
Because g, obviously consists of #n terms of order k7,
p=1,2,"-+,n we can introduce the ansatz

g1 = % explilkr +kd + 5am)] 2 (B PA4,G,(), (4.11)
p=1

where the coefficients {A,,,} and the functions {G,,} are to
be determined. The ansatz is rather special

in that {G,} do not depend on n, i.e., all{g} are ex-
pressed in terms of the same set of {G,}. This choice

is suggested by (4.4) and (4.5) where the leading terms
contain the same function of ». Without loss of generality
we may assume

A, =1. (4.12)
A. Determination of G,

A comparison of (4.4) and (4.5) with (4. 11) yields
immediately

rt/2 7 2(r + 3d)
Gl('}’)—m, Gz(’}’)——m. (4.13)
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By introducing the notation

r,=1lim7/2G,(»), (4.14)
r=0
C, in (4. 9) becomes
jn+l L
Cc,= Z’W explikd) 2 (ik)?T A, . (4.15)
p=1

Inserting (4. 11) and (4. 15) into (4. 10) and equating cor-
responding terms containing the same power of B, we
obtain

A yGo(N) == 4,1 ,G, (1) +24,,G,(7)

+24, ,4[Gy (1) =T, 471/2], (4. 16)
In (4.16) we set p=n+1; then, in view of Apy, 1 =4m
=1, and A, .1 =4,,m =0, we have

G () =2G(7) =20, 73/ 5n=1,2,3-", (4.17)

This equation recursively defines the functions {G,,}D It
has been verified that G, in (4. 13) does satisfy (4.17).
From (4. 13) we may deduce the series expansions

Grl) =32 (= V(o /i, (4. 182)
G,(7) Zc—}zzf\/l (= V(g +$)(r/d) 2 (4.18b)

which are valid for 0 <7»<d. Then from (4.17) it is
easily found that

op1 =, . .
G,(7) =7PZP/_1(— 1)g+3)

X(g=3) (g =p+3)(r/dy-rr/? (4.19)
which is valid for 0< 7 <d. Starting from (4.19), G,(7)
may be written as a hypergeometric function (see Ref.
7, Chapter 15),

_ 4 (2 =11 1/r\/2
6= 0 g giala)

XF(p+3,1; 3;-7/d). (4.20)

Then, by use of a well-known integral representation

for the hypergeometric function [Ref. 7, Eq. (15.3.1)],

we obtain

_ pa (2 = D!

Gp(r) - (_ 1) zp(p _ 1)!

x/ (r+d-p?t/2t2gt p=1,2,3,--.
0 (4.21)

The latter representation for G,, which is an analytic
continuation of the one in (4. 19), is valid for all » be-
tween 0 and ©. Alternatively, by use of a linear trans-
formation formula for the hypergeometric function [Ref.
7, Eq. (15.3.12)], G, can be reduced to

Gy(r)= (=12 (p - 1)! (Zi .

2l (20 1

L PgR Aar PTLES . (2

The result in (4. 22) is the desired final expression for
the functions {G,}.
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B. Determination of A,,
The use of (4.17) in (4.16) leads to

A A,y ,+24,,+A (4.23)

nel,p -1,p n,p-1s
which can be solved in a standard manner subject to the

side condition (4.12). The result is
n+tp-1
2p -1

A,=

(4. 24)

where (-) denotes the binomial coefficient.

In summary, the exact total field on the shadow bound-
ary ¢ =7, due to diffraction of an incident E-polarized
wave in (4.1) with Q=0+, is given by an n-term sum,
namely,

2 expli(kr + kd + $nm)]

gn(r) = 7.‘,_

Zfn+p=1\,. .
xf—,{(Zp—l )(zk) °G,(r), n=1,2,3,-+-, (4.25)
where {G,} are given in (4.22). The first two terms of
(4. 25) are

. N 2t /2
g,(v) = expli(kr + kd + $nm)] T d

. [1 L =1+ 3d) +0(k-2)],

6kd(r +d) (4.26)

which agrees with the asymptotic solution in (I.3.9), de-
rived from the uniform asymptotic theory. For the case
n=1 (n=2), there is only one term (two terms) in (4. 25);
thus, the asymptotic solution in (I. 3. 9) becomes exact

in these cases.

5. ALTERNATIVE SOLUTION OF THE RECURRENCE
RELATION

For the diffraction of the E-polarized wave given in
(4.1) with 2 =0+, the resulting total field on the shadow
boundary is denoted by g,(#) as indicated in (4.2). We
will now present an alternative method for solving the
recurrence relation for {g,} in (4. 10), or

2C, exp(ik7)

2
gm(v)=g,.-1(r)+;gn'(r)— AN, n=1,2,3, 0,

(5.1)

In this method, the integral in (4.21) is obtained in a
more natural manner.

Consider first the constants {C,} as defined by (4.9).
From (4.4) and (4.5), it may be shown that C, and C,
may be expressed in terms of Hankel functions of half-
integral order and of argument kd:

i exp(ikd) k\/2 _
(o} :FE%(”_: ‘(E) (HE (kD) +iHE (D)),  (5.22)
C.— 2 exp(ikd) 3i explikd)
A A A L
k 1/2 1 a
=(5) (HY), (kd) +iHE) (kD). (5. 2b)
Guided by these results, it is conjectured that
B\1/2
Com (- () B aled) + B R o). (5.9
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It has been verified that this conjecture also holds true
for C,; and C,.

Furthermore, observe that (5.1) and (5. 3) remain
valid when 7 is a negative integer. As a matter of fact,
for negative », the incident field in (4. 1) becomes

u-i-n(rly ¢1) ZHS,)(k”VI) Sin("‘ n¢l) = ("' 1)’"1“7‘1(71’ ¢1) . (5' 4)
Thus, the associated total field £_, and constant C_,
satisfy

LN =(=D"g (), C,=(-1™C, (5.5)

It is easily seen that (5.1) and (5. 3) are consistent with
the symmetry relation in (5.5).

The recurrence relation (5.1), valid now for all posi-
tive and negative integer n, is solved next by a formal
generating-function technique. Introduce the generating
function

5 g,(r) explind), (5.6)

n=-

F(r, 8) =

then (5.1) implies the following differential equation for
F:

F(r §) +ik sin0F(r, 8) = C(8) ﬁ%’?—), (5.7a)
where
C(O)= 2 C, expliné). (5.7b)

The differential equation (5.7) is solved by variation of

parameters. Since F(7, ) =0 at =0 (edge condition),
we obtain the solution

F(r, 0)=C(6) [ expliklt - (v 1) sinélit* 2at.  (5.8)

Using the well-known generating function for Bessel
functions [Ref. 7, Egs. (9.1.42) and (9.1.43)], one has

0

expl-ik(r = 1) sinG]:P_ ”Jp[k(r-t)]exp(— ipd) (5.9
and (5. 8) can be rewritten as
F(r, 6) =§,‘ C, exp(iq6) Zf}‘ exp(— ip6)
X fo’ J,[k(r = O] exp(ikt)t /2 dt. (5.10)

Comparing (5.10) and {5.8), we immediately deduce
that
2" =2 Cpun fo”J,[k(r_t)]exp(ikt)t'”zdt. (5.11)
pamw
Substitute the conjectured values (5.3) for C,. into
(5.11), then by use of the following identities [See Ref.
7, Eq. (9.1.79)]:

5 (= VB ok [kl - 0] =HE okt + -0
i (5.12)
p_i_, (= VHE) olkd)dy [k (r = )] =HT} plk(r +d - D],

(5.13)
t-“zexp(ikt)=i(12’f)1 HEL(Rt), (5.14)
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we obtain the desired solution for g,(v), namely,

3(= 1k [ {HE ), lk(r +d = 1)]
+iHX) lk(r +d - O HL, (Rt dt, n=1,2,3, "
(5.15)

g7y =

The result in (5. 15) is an exact representation of the
total field on the shadow boundary. The derivation of
(5. 15) is based on the conjectured values (5. 3) for {C,}
and a formal generating-function technique. The con-
vergence of the series involved and the interchange of
the order of summation and integration were not seri-
ously studied. Thus, (5.15) requires the following addi-
tional verification:

(i) Determine C, from (4. 9) and (5.15), then the con-
jectured value (5. 3) is precisely recovered.

(ii) By direct substitution, the solution in (5.15) has
been shown to satisfy the recurrence relation (5.1)

This verification shows that g, is given by the exact
representation (5. 15).

To derive a more explicit solution from (5. 15}, we
may express the Hankel function in terms of elementary
functions,

a) 2\'/2 o \
Hyd pp(2) = (E expli(z — gnm = 5m)]

Lon+p)l (=1)?
Xl =T . 5.16
Z = p) 1 (202P (5.16)
As a result, (5.15) is reduced to
2i , L Jontp-
=2 +kd+3 —
g4 = expli(kr + kd 2mr)]L_; . )!(p_ 1)!
r
X (= 1)”'1(21’1@)-’] (r+d-g)rt/ztiz g (5.17)
0
With the help of the representation (4. 21) of G,(v),
(5.17) may be rewritten as
g.(r) = % expli(ky + kd + 5nm)]
x5 (” +1’1- 1>(ik)"Gp(7) (5.18)
p=l -

which agrees with (4. 25), the solution obtained by the
first method.

6. DISCUSSION AND NUMERICAL RESULTS

In the present paper, the exact solution to the diffrac-
tion of a line-source field by a half-plane is studied by
analytical methods. When the incident field given in
(4.1) is an E-polarized wave and is due to a line source
located on the upper surface of the half-plane, the ex-
act total field on the shadow boundary is given in (4. 25),
which is an n-term sum (z is an index of the incident
field), or in (5.15), which is a finite integral. The first
two terms of (4.25) agree with the asymptotic solution
determined by the uniform asymptotic theory in Part I.

For a given incident field (fixed n), the total field in
(4. 25) or (5.15) depends on two parameters 4 and 7,
which are the distances from the edge to the source,
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FIG. 2. Normalized total field on the shadow boundary due to
an incident field 4.1) from the line source on the half-plane.

g, is defined by (4.2) and (6.3), and it is calculated from .25)

and @4.22) with one, two, ..., or » terms in the sum,

and to the observation point, respectively. For the ex-
treme case (7/d) - 0 (near field or faraway source), it
is found from (5. 15) that

gaP) = (=" (gk_zy 2

v

X exp(ikv)[HY] j5(kd) +iHL) /Z(kd)][l v OG; ) ]

47 . 1/2
== expli(ky + kd + énn)]C_;)

S o (mtp-11 (-1 ¥ ¥
*L GG = D1 (2R [”0(3)]’ (2)“0'

(6.1

For the other extreme case (d/#) ~ 0 (far field or nearby
source), it can be shown from (4, 22) and (4. 25) that
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FIG. 3. Same as Fig. 2 except that n=4,

4 d\'/?
&) =— expli(ky + kd + gnm)] (;)

< (ntp -1 (=1
"EZ m=-p)tp~112p~1) (Zikd?

froft) (9

The n-term sums appearing in (6. 1) and (6.2), are both
polynomials in inverse powers of 2d. Thus, the use of
one or two “dominant terms” in these two extreme cases
can give good results only if #d>>1, and its accuracy is
independent of 27.

(6.2)

In Figs. 2 and 3, we fix kd =27 (or d=1)) and display
a normalized total field
2.(¥) = expl— i(ky + kd + snn) 1g,(») (6.3)
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as a function of k¥ for two incident fields =2 and n=4;
%, is calculated from (4. 25) and (4. 22) with one, two,

-, or n terms in the sum, where the one with » terms
is the exact solution. Since kd =27 is relatively small
and n=4 corresponds to a rapidly varying incident field,
the curves calculated with one or two terms in the sum
in Fig. 3 do not converge well to the exact solution. In
particular, we note in Fig. 3 that the curves calculated
with one term show a reasonable magnitude but the phase
is far off.

The poor convergence mentioned above becomes less
serious as kd is increased, as indicated in (6. 1) and
(6.2). In Fig. 4, we reconsider the case presented in
Fig. 3 but with 2d= 67 (triple the previous value). The
curves calculated with two terms already give good re-
sults in both magnitude and phase.
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The connection between operator endomorphisms and conditions for N-representability is established. The
sets N and S are defined as the sets of operator endomorphisms which induce necessary conditions and
sufficient conditions respectively. A detailed characterization of Ny is presented.

1. INTRODUCTION

The Hamiltonian describing the dynamics of an elec-
tron cloud of a molecule in the Born—Oppenheimer
approximation is of the form

N N
H=23H,(i) + 2 H,(ik).
i=l i<k

The operator is defined on some dense subspace [ of the
N-fold tensor product /¥ of a separable Hilbert space

# which comprises all possible pure states of one elec-
tron and therefore is called the “one electron” or
“orbital” space.

(1.1

The possible energies which the isolated electron
cloud is capable of are identical with the numbers con-
tained in the spectrum of the compression' of H to the
antisymmetric subspace Y of #¥. Thus the ground
state energy £, is given by

E,=inf tr(HD), (1.2)

where D varies over all positive trace class operators
of trace 1 whose range is contained in /) NA4Y .

Let us call a finite dimensional subspace # C#
admissible iff //'C/). Throughout this paper we assume
that a fixed admissible subspace # /4 of dimension
¥ >3 has been chosen. For 1<p <N <y let S? be the set
of all Hermitian linear operators of H? whose range is
contained in /% and let /? denote the subset of all posi-
tive operators (belonging to S*) of trace 1, i.e.,

2{De s D> 0, tr(D)=1}. (1.3

(Here 2 denotes definition)

An element D€ P? is called a p density operator
(whose one range is contained 1in the given admissible
subspace of the orbital space /7). Then clearly we have

E,< ian tr(HD). (1.4)

oep

Formula (1. 4) will serve us as a basis for obtaining
upper bounds to the ground state energy, E,, for the
system.

To proceed further let us introduce the projections
P and A® corresponding to the subspaces #* and /7§ _of
#H?*, respectively. Clearly they commute and A? & PA?
is the projection corresponding to 42 . We may write

De S§* iff D*=D and A’DA’=D,
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Furthermore, we have

AVHAY = AV (K® 17 )AV, (1.5)

where

%Azmm +H,(2) + (V = 1)H,(12)]42 (1.6)
is the operator obtained from the “reduced Hamiltonian™?
by multiplication on both sides by A2. In the sequel we
shall refer to K as the “truncated reduced Hamiltonian, ”
Obviously K € 82, If we introduce the (p, N)-expansion
operator,

I‘f 18P - SN, 3
devined by I'} (B) =AY (B® 1V-)A", B S?, (1.5) can be
rewritten as

AYHAY =TY(K).
Clearly & is a real Hilbert space under the inner
product

(D, B)—(D|B)2tr(DB), D,Bc &,

(1.5")

whose dimension is given by ()%, where » denotes the
dimension of 4.

The adjoint operator of the (p, N)-expansion operator
relative to this inner product is the (N, p)-contraction
operator L%.? Thus the defining equation of L% is given
by

(L§(D)| By =(D| LY (B)), DeS", Be$.

More explictly, L% is given as the partial trace of D
over the last N —p factors in the tensor product. Let
P% be the image of ”¥ under L%. An element of /% is
called an N-representable p-density operator (whose
one range is contained in /). We have the following
lemma, crucial to our reasoning:

1.1 Lemma: E;<infy ¢ p3 (K| D).
Pyoof: For De P¥ we have
tr(HD) =tr(HAYDA") = tr(AYHAY D) = (AYHA" | D)
= (P} ()| D) = (K| LE(D)).
Combining this insight with formula (1.4) we obtain

E,< inf tr(HD)= inf (K|LZ(D))
pe VN pep¥

:Dienﬁf,mm'
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The formula of Lemma 1.1 is not very practical be-
cause a convenient characterization of X% is unknown,
but the krowledge of any subset of P% will provide us
with an upper bound to E;. Such a subset is given by

the singleton {(3)-'A%. In Part II of this paper we exhibit
some other less trivial subsets of /% as the images of
P? under certain maps called operator endomorphisms.
In Part I we focus on necessary conditions for N vep-
resentability induced by such operator endomorphisms.

2. OPERATOR ENDOMORPHISMS AND CONDITIONS
FOR NV REPRESENTABILITY

2.1 Definition: Let T be a linear map of S? into itself.

(i) T is said to induce a sufficienl condition for N
vepresentability iff T(P? C Pz,

(ii) 7 is said to induce a necessary condition for N
representability iff T(P%) < P2.

(iii) T is called ovder preserving iff T(P?) < P2,

The motivation for this definition is clear. ¥ D is any
density operator and T induces a sufficient condition
for N representability then T(D) is N representable and
the lowest eigenvalue of T*(K) is an upper bound to the
ground state energy E,. Note that T* is the adjoint
operator to 7. Indeed,

Ey< inf , (K| D)= inf (K| T(D))
pep?

DET(PT)

= inf (T*(K)| D) =lowest eigenvalue of T*.
pcp?

Suppose T induces a necessary condition for N rep-
resentability. Then 7(D) = 0 for every N-representable
density operator and the lowest eigenvalue of (T*)"}(K)
(we assume T is invertible!) is a lower bound to the
lowest eigenvalue of the truncated Hamiltonian which
in turn is an upper bound to the ground state energy &,.
Indeed,

E,< inf (H|DY = inf (K|D)
pNe ¥ pe p?

> in | (K|D)= inf K|T(D)

per-lp?

= infz(T’-';'1 (K)| D) = lowest eigenvalue of 7*"(K).
pep

Also notice the following fact which we shall exploit
later on in this paper: If 7y induces a sufficient condi-
tion for N representability and if T, induces a neces-
sary condition for N representability then the composite
transformation 7,0 T, is order preserving.

Finally we remark that for 2< N < (r-2), P? and P2
span S% as a linear space. This implies that if a linear
map T of $? into itself has any of the three properties
listed in Def. 2.1, it preserves the trace.

The most interesting and accessible linear transfor-
mations of S are the operator endomorphisms. Let
{/ =l (#) ve the group of all unitary transformations of
the admissible subspace // C/. {/ acts in a natural way
on //* and therefore also on S (by similarity transfor-
mation). An operator homomorphism is a linear map
between two carrier spaces of representations of {/
which commutes with the action of //. For example, the
(N, p)-contraction L% and the (p, N)-expansion operator
I, are such operator homomorphisms. Since /Y is
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_invariant under {/ and the (N, 2)-contraction is an opera-

tor homomorphism, /% is invariant under the group (/.
Similarly if 7 is an operator endomovphism of $* (i.e.,
an operator homomorphism of §2 into itself) which
carries P? into %, then the image 7(/?) will be a con-
vex subset of 7% which shares with /% the property of
being invariant under {/. This is one reason why the
operator endomorphisms are of particular interest to
us.

The following proposition asserts that the set of all
operator endomorphisms of S? constitutes a three-
dimensional commutative algebra over the field R of
real numbers. We restrict ourselves to the case where
the dimension 7, of our basic admissible subspace #/
of orbital space, satisfies the inequality

r2dim# > 3.

2.2 Proposition: (i) The algebra 4 of all operator
endomorphisms of S? constitutes a three-dimensional
commutative algebra over R.

(ii) A linear map T of S? into itself belongs to A iff
it has the form

D—~T(D)= atr(D)A®+B(D'A I') + ¥D.
[Here we used the abbreviations D* for L3(D) and D' A I'
for A%A(D'® A2, ]

Proof: 8% is the direct sum of three inequivalent
irreducible subspaces under (/,

$2=(A%& ((A%)'=K) &K.
Here (A% stands for the one-dimensional subspace
spanned by A2, and K stands for the kernel of L}. Their
respective dimensions are given by 1, ¥**- 1, and

(;)2-»2. Part (i) of the proposition follows at once from
Schur’s lemma.

(2.1)

In order to prove (ii) let D e S? be arbitrary. The
three irreducible components of D are given by

Dy= ()" tr(D)A?, (2.2a)
Dy =4(r -2 [D' A I' - v tr(D)A?], (2. 2b)
Dy=D—4(r -2 YDA I') + (r‘z 1)'1 tr(D)AZ.  (2.2¢)

Here Dy (4%, D,cK, and therefore D, 2D — Dy~ D,

e (A% oK.

{In order to verify that D, €KX notice that
LYD'A P) =[(r=2)/4]D" + 5 te(D) .} (2.3)

Now let T A4 be arbitrary. We have

T(D) = €Dy + AD, + uD,

for some triple (e, A, 1) € R3. Substituting the expres-
sions (2.2) for Dy, D;, and D, we obtain

T(D) = atr(D)A% + B(D' AI') + ¥D, (2.4)
where
2
o= m[(7—2)€+7’u—2(7’—1)>\], (2.53.)
4
Y=U. (ze 50)
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Conversely, suppose T has the form of Proposition
2.2. Then

T = al3L)+BriLL +yI1d (2.6)

(Id= identity on S"‘), which makes it obvious that T is an
operator endomorphism.

2.3 Covollary. I T is an operator endomorphism of
§?%, then T is self-adjoint.

Pyoof: Clear from formula (2.6).

2.4 Corollary: The algebra A of all operator endo-
morphisms is isomorphic to the algebra of all diagonal
3X3 matrices over R.

Proof: Indeed the map T —diag(e, 2, 1) is such an
isomorphism.

Combining the insight expressed in the paragraph
following Definition 2.1 with Corollary 2.3 we obtain
the following recipe.

Recipe:
(i) ¥ TeA is such that 7(/%) < P?, then the condition
T(D)=0

is a necessary condition for N representability. If, in
addition, T is invertible then the lowest eigenvalue of
T-(K) is a lower bound to the lowest eigenvalue of the
truncated Hamiltonian (i.e., the compression of the
Hamiltonian onto 4¥).

(ii) ¥ TeA is such that T(/?) < PZ, then the lowest
eigenvalue of T(K) is an upper bound to the ground state
energy E,; of the N-electron system.

Here K stands for the truncated reduced
Hamiltonian. 2

This recipe suggests the introduction of the following
sets:

ME&{reA|T(PYCPE, (2.7a)
Ny 2{TecA|T(P2) < P37, (2.7)
Sy2{TeAlT(PPC P2, (2.7¢)

In words: /!l is the set of all order preserving operator
endomorphisms and NV and §, denote the sets of all
operator endomorphisms which induce necessary condi-
tions for N representability and sufficient conditions
for N representability, respectively.

M, Ny, Sy are convex subsets of the semigroup A,
of all operator endomorphisms which preserve the
trace. It follows from Corollary 2. 3 that an operator
endomorphism T preserves the trace iff T(4%) =A2 and
thus iff € =1. Therefore, A, is isomorphic as a semi-
group to the semigroup of all diagonal 2X2 matrices
diag(?, u}. The above mentioned three sets therefore
can be thought of as convex subsets of the (A, u) plane
[or (a, B) plane]. Note that the eigenvalues (€, X, ) of
the operator endomorphism 7= T(a, 8, ¥) are given by

ez(;)cw 1'2—16+7, (2.8a)

A="22p4, (2. 8b)

=7, (2.8¢c)
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[cf. (2.5)], and therefore T cA, iff

7 r=1
(2)a+ 5 B+v=1.

(2.9

3. OPERATOR ENDOMORPHISMS WHICH INDUCE
NECESSARY CONDITIONS

The following theorem gives a complete characteriza-
tion of the set Ay in the case where » and N are even
numbers.

3.1 Theovem: Let v and N be even numbers satisfy-
ing2<N<»v-2,

(i) A necessary and sufficient condition for T(c, B)
€A, inducing a necessary condition for N representabil-
ity is that a, B satisfy the following inequalities:

az= 0, (3.1a)

B> -2Na, (3. 1b)

(r+N-Da+pe L, (3.1c)
- 2r-N+2)

’}’(X+B\m. (31d)

(ii) Ny is the convex hull of the following four ex-
treme points:

1d4(D) =D, (3.2a)
Qy(D) = (V;N) B [tr(D)Az —2N(D*A ) +(§>D] , (3.2b)
2
BN(D) = m [tr(D)Az - (N— 2)(D1 A 11)
-(W-1D], (3. 2¢)
2
CN(D) = m[(T—N+ 2)(D1 A Il) - (N- 1)D]

(3.2d)

Remark: If r or N is odd, the inequalities (3.1) are
still sufficient conditions for the corresponding opera-
tor endomorphisms to belong to Ny,

Proof: First we choose D= (%P, A Py, where UCH
is an N-dimensional subspace and Py, denotes the cor-
responding projection. De P%; in fact D=L} (P[U])
where Py, ¥is the projection onto the one-dimen-
sional subspace of /¥ spanned by the Slater determinant
(U] corresponding to U. Let{ey, ¢,, ..., $,t <4 be an
orthonormal basis such that {¢y, ..., $5t S U. Then the
matrix of T(D) relative to the derived basis
{{o1, 02), ..., (0,4, ¢, of 42 is diagonal; more precisely
it is given by

: N -1
diag Q+N'1B+(2) 7,...,a+N'1B+(N Y,

H o

a+(2N)B, ..., a+(2N)18, a, q, ..., a
WW
N(r-N) r—-N
()

From the requirement that 7(D) € 2% we obtain im-
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mediately (3. 1a), (3.1b), and

-1
a+N1B+ (Z) Y= 0.

Combining this inequality with (2. 9) we obtain (3. 1c).

Next let D:Dz(gN) where g is an extreme geminal
(cf. Coleman''®). Then

T(D) = (oz + -f;)Az + D,

Since
(g|Dg)= %32—
[cf. Coleman, * formula (4.5)], we obtain
8 L= N+2 y
r  v(N=1)
Combining this inequality with (2. 9) we obtain (3. 1d).

o< (glT(Dg) =a+

The four extreme points of the convex set bound by
the four inequalities of (3.1) are obtained by intersect-
ing the four lines:

01:0, (3033.)
B=-2Naq, (3.3p)
r+N-Da+p=—pg, (3.3¢)
ro+ B 2(r - N +2) (3. 3d)

(r+1){(r-nN)°

The identity Id(a=8=0) is obtained by intersecting
(3.3a) and (3.3b); @y is obtained by intersecting (3. 3b)
and (3.3c). By is the point of intersection of (3.3c) and
(3. 3d), and finally Cy is the point of intersection of
(3.3d) and (3. 3a).

The remainder of the proof consists in showing that
the four operator endomorphisms of (3.1) map /% into
P?. This is trivial for the identity and it is well known
for @y and By (cf. Coleman®). In fact we have the
following lemma.

3.2 Lemma: The map @y defined by (3. 2b) induces a
bijection between X% and 2.

Proof: Let A be the particle-hole (or Poincaré)
isomorphism, i.e., the map of &;_,S into itself whose
defining equation is

(a(D)| B) :(2) tr(DA B), DeS, Be S, (3.4)
where DA B=A"(D® B)A". We assert that
QN(D) = (Lg-N N A)(DN)5 De Sa, (3- 5)

where D¥ = 8 is any preimage of D relative to the
(N, 2) contraction, i.e., D=LY(D". Indeed for
arbitrary B e S we have

(LY y- A(DY)|B) =(A(DY)|T3-¥(B))

:(;[) tr(D¥A BA I7-¥2) = (;),
a1 810 =(7) (7o) @0 B)

- ( '2N> . (N; 2) tr[AY2(D¥g B)].
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Now using Sasaki’s formula, 2
N+
( 5 Z)AM:A”® A? [1”*2 - 2N(13) + (Z) (13)(24)]AN® A%

we obtain

(LY y- A(DY)|B) = (y _2 N) B [tr(D) tr(B)

— aNEr[L(D)LY(B)] + (1;’) tr(DB)]

2

(ol

=(QyD)|B).
B being arbitrary this establishes formula (3. 5).
Formula (3. 5) shows that if De p%, then @,(D)e /2_,
since in this case the preimage D¥ can be chosen to
belong to 2.

= (T‘ N>-1|:tr(D)<A2 | By ~ 2D(D'A 1| B)

From (2, 9) we obtain that the eigenvalues of @, are
given by

N _(r=N\YN
=TyoN BT g 2/
Thus for 2s N<sv -2, @y is invertible and by formula
(3.6)
Q;\}:Qr-N"

The last formula shows that @3 maps P2, into 2% and
therefore @ induces a bijection between P% and P%_,.

{3.6)

(3.7

Rewmarks: (1) The second quantization version of
this lemma has been proven by Erdahl, ¢

(2) As a corollary of this lemma we obtain the known
fact that for N=7 -2, @y(D)=> 0 is not only a necessary
but also a sufficient condition for N representability.
Ind(zeed if N=v-2, @u(D)e P? is equivalent to De @,( %)
= pr-2°

In terms of the eigenvalues (), 4) we have

N r=N\-1N

QN: ‘,’,_N’( 2 ) (2) » (358)
Similarly with the help of (2. 8) we obtain

Id=(1,1), (3.9a)

_ (r +2)N - 2r 2(N-1)
B”‘(‘ 2+ ) -N’ " GrDr-M) (3. 95)
: - (r+2N  -2(N~-1)

C”‘(2(r+1)(r-N> ; <r+1)(r—N))° (8. 8¢)
From this representation it is immediate that

Cy=B, v @y (3.10)

and since B,_, maps 2_, into /* (cf. Coleman®) we also
conclude that C induces a necessary condition for N
representability. This completes the proof of Theorem
3.1,

Remark: If v or N is odd the proof of inequality (3. 1d)
fails and therefore it is doubtful that in this case By
and Cy are extreme in A/y. No such doubt is possible
for the operator endomorphisms Id and @ .

Kummer, Absar, and Coleman 332



3.3 Covollary of Theorvem 3.1: Let v be an even num-
ber not smaller than 4.

(i) A necessary and sufficient condition for T(a, 8)
€A, being order preserving is that a, 8 satisfy the
inequalities

az0, (3.11a)

Bz -4a, (3.11b)

(r+1)a+3<,,2_2, (3.11c)
27

ra+B< (3.114d)

r+1)r-2)°

(ii) The semigroup / of all order preserving operator
endomorphisms considered as a convex set is the con-
vex hull of the following four extreme points:

1d(D)=D,

Q,(D)= ("2 2)'1 [tr(D)A2 —4(D'A 1Y +(;>D] , (3.12b)

(8.12a)

2

By(D)= m [tl‘(D)A2 - D], (3.12¢)
Cy(D)= _(:é)—z(;“f’—l) (@A Y- D]. (3.124d)

Proof: Since /) =/, we obtain the result by putting
N=2 everywhere in Theorem 3. 1.

Notice that @, maps /2 onto %, C P% and therefore
for 2 < N< (r - 2), @, induces a sufficient condition for
N representability, In Part II of this paper we shall
attempt a systematic analysis of the set ¢ of all
operator endomorphisms inducing sufficient conditions
for N representability. In passing let us note the follow-
ing interesting formula:

¥—-N-2

Ty )

r¥—-N+2
2(r - N)

@+ B, (3.13)

TABLE I. Lower bounds induced by some members of /V}, to
the ground state energy (in a.u.) of He, in an elliptical orbital
basis® of cardinality 8.

Condition A e Energy (a.u.)
1d 1 1 —7.047
Q -1 1 —8.887
By, -3 -1 —-31.639
Cy 3 -4 —35.370
3+ Q) =X, 0 1 -
1(1d+B,) =X, 1 & - 20.606
HId+Cy)=X; 2 & —~10. 686
3Qy+ By =X, -2 & —13.090
3@y +C=X; -3 # —~26.165
3(By+Cu)=X; 0 -} —

Yy % 1 —32.532
Y, —ﬁ. 3 —40.930
Y3 -& -5 —53.205
Y, & -5 - 62. 599
——
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(1,1)
Id

FIG. 1. A/, for N=4 and r=8.

which can be easily proved by using the representation
of the operator endomorphisms concerned as 2 x2
diagonal matrices,

4. SOME NUMERICAL RESULTS

In Table I, we present some lower bounds to the
ground state energy for the system of electrons in He,,
assuming an internuclear distance of 1.00 a,u. and
using an orbital basis” of cardinality » =8. Each lower
bound corresponds to imposition of the indicated neces-
sary condition for N representability, Each necessary
condition is of the operator endomorphism form
(Dg+ 2Dy + uDy)= 0 and is therefore a member of the
set A/y. The set \/y for » =8 and N=4 is depicted in
Fig. 1.

We are interested in exploring the question as to
which of the operator endomorphisms belonging to A/,
will induce the necessary conditions yielding the best
lower bound, From Table I it is evident that for the
points A/ tested, Id gives the highest lower bound,
namely -~ 7,047 a.u, as compared with the value - 4, 631
obtained by a complete configuration interaction with
the same basis set,

In order to understand this result observe that all
singular operator endomorphisms (i. e., those for which
A=0 or u=0) yield the trivial lower bound - «, Indeed
we have the theorem,

4.1 Theorem: X T is singular, then

inf (K|D)=-,
pe lpd

where D varies over the full preimage of /2 under T.
Proof: Let K=K+ K; + K, be the decomposition of K

into its irreducible constituents and let us assume that

the orbital space // is chosen in such a way that K,;#0

and K, # 0. (This condition is satisfied for our choice of
the orbital basis. )

Now let us assume that the operator endomorphism
is such that, e.g., x=0. Choose an eigenprojection P
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of Ky belonging to a strictly negative eigenvalue &.
[Since K,#0 and tr(¥X,;) =0, such an eigenprojection
exists, ] Then (K| Py =(K,|P)=£<0. Now for real 7
define D(n) 2 Py +nP,. Then for all 7 we have D(3) € $*
and T(D(n)) = P, € /*; therefore D(n) € T-1(p?), but

tim(K| D) = (Ko | Py+ Limng = - =,

e LB
Moreover, we have the following proposition.
4,2 Proposition: Let f: A/ y = R be the function defined
by

AT)2  inf (K|D)<E,for all TeNy,
per-1(,%
In case T is nonsingular we also may write
f(T)=1lowest eigenvalue of T-(K).

Let T, be a singular operator endomorphism, i.e.,
X=0or uy=0. Then

Lim f(T) =f(Ty) =~ .

T=T,
Proo}: Suppose T=(, it). Then T-1(K)=K,+ K,
+u-'K,. Let K2K,+K, and let
N (T) S mp(T) <+ =« < mp(T)
be the eigenvalues of T-'(K). Since
tr[ T (K)] = tr(K) =0

we have

i 1;(T)=0 for all nonsingular TNy, (4.1)
i=1

Moreover, we obtain for the sum of the squares
P
PETORS VA I TR
1=
where [|K,l| stands for the Hilbert—Schmidt norm of K,
&) 2 tr®h/2,
Since K;#0, i=1,2, it follows that

lmn(T) =~ 4. 2)

T~ T()
and thus

limf(T)=— =,
T-7,

since f(T)=n(T) + G) tr (K).

From Proposition 4. 2 it is clear that f(T) will be the
better a lower bound for E, the “farther away” T €A/ y
is from the cross-shaped figure representing the singu-
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TABLE 0. Lower bounds f(Id) and f(Q,) (in a.u.) to the
ground state energy E, of LiH (N=4, »=12) and H,0 (N=10,
r=14),

Condition 7 lower bound A(T) for lower bound f(7T) for

LiH H,0

Id ~9.531 —156.562
Qy —10.309 — 75,509
By —75.324 ~370. 200
Cy ~132.474 —1107.291
Complete CI —7.887 —-75.013

lar operator endomorphisms. This leads to the conjec-
ture that the best lower bound will be always attained
at one of the four vertices of //y and most likely at
either Id or @, since in terms of the Euclidean dis-
tance By and Cy will always be closer to the set of
singular operator endomorphisms than Id and €. For
the same reason we conjecture that of the two values
f(1d) and f(@y), f(Id) will be the better lower bound if

N <7%/2 and f(Q ») will be the better lower bound if N
>#/2. The results of the minimum Slater basis® cal-
culations on LiH (N=4, »=12) and H,0 (N=10, »=14)
as reported in Table II are in agreement with these
conjectures.
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Given the set Sy of all operator endomorphisms T with the property that whenever D is any 2-density
operator, then T(D) is N-representable is considered. We specify a pair { Q,, Py} of extreme points of
Sy which are related to each other via the particle-hole duality (Theorem 1.2). The rest of the paper is
devoted to a complete characterization of the set 3, of all operator endomorphisms T with the property
that whenever D is any 2-density operator then T(D) is quasi- N-representable, i.e., satisfies the necessary

conditions Id, Qy, By, and Cy.

I. INTRODUCTION

This paper (SANP II) is devoted to the characteriza-
tion of the convex set $, of all operator endomorphisms

which induce sufficient conditions for N representability.

For definitions and notation we ask the reader to con-
sult Secs. 1 and 2 of SANP 1,! and the references?:®
therein.

For any T< Sy define

E(T) 2 inf (K|T(D)), (1.1)
pc 2

where K is the truncated reduced Hamiltonian. It fol-

lows from Lemma 1.1 of SANP I that £(7) is an upper

bound to the ground state energy E|,

Ey< E(T) for all Te$y. (1.2)

1t is easy to see that E(T) is a concave functional on
Sy, i.e.,

E(6T, + (1= 8)T,) = 6E(T,) + (1 - 6)E(T,)

for 0<8<1, (1.3)

Clearly such a functional attains its minimum on an
extreme point of §y. This fact gives us enough motiva-
tions to be interested in the set of all extreme points of
S y- Unfortunately we were unable to give a complete
characterization of this set. The situation seems to

be more complicated than in the case of A/y. However,
observe that the family (SN)N#',___,_Z of convex subsets
of A, (the set of all operator endomorphisms which pre-
serve the trace, c¢.f. SANP I,! Sec. 2) has the following
remarkable property:

S N = A-fl(-S‘r-N) :{QIT}TI TE.Sr-N}’ (1- 4)

i.e., the multiplication by @3 induces a bijection be-
tween §, v and Sy. We say the family (§y) is invariant
under the particle-hole duality. For such a family of
convex subsets of A, the following principle holds:

1. 1: Principle of the Pavticle-Hole Duality: Let (Cy)
be a family of convex subsets of /, which is invariant
under the particle-hole duality, i.e.,

Cy=Q7C, ).
Then

() ¥ Ty eCy for a<N<b, then Ty 2 Q3 T, ycCy
foryr—-b<N<v-a,
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(ii) I Ty is extreme in Cy for a<N<b, then Ty is
extreme inCy for y~b<N<v-a,

Proof: (i) Suppose Tyc(y for asN<b. Then T,y
€C,u for ¥—b<N<7~a. But then we obtain by multi-
plication by @3 that Ty 2 Q3 T, we Cy for r=b<N
<r-a.

(i) Since the multiplication by @3, T— @37, induces
an affine bijection between the convex sets C,_y and Cy
it maps extreme points onto extreme points,

At the end of SANP I we observed that @,¢ Sy for
2<N<(r-2). From the principle of the particle-hole
duality it follows immediately that Py £ @, =QnQ,c Sy
for 2<N<(r-2). @, is extreme in §,2 Sy and hence
extreme in Sy. The second part of the principle of the
particle-hole duality implies that Py is extreme in .
Thus we have the following theorem.

1.2: Theovem: The following two operator endomor-
phisms are extreme points of § y:

Vo

e =(";

rw=(,)(57)" () wow

+2(N—2)(7'—N)(D1/\11)+(V; )D]. (1.5b)

2 -1
) {tr(D)A% - 4(D' A 1) + D], (1.5a)

In terms of the eigenvalues (), 1) we have

2 2
Q2:<_1’-2’(V—2)('r—3)) ’ (1. 8a)
P _(7—N 2 (r-N)(r-N-1) 2 \
Y\ N r-2" N@H-1 (r-2)(r-3))°

(1.6b)

What are the other extreme points of Sy ? We were not
able to settle this question. We have contented our-
selves with solving a less difficult problem.

Let D c % be a density operator. We say D is quasi-
N-representable iff D satisfies the four necessary con-
ditions for N representability induced by the operator
endomorphisms Id, @y, By, and Cy. In view of Theorem
3.1 of SANP I this means in case of even » and even N
that D satisfies all necessary conditions for N repre-
sentability of the operator endomorphism form
otr(D)A2+8(D* A Y +¥D = 0.

Copyright © 1977 American Institute of Physics 335



TABLE I. List of all operator endomorphisms inducing sufficient conditions for quasi-N-representability.

Name A #

2 2

Q2 T -2 (r=2)(r=23)

P =3 y=-N 2 (¥ =N){r-N-1) 2
NTR2 N »r-2 NN -=1) (r—2)r—3)

B ——2 S —

2 (r+ 1){r-2) T+ Dr-2)
<p -B y-N___ 2 _ r=N)r-N-1) 2
yB, =5, N +1)(r—2) NN —1) (r+1)(r-2)

J 2 r~N (V—ZN)r(r—B)) _ 2
N (r+1Dr=2)\ N 2N(r=N-1) (r+1)(r~2)

7 _ 2 1+ @N = 7r)r(r=3) _lr=NXr—-N-1) 2
N (r+1)(r—2) 2N(N - 1) NN ~1) (r+1)r-2)

U r+4—=3N 2 7{r—5)+3N 2
N 3N—-4 (r—2) 3N -4 (r—-2)r-3)

7 2(r—2)=3Nr—-N 2 (r ~NYyr=N=1) r{r—2)—3N 2
N 3(r=N)—-4 N (r-2) NN -1) 3(r—-N)—4 (r=2)(»-3)
A r=N 4 y—N 1

By By (r+2)N =27 (r=2) N—1r-2
dp _ pel __r-N 4 ¥oN _1

CvBo=By By r—(r=2IN (r—2) N~17—2

v (% —8)—(3r~8)N r—-N 1
N N=1)(r=2)(r—4) N-1vr-2

v y=N 2{(r—2)2=3(r—8N ry—-N 1
N N (r=N-D(r—-2)(»~4) N-1v-2

R 2(r - 2N 2(r=N-1)

Fy=Fy NG=4) Nir=3

We say an operator endomorphism 7 induces a suffi-
cient condition for quasi-N-representability iff when-
ever De %, then T(D) is quasi-N-representable, i.e.,
iff Tel, QT eS, ByTeS, and CyTcl,.

Let us denote by _SAN the set of all operator endomor-
phisms which induce a sufficient condition for quasi-
N-representability. Obviously

SyC Sy 28,05, 1 BRS ) 1CH(S ),

where, e.g., Q%

($) 2{QFTITc S, We are interested

in the set of extreme points of § y. Clearly @, and Py
=@, belong to this set. The remaining extreme points
are operator endomorphisms occuring in the list of

Table 1.

2. OPERATOR ENDOMORPHISMS WHICH INDUCE
SUFFICIENT CONDITIONS FOR QUAS!-N-
REPRESENTABILITY

This section is devoted to the proof of the following

theorem.

2.1: Theovem: Let  be an even number not smaller

than 8. Referring to Table I the following is a complete

list of extreme points of 5y:
(i) for 2<N<7/3: @, Py, By, Jy, Uy;
(ii) for »/3<N<(r+4)/3: Q Py, By, Jy, Bi By, Vi;
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(iii) for (r +4)/3<N<%/2: Q, Py, By, Jy, Bit By, C3' By;

(iv) for 7/2 <N <2(r=2)/3: @, Py, @i B,, Iy, Bi'By,

CX}BZJ

(v) for 2(r=2)/3<N<(2/3)7: @y, Py, @3 By, Iy, Ci* By,

Vs

(Vl) for (2/3)1"$N< (’V-' 2) Qz, PN; Ql-VlBZ!jN» ﬁN“

Because of the fact that SAN: o (f,_N) we may apply the
principle of the particle-hole duality, which implies that

(iv), (v), and (vi) are simply the dual statements of

(ji1), (ii), and (i), respectively. It therefore suifices to
prove statements (i)~ (iii). The proof is based on The-
orem A7 (see the Appendix) according to which the set
of extreme points of the intersection of two closed con-

vex bodies C; and C, is given by

ext(C, 11 C,) =[(extC,) (1C,]U [(extC,) N Cy]
U ext(aCyn 2C,).
Here 9C denotes the boundary of the set C. Now
AN =UynBy
where

QNé-Szin-vl(.Sg)
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and
By2BF(S)nCi(S,).

We therefore have to determine the extreme points of
@y and By. The following proposition gives a complete
description of the extreme points of Y.

2.2: Proposition: Let v be an even number not smaller
than 6. Referring to Table I, the following is a com-
plete list of the extreme points of Oy 25,1 Q7 (5,):

(i) for 2<N<7v/2: Q, Py, B,, Jy, Fy;
(ii) for 7/2<N<(r=2): @y Py, @it By Jy, Fy.

Since ¢y = Q5 ((,y) the principle of the particle-hole
duality again applies and therefore it suffices to prove
statement (i), (ii) being the dual statement. For the
proof of (i) we need

2.3: Lemma: In terms of the eigenvalues A, 4, §,is
characterized by the following inequalities:

2(r = DA ey < (7= 2), (2.1a)
—(r=Dr—Dr+r(r-3)p=2r-2), (2.1b)
2r = DX+ 7(r=3u> -2, (2.10)
(r+Dr-2pup=-2. (2. 1d)

Pyoof: Substitute the expression for « and 8 given by
formulas (2.5) of Part I into the inequalities (3. 10) of
Part I.

This lemma allows us to determine the two sets

eXt(Sz) n Q;rl(Sz) and GXt[ )-vl (52)] N 52-

2.4: Lemma: Let ¥ be an even number not smaller
than 6 and let 2<N <%/2. Then

(1) ext($ 2) N Qz-vl(j 2) :{Qz, Bz]fa
(1) ext(QF'S ) N S ,=1Py}.

FProof: With the help of Lemma 2.3 we shall first
show that for 2<N<(»=2), @i ¢S, and Q7*C, & S,. Re-
placing N by (»~ N), this will imply that Id & Q3(§,) and
QFC, & S,. Next we shall show that Q3 B, 5, iff /2
SN <7-2and therefore (replacing N by » - N) that
B,c QF(S,) iff 2<N</2,

Since Py c Sy 5, this will establish {ii). Finally
since @,= Qi P,x < Qi(5,) we obtain (i),

Now we have in terms of A and K,

. ¥=N (r~N)}(r-N-=-1)
QI:(‘ N’ NN ZT) )

Inserting the coordinates of @5 into (2. 1b) we obtain,
after some algebraic manipulations, N> v -2, It fol-
lows that for N<»~ 3, (2.1b) does not hold and there-
fore @y ¢ S,. Similarly inserting the coordinates of

de. 2 V—N(TZ—ZV—‘I r—N_l)
¥ERT TG+ -2) N Z TN-1

into (2. 1c) we obtain (N + 1)(N ~ »+2) = 0, an inequality
which fails to hold for 2<N<(7~2), Thus @75,& S,

Next we have

_ 2 - N
P r+ -2\ N 7

0B (r—N)(r—N—l))

NN -1)
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FIG. 1.

Inserting the coordinates of Q7' B, into (2. 1a) leads to
N(N = 1) = 2 which for N2 2 is obviously satisfied. Simi-
larly, substitution into (2. 1b) leads to (N = 1)%> (v - 3)
which for v > 3 is trivially satisfied. Insertion of the co-
ordinates of @7 B, into (2. 1¢) and (2. 1d) leads to N

> (r-1)/2 and N> /2, respectively. Thus @ 3,c 5,

iff ¥/2sN<v-2,

2.5: Lemma: Let v be an even number not smaller
than 8. Then referring to Table I we have the following:

for N=3: 35,n0Q7(S,) ={Fy, Iy, Py};

for 3<N<#/2: 35,M3QF (55N 3QF(S 2) ={Fy, Jut;

for N=v/2: 35,N3Q7(S,) ={Fy}U B,| Qi B,.
Here B,| @it B, stands for the closed segment determined
by B, and @;'B,. [If =6 and N=3, then 35,N Q% (§,)

={Fy, Py} U B,1Qi!B,. ] The situation for 3<N<#/2 is
represented by Fig. 1.

Proof: 95 , is the union of the four closed segments
1d1Q,, Q.1B,, B,|C,, and C,|Id, whereas 3Q;(§,) com-
prises the four segments Q3 Py, PylQy B, QnB,|@7C,,
and Q7C,Q;'. For 2<N<({r-2), @i}!Py and 1d!Q, in-
tersect at the point

af2 v¥=2N v-N-1\ 2(r-N-2)
FN&(JT’ y—-4’ r-3 >_N('V—4) 1d
(N-Z)(T-Z)Q
N(r~4) 2

Furthermore, for 2<N</2, Py|Q#B, and B,|C, in-
tersect at

7, 2 <1’—N

T+ D(r-2)

_2kr-2N+1)
“N(r-N-=1)

v{r = 3)(r = 2N)
¥t 2N(r-N-1)’_l>

(N=-2)(r =N+ l)B
Nr-N-1) &

C,+

For 3<N<#/2, no other pair of segments from 3§, and
3Q5 (5 ;) respectively intersect so that in this case

35, 0QF(S ) ={Fy, Jy}.

In the case N=3, the point Py touches the segment
C,l1d and finally for N =v/2, Qj B, touches the segment
B,|C, so that the whole closed segment B, Q3 B, is a
subset of the intersection of the two boundaries.

Combination of the two foregoing lemmas with The-
orem A7 establishes statement (i) of Proposition 2. 2,

statement (ii) being a consequence of the extreme points
of By 2B (§) N CF (5.
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FIG. 2(a). 2(r+2)<(r+2)N=6(r—2),

2.6: Proposition: Let v be an even number not smaller

than 6. Then the extreme points of By are given by the
following:
(i) for 2(r +2) < (¥ +2)N < 6(r ~ 2):
{BI-VlBZ’ c;’le’ C;'IQZv Z Ny XN: YN}§
(id) for 6(r~2) < (r + 2N < ¥ - 47 +12:
{BiB,, CiB,, Bi#Q,, CilQ,, Zy}
(iii) for ¥ ~4r+12< (r + 2N <2 - 4:
{BX/IBz, Ci'B,, B{'Q,, )zm ?N, Zyt.

Here,
a (7'+1)(V—2)(V—N))
Z””(O’- rr=3)yN=1) /)’
x A( 200+ D{r-N)
Y\2r(r -2 = (r +2)N°’

(r + 1)(r = N)[(¥ + 2)N = 2(3N —~ 4)])
2N - 1)(27(» - 2) = (v + 2)N) ’

r+Nr-N)(r-4)

Yy s ((V—Z)IV(V— 1)~ (r+ 2)N]’

__(r+(r=N)[2(r-2) = N] )
2 =2YN-D[rr- 1 - +2N] )"

Note that since By is invariant under the particle hole-
duality, the principle of the particle-hole duality ap-
plies. Indeed it suffices to prove statements (i) and
(ii), since (iii) is the dual of statement (i). Again the
proof is based on Theorem A7.

2.7 Lemma:
(i) for 2{(r +2) < (r + 2)N < 8(r — 2} we have:
ext[B(§ ) 1N G} (S, ={B#B,},
ext{CF (3210 BF (§ o) ={CF'Cp, CFQuf;
(ii) for 6(¥ = 2) < (¥ + 2)N <#? — 4v + 12 we have:
ext| By (§,)10 Ci* (S ) ={B3 By, BY Q)
ext[CR (S 1N BF (5 ) ={CHCy, CH Q.
Proof: First we show that for 2<N < (r - 2) we have
Bi ¢C7(5,), By'C,&Ci(§,), and By B, & Ci'(§,). Via

the particle-hole duality this implies: Cit & B (5,),
CH#C, & BF(S,), and Ci'B, e B (5 ,).

Finally we have to show that B @, < C5'($,) iff 6(r - 2)

338 J. Math. Phys., Vol. 18, No. 2, February 1877

-1 ¢
By

FIG. 2(b). 6(r=2)={(r+2N < —4r+12.

< (r+2)N and thus by duality C§'Q,c Bif(§,) iff (r+2)N
<7%—4r=12. To show that By ¢ C;(S,) is equivalent to
showing that

2 N
o _ {7 ~{r+2) >
wC ((1f+2)N—2r’I
does not belong to S ,.

Substitution of the coordinates into (2. 1b) leads to
(r - 1)(r - 2)(r - 4) <0, an inequality which is violated
for »> 6. In order to show that BylC,d C#(5,) it suffices
to verify that

2z
(r+1)(»-2)

(= r+2)N ¥ -2r—4 )
1
((r+2)N-2r 4 ’

BYCyCp=~

does not belong to §,. Indeed substitution of its coordi-
nates into (2. 1¢) gives N» »— 2.

Next we have to show that

2 <1’2—(7’+ 2N 1)

-1 _
BNCNBZ_('V+ V-2 \(r+2IN=2¢""

belongs to 5 ,. Substitution of the coordinates into
(2.1a) leads to N = 2. Similarly, substitution of the co-
ordinates into (2. 1b) leads to N>1+2/(» +2), an in-
equality which for N> 2 certainly holds. Insertion into
(2. 1¢) gives v(r - 1) > 0, and (2. 1d) is obviously
satisfied.

Finally we have to show that

2 Y2 {r+2)N 1 )
(r-2) ((1"+2)N—2’V -3

belongs to 5, iff 6(r-2) < (r + 2)N,

CyBi Qs =

Substitution of the coordinates into (2. 1a) leads to
6(v - 2) < (» + 2)N. Thus the above condition is neces-
sary. That it is sufficient is a consequence of the fact
that the remaining three inequalities are trivially sat-
isfied. Indeed insertion of the coordinates into (2. 1b)
leads to (r = 1)(» = 2){» ~ 4) = 0, whereas insertion into
(2. 1c) yields »(» — 2) = 0. Finally (2. 1d) obviously holds.

2.8: Lemma: Let v be an even number not smaller
than 6. We have the following:

(i) for 2(r+ 2) <{r+ 2)N < 6(r - 2):
3B S ) N ACF(S ) =BFB,ICRCLU{Xy, Yy, Zx};
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(i) for 6(r-2) < (r+2IN<7r2-4r+12:
) NACH(S,) = BB, IC;iC,U{Zy}.

The situation is represented by Figs. 2(a) and 2(b).

Proof: The segments B! | B
sect forall N=2,...

2,4 7-
ZNz;B,}+

, and Qy | Cf
, (r=2) at the point

Q, inter-

2

B{'Q,.
For 2(7 +2) < (r+2)N < 6(r— 2) the segments B; | Biq,
and Cy I C3C, intersect at

_2r=2)8r+4) —-r(r+2)N
N 2r(r=2) - (¥ + 2)N)r N

+ 20r=2)(r-4)(r+1)
2r(r-2) = (»+2)N)»
Moreover, By Q,|Bi B, and Cil |C;C, intersect at

_ (r+2N-2)
Y rlr(r-1) = (r+2)N)
P-rP+2r+4-(r+1)(r+2)N
r(r(r-=1) - (r +2)N)
For (r + 2)N=6(v - 2), Xy and Y coincide with By @,.
In this case we have
Xy=Yy=BiQ,
=(r(r - 3HaCH + (v + Vr - 4)CH¢C,]

For N(r +2) 2 6(r - 2), Bi}@,c C3#(5,) and as long as
N(r+2) <+ 4r+12, Z, is the only common boundary
point of By (§,) and C;,-‘ ») besides the segment

By B,IC;iC

cilc,

ci

cic,.

Lemmas 2.7 and 2. 8 together with Theorem A7 es-
tablish Proposition 2. 6.

Finally we have to apply Theorem A7 to the
intersection

‘S‘:N:QNHBN'

The following lemma tells us that all extreme points of
Qy Wwith the exception of F, belong to By.

2.9: Lemma: Let v be an even number not smaller
than 6. For 2<N < (r-2) we have

(extQy) N By = (extQy) \{Fy}.

Proof: Since By is invariant under the particle-hole
duality it suffices to show that Fy 8y and Q,, B,cBy.
From the principle of the particle-hole duality we ob-
tain immediately Py, Q¥ B, < By. Since Jy e Pyl QnB
and By is convex we obtain Jy € 8y and hence Jy CBN
Next notice that

r-N 1
r-17»r-2

for all TeBy. Since w(Fy) < i, leads to N=2)(N=7-2)
> 0 we see that for 2<N<(»-2), Fy dBy.

u(T) < po

In order to prove that B,c 8y we have to show that
ByB,, CyB,c §,. Now

4 ((7+2)N-27 N-l)
r+12r-2)\ a(r—-N) ’'7=-N

ByB,=
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Inserting the coordinates of ByB, into (2. 1a) yields
N<[(r+2)/(r+1)]J(r - 1) which is satisfied for N < (r-1),
Substituting into (2. 1b) yields

N<v++-13(4r+2)7,

which for N<v -2 (and > 1) is satisfied. Substitution
into (2. 1c) leads to N < (» + 3). Finally insertion of the
coordinates into (2. 1d) gives Nsv+2,

Similarly, we have

4 ( Y- (r+2N N—l)
r+1)2(r-2)\" 4(r-N) '¥-N/~

Substitution of these coordinates into (2. 1a) yields N

< 7. Insertion of the coordinates into (2. 1b) leads to
N<v-2/(2r+1) which for N<r~1 (and > 1) is sat-
isfied. Substitution of the coordinates of CyB, in (2. 1¢)
yields N< v+ 2, Finally, the argument concerning
(2.14) is the same as for ByB,.

Conversely there are few extreme points of B, which
belong to Jy. We have

2.10: Lemma: Suppose 7 is an even number not
smaller than 8. Then

(i) For 2<N<(r-2) none of the extreme points of
By with the possible exceptions of C;'B, and Bj'B, be-

long to Uy;
(i) C3B,cQy iff (r+4)/3<N<iy,
BiB,cQy iff v/3<N<[2(r-2)]/3.

Proof: (i) Because of the invariance of Q,,, under the
particle-hole duality it suffices to show that By @, S,,
ZydS,and Xy, Yy & §5. Now

_ (r+1)(r-
T T r-2)(r-3)(N=-1)"

u(BQ,)

Substitution of this value into (2. 1d) leads to

16

Nz (r-2) +—— pran

an inequality which for ¥ <{r - 2) is obviously violated.
Similarly substitution of u(Zy) into (2.1d) gives

2(r - 3) ) N
N>‘(1-7fm’ TEr-g

the second inequality holding for » = 4. In order to show
that Xy, Yy &5, it suffices to show that among the in-
equalities (2 1) there is one which is violated by both
Ci! and C{C,. Substitution of the coordinates of Ci' into
(2. 1a) yields (N — » - 2)2< 0 which is obviously violated.
Substitution of the coordinates of

Y2—2r_4 1)
- (r+2N'N-1

Cc; cz_

into (2. 1a)
N-2)(N-7r-2)20,
which for 2 <N < (r - 2) is clearly violated.

(ii) Notice that the second statement of (ii) is obtained
from the first one via the particle-hole duality.

Now let V be the point of intersection of the line
parallel to the A axis,
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TABLE II. Upper bounds to the ground state energy (in a.u.) of
He, N=4, »=8), LiH (N=4, #=12), and H,0 (N=10, »=14)
induced by extreme points of § , (the set of endomorphisms
which induce sufficient conditions for quasi-N-

representability).
He, LiH H,0

Condition (N=4,r=8) (N=4,8=12) (N=10,7r=14)
Complete CI —4.,631 —7.887 -175.013
Q@ -3.208 —~4.670 —67.238
P, —-2.643 - 7.356 — 72,689
B, - 0.630 —4,157
Jy -0.619 —5.619
Uy ~4.786
BBy o~ —-1.078 —4.786
C;iiB,=B:!B, -1.230
Q;1B,=B, -0.619 ~-62.180
Iy -0.630 -63.721
Uy - 63,008
Vy —~4.786
Fy ~0.684 —5.559 — 65,512

L. ¥—N

VEEL O NIT

with the segment 1d1Q,. Explicitly, Vy is given by

V_(('VZ—B)—(37-8)N 1 7»=N
MAW-1Dr-2)(r-4 r-2)N-1/"

Similarly, let I7N be the point of intersection of the line
Iy with the segment Q| Py. Clearly

i}N:Q]TJI(VN)

(1’—1\] 2(7’— 2)2— (37’— 8)17\] 1 T—AV)
N (r=N=-1)r-2(r-4)r-2N-1

is obtained from Vy via the particle-hole duality.

Obviously,

CiB,= Oy iff MVy) < MCi By < MVy).
The inequality
MVy) < MCR'By)

leads to (N — v + 2)(3N - v — 4) < 0, which for N <(r - 2)
implies N> 3(» +4). Similarly, the inequality

MCH#B,) < MVy)

simplifies to (N~ + 2)(3N - 27) > 0, which for N <(»-2)
implies N < 27,

2.11: Lemma: Let v be an even number not smaller
than 8. Then (referring to the list in Table I):

(i) for 2<N<7/3:38y 3¢ y={Uy, Py, Qa;

(ii) for »/3<N< (r+4)/3:38y N d2y=(Bi'B,| Vy)
APy, Qs

(iii) for (r+4)/3<N<3(r~-2):
ByN aQN: (B&sz|Cflez) U{ Py, Qat;

(iv) for ¥(r-2) s N < Zr:
By N 2P y=(Vy I CF# By U{Py, Q,);

(v) for jr<N<(r-2):
ByN aQN :{UN: Py, Qaf.
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Proof: For all N with 2 <N <(r~ 2) we have Py, @,
€3y N 3y. This is an immediate consequence of Eq.
{3.12) of SANP I and its dual [obtained from it by re-
plal.i:ing N by (» = N) and subsequent multiplication by
QI

Next notice that it suffices to prove statements (i),
(ii), and (iii) since the remainder is obtained by appli-
cation of the particle-hole duality. If 2<N< /3, then
no extreme point of Ay belongs to QN and the segments
Bi#Q, BB, and Id| @, intersect at

(r-3N)(N=2) _ < (r = 3N}(N - z)) 1
2(r=N)(3N-4) By Q.+ \1- 2(»=N)(3N-4) By B,.
If »/3<N<{r+4)/3 we have B;}BZG QN and thus the

whole segment Bj B, | Vy belongs to {y. Finally, if
(r+4)/3<N< 5(r-2) we have By B,I1CiB,c . No other
pair of segments of Ay and Jy intersect.

Uy =

Collecting the information from Lemmas 2.9—-2.11
and applying Theorem A7 finally leads to the establish-
ment of Theorem 2. 1.

3. NUMERICAL RESULTS

Results of calculations on He,, LiH, and H,O are
presented in Table II. The calculations on He, were
conducted using an elliptical orbital basis* of cardinal-
ity 8; The internuclear separation of He, for these cal-
culations was 1.00 a.u. The computations on LiH and
H,0 were carried out in a Slater type basis, using
Poples’ STO-3G program® to establish the integrals re-
quired. An internuclear separation of 3.0 a.u. was for
LiH and for H,O the O—H bond length used was 1. 814
a.u. and the H—O—H angle was 104.7".

For He,, Nis 4 and r» is 8, i.e., N=7/2. Therefore,
this is an example of cases (iii) and (iv) of Theorem
2.1. Note that for N=v/2, B,=Jy, and Jy =B,. From
Table II, it can be seen that @, gives the best upper
bound that can be obtained using quasi-N-representa-
bility criteria and conditions of the operator endomor-
phism form.

For LiH, N is 4 and # is 12, i.e., N=7/3. Thus,
this is an example of cases (i) and (ii) of Theorem 2.1.
For N=7/3, it should be noted that Uy =By B,=Vy. In
this case Py turns out to be the best sufficient condition
of operator endomorphism form.

For H,0, N is 10 and » is 14, i.e., 2¥/3<N<r-2,
Hence, calculations on H,O reported in column 4 of
Table II are an example of case (vi) of Theorem 2.1. In
this case as well, Py is the best sufficient condition.

It should be pointed out that in all the cases reported
either @, or Py gave the best upper bounds for quasi-
N-representability. In other words: The concave func-
tiongl E(T) defined by (1.1) considered as a functional
on Sy (the set of all operator endomorphisms which in-
duce sufficient conditions for quasi-N-representability)
attains its minimum at an extreme point of Sy (the set
of all operator endomorphisms which induce sufficient
conditions for N representability). It follows that the
reported upper bounds are the best upper bounds which
can be obtained using sufficient conditions for N repre-
sentability induced by operator endomorphisms.
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The last line of Table II gives the results for Fy, an
extreme point of @y (cf. Proposition 2.2). The result
shows that even if we allow T to vary over the larger
set @y 2 Sy2 Sy of all operator endomorphisms T with
the property that whenever D e /%%, then T(D) satisfies
the necessary conditions induced by Id and @y, E(T)
does not provide us with a better upper bound than if
we allow T to vary just over §y. These results seem
to suggest that the upper bound E(T) (considered as a
functional on §y) attains its minimum almost always
either at the extreme point @, or at the extreme point
P, of § and rarely at any of those other extreme points
of Sy which we have not been able to determine.
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APPENDIX: SOME THEOREMS ABOUT CONVEXITY

Throughout this appendix we assume L to denote a
topological linear Hausdorff space. If C< L is a subset
we use C for the closure of C, C° for the interior of C
and 3C for the boundary of C.

If x,y< L and x#v we denote by [xy] the closed seg-
ment and by (xy) the open segment connecting x and y
respectively, i.e.,

[xy]l={ze Liz=dx+(1-8)y, 6c(o0,1],

(xy)={ze Liz=8x+(1~6)y, b6e (0, 1}.

Al: Definition (Ref. 6, p.11): (i) Let C< L be a sub-
set. A point y € L is called linearly accessible from C
iff there exists x € C, x#v such that (xy) C C. The set
of all points which are linearly accessible from C we
denote by lina C. (ii) A point xe C< L is called a cove
point of C iff for all y € L with v #x there exists a point
z € (xy) such that [xz]‘;- C. The set of all core points we
denote by core C.

A2: Theovem (Ref. 6, Theorem 1,14): Let C be a
convex subset of L. Let vy € lina C and x = core C. Then
{xy)C core C.

A3: Definition (Ref. 8, p.13): A convex subset C of
L igs called a convex body iff it contains an interior
point, i.e., if C'# ¢.

A4: Theovem (Ref. 6, Theorems 1.16 and 1.17): Let
C<C L be a convex body. Then
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C'=core ¢, C=1lina C,

A5: Lemma: Let CC L be a closed convex body. Sup-
pose that for some x,yc C, x#y we have (xy) N 3C #¢.
Then x,y caC.

Proof: Suppose, e.g., xc C’. Then by Theorem A4
x is a core point. Since by the same theorem ycC=C
=lina C, it follows from Theorem A2 that (xy)C core C

=C°% Thus (xy)N3C=¢.

A6: Definition: Let SC L be a subset. Thenzc S is
called extreme iff for all x, y = L with x#y, z& (xy) im-
plies x&S or y €S. We denote the set of all extreme
points of S by ext S.

A'l: Theorem: Let C{, C,< L be two closed convex
bodies. Then

ext(C, N C,) =[(ext ;) C,lu[(ext Cy) N Cy]
U ext(3C, N 3C,).

Pvoof: That (ext C;) N Cy and (ext C,) N C; are subsets
of ext(C; N C,) is trivial.

Suppose z € ext(dC, N 3C,) and assume 2z € {(xy) with
x,vyeCyNC, Thenze (xv)noC,, i=1,2. It follows
from Lemma A5 that x, y < 9C, n 3C,, a statement which
contradicts the assumption that z ¢ ext(3C N 3C,). Hence
xZCyNCyor vy C; N C, and therefore z € ext(C; N C,).

Conversely, suppose z ¢ ext(C; " C,) but z  ext C,
and z ¢ ext C,. Then z € 3C, N 3C,. For suppose, e.g.,
that z € C{. Since z €C,\ ext C, there exists x,y € C,,
x#vy with z & (xy). Furthermore, since z is a core point
of C, (Theorem A4) there exists x" ¢ (zx) and v’ < (zv)
such that [zx'Ju [2y”]C C,. Hence x’,y"e C,NC,, x'#vy'
and z e (x',v"), a statement which contradicts z € ext(C,
NCy. o
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Remarks on the second order error in the variational

calculation of expectation values*
Saul T. Epstein

Theoretical Chemistry Institute and Physics Department, University of Wiconsin, Madison, Wisconsin 53706
(Received 20 May 1976; revised manuscript received 31 August 1976)

A formula due to Gerjuoy [J. Math. Phys. 16, 761 (1975)] is derived in a straightforward way by use of

second order perturbation theory.

Recently, as the result of a rather intricate analysis,
Gerjuoy' was led to suggest a formula for estimating
the second order error in certain variational estimates
of expectation values. However, if® (H,-E,)¢,=0, then
it is well known® that F — ¢] W4, as given in (G1.5) is
simply the first order correction to ¢;W¢, which one
would calculate using first order Rayleigh—Schrodinger
perturbation theory with H, as the zero order Hamilto-
nian and (H - H,) as the perturbation. Therefore, it
would seem of interest to examine the consequences of
applying second order perturbation theory, and indeed,
as we will show, this leads in a straightforward way to
Gerjuoy’s formula.?

Let ¢ and ¢’ be the first and second order correc-
tions to ¢, produced by the perturbation. Then assuming
that our wavefunction is normalized through second
order, the second order correction to the expectation
value of W is obviously

+
A<2>:¢(1) WdJ(“ +¢<2>TW¢t +¢IW¢<2)’ 1)
which since normalization implies that
¢mt¢m+‘b(2”¢,+fb:¢>(2)=0 2)
we can write as

A‘z’:d)‘l’T(W +)\t)¢m +¢(2)*(W+At)¢t +¢’I(W+’\t)¢'(2)
(3)

We have spoken of first and second order corrections.
In Ref, 1 order is defined variationally with the well-
defined but unknown quantity 6¢ being of first order.
On the other hand, in perturbation theory, order is de-
fined by the way in which one splits up the Hamiltonian.
Now from our opening remarks it would appear that,
to get agreement through first order between these two
notions of order, one must treat (H —H,) as a first
order quantity. However, for what follows it is impor-
tant to note that this is too strong a conclusion. Namely
the perturbation results are unaltered through first
order if one subtracts from (H - H,) any Hermitian
operator X such that X¢, =0 (one must, of course, add
it back in higher order) because as one easily sees,
such an X makes no contribution to ¢‘!’.

We now proceed to consider the variational order of
H-H_,, and of H-H, , ,. For this purpose it is con-
venient to write them as much as possible in terms of
(H —E,)P, since this is a first order quantity (plus

higher order corrections) in the variational sense.
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Doing this, we find

H=Hp,=P(H ~E)+(H-E)P,=h,
(4)

H_Hl;od,t:h +(H _Et)Pt(H_Et)/E!Eh +h’,

and note that 4’ has the property that
h'p,=0 (5)

so that it should be kept in mind that the remarks at

the end of the previous paragraph apply to it. Evidently
then in the variational sense % is of first order plus
higher order corrections while 7’ is of second order
plus higher order corrections. However, since the
higher order corrections we keep mentioning all involve
0¢, they are actually unknown quantities. Therefore, it
would seem that the best we can do if we want to make
some contact between our perturbation calculation and
Ref. 1 is to treat # and %’ as of first and second order
respectively in the perturbation sense, and ignore the
corrections. This, of course, means that the resulting
A%"g will be only estimates of the second order varia-
tional errors; however, this is also true of Gerjuoy’s
formula.’

Having settled on the perturbation order of things,
we can finish our task quite quickly. First, using (5),
it easily follows from the standard sum over states
formula that when H,=H_ ., ,, 1’ makes no contribution
to ¢‘*’. Further, since % is readily seen to have no
matrix elements between states orthogonal to ¢,, it
similarly follows, assuming the standard normalization
convention

Pl =0, (6)

that in either case its contribution to ¢’ is simply a
multiple of ¢,.° Thus for either H,, ¢'*’is simply a
multiple of ¢, whence, since cb}(W+)\t)<1>, =0 we have as
our final result that

A‘”:(;Z)MT(W-F/\t)(p”’, (7

We will now show that this is Gerjouy’s formula.®
First of all we note that ¢Jh¢, =0 and that ko,
=(H - E,)¢,. Therefore, we can evidently write the

standard formula for ¢‘'’ namely ¢’ =G,(h - 611 b,)9,
as

¢V =G,(H-E,)¢,, (8)
where
(H,-E)G,=P, -1 (9)

with H, equal to I?mod,, or Hy.q,, as the case may be.
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Then, comparing® (7), (8), and (9) with (G4.21),
(G4.20), and (G4.17a) (and the analog of the latter with
Hoa,¢ Teplaced by H,,, ,) respectively, we see that as

claimed we have derived Gerjuoy’s formula.

We conclude with two remarks. (i) In order to follow
the variational approach, it is clearly essential to use
an H, which is given as an explicit function of H and ¢,,
and even so one only gets estimates of the variational
corrections, However, the general perturbation
approach to calculating corrections is of course more

flexible, being indifferent to the nature of H,.' Further,

formally at least, it can be readily extended to calcu-~
late higher order corrections. (ii) Having chosen H, it
is usually most natural to treat H —H, as of first order
with no higher order corrections.® However, if one is
willing to entertain other possibilities then there is a
multiple infinity to choose from,® with rate of conver-
gence of the perturbation series being the only real
theoretical criterion of choice among them.

*Aspects of the variation method I. Research supported by
National Science Foundation Grant MPS74-17494.

1E. Gerjuoy, J. Math. Phys. 16, 761 {(1975). The particular
estimate we have in mind is that based on his (4. 20) and
(4.17a).

2All unexplained notation is that of Ref. 1. We will refer to
the equations of Ref. 1 by prefixing a G to the equation
number,

3See, for example, S.T. Epstein, The Variation Method in
Quantum Chemistry (Academic, New York, 1974), pp. 236—
37.
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‘As we have said we must have (H; — E,)¢,=0. This is ob-
viously true for H,= Hmd,, but equally clearly it is not true
for Hy=H,,;. However, if one simply replaces Hpoq , by
Hypa,t = Hypa,t + E4Py then it is true, while neither the numeri-
cal value of F nor any of the essential results of Ref. 1 are
changed in any way. Indeed Hp,,,; is much “nicer” than
Hmd, in that when ¢,=¢ then Hpq .= H.
SFor H,= Hmod ¢ this is a special case of a theorem due to
W.H. Adams, J. Chem, Phys. 45, 3422 (1966); Statement
(C) of Sec. I for the case M=1, M=2, Note that his O is
our P, and his P is (1~ P,).

SNote that from (G2.26) it follows that A® is to be compared
with - 6F(®,

"The choices H, = Hmd ¢ and H,=Hp,, , were especially singled
out for consideration in Ref. 1 because for them conditions
have been given {E. Gerjuoy, A.R.P. Rau, 1. Rosenberg,
and L. Spruch, Phys. Rev. A 9, 108 (1974); E. Gerjuoy,

L. Rosenberg, and L. Spruch, J. Math. Phys. 16, 455 (1975)]
which guarantee that the Hylleraas functional, which is often
needed in practice to approximate L, in calculating the first
order correction, approaches its exact value from above,
whatever set of trial functions one uses, In this connection
it should be also pointed out that if, for example, through

a series of linear variation calculations, one can locate E,
in the (discrete) spectrum of whatever H, one is using, then
opne can easily choose the trial functions so as to guarantee
monotonic behavior for that H; (see Ref. 3, pp. 209—10).

8Second order calculations based on this point of view have
been reported by S. Hameed and H, M. Foley, Phys. Rev.

A 6, 1399 (1972). However, they wrote A in the computa-
tionally more attractive interchanged form

A(?):¢(1}7(W+;\‘)¢(1)+LI(H_H‘}¢(I) +¢(1)?(H_H‘)Lt.

Thus one may write H= X vH" | where v is an order
parameter whose numerical value is 1, subject only to the
conditions H'Y=H,, H =H - H, ~ X, where X¢,=0, and

T H™W=H. In short, one can ask not only what is H‘®, but
also what is H®? [For the first question see S.T. Epstein,

in Perturbation Theory and Its Applications in Quantum
Mechanics, edited by C.H. Wilcox (Wiley, New York, 1966). ]
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Short derivation of a formula due to Lubkin*

Saul T. Epstein

Theoretical Chemisty Institute and Physics Department, University of Wisconsin, Madison, Wisconsin 53706

(Received 25 May 1976)

We present a short derivation of Lubkin’s formula for the ensemble of maximum entropy subject to mean

value constraints involving noncommuting operators.

Recently, Lubkin! found the ensemble which maxi-
mizes the entropy subject to mean value constraints in-
volving noncommuting operators. In this note we will
give a shorter and different derivation of his result. We
will use the notation of Ref. 1 without further comment.

We first note that by the standard argument, the en-
semble which maximizes the entropy subject to the sin-
gle constraint

EG]TI‘PAi:EGij (1')
i i
with the €; real numbers is

P:exp[— 7\(5)2 e,-A,] /Trexp [— ?\(E)Z) e,A,]

where the real constant X {e) is determined by (1°).

Secondly, we note that the constraints (2) of Ref. 1
can be replaced by the constraints

E (] TrPAJ:Z Eij, all real €je (2')
)
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Finally, we note that it then follows that

P:exp(—?A,A,) /Tr exp (—?A,A,), (87

with the real numbers A, chosen to satisfy the con-
straints (2) of Ref. 1, will (i) satisfy all the constraints
(2’), and (ii) certainly maximize the entropy for one
particular choice of the €;, namely for the ¢; determined
by Meye j=2;.

Therefore, since the maximum subject to one con-
straint cannot be less than the maximum subject to all
constraints, we conclude, in agreement with Lubkin,
that (3’) is the ensemble which maximizes the entropy
subject to all constraints.

*Work supported by the National Science Foundation Grant
MPS74-17494,
!E. Lubkin, J. Math, Phys. 17, 753 (1976),
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Correction of “Extension of the statistical mechanics of
equilibrium to noncummutative constraints” to cover singular

constraints
Elihu Lubkin

Department of Physics, University of Wisconsin-Wilwaukee, Milwaukee, Wisconsin 53201

(Received 25 May 1976)

In a previous paper, a Gibbs ensemble formula was given for that ensemble P which maximizes the

entropy S = —Tr P In P subject to constraints Tr PA; = Q,, where the 4, need not commute. An oversight,
namely, cases where the constraints though consistent force P to be singular, is here properly incorporated
into the argument. The result is that one must first regard the constraints as limiting discussion as much as
possible to a sub-Hilbert space of constraint C, then the maximum entropy solution is indeed given by a

Gibbs formula as before, but referring to matrices over C.

In a previous paper,! a Gibbs-ensemble-like expres-
sion was given for that density matrix P which maxi-
mizes the entropy S=- TrP1lnP subject toc+1
constraints,

TrPA; =@, 1=0,1,...,c, (1)
namely,
n
P=exp (';ZE) MA;) ; @)

the A; are Hermitian matrices which need not commute;
Ay=1I (the unit matrix) and ,=1 express normalization,
and the matrices are (n by n), » finite; the A; are real
numbers. I have since found and corrected an error in
(I), then also learned that Wichmann had already done
the whole thing,? Because of the great interest potential
in the subject—a thermodynamics of noncommuting ob-
servables (“quantum thermodynamics”) may develop or
is developing3—1 hope that this presentation of the cor-
rection of (I) is not entirely superfluous, especially as
the approach of (I) is perhaps more elementary than
Wichmann’s earlier discussion, even after the present
correction is incorporated.

In (I), it was asserted that (2) is the form of the
maximum-entropy solution whenever the constraints
(1) are consistent, i.e., whenever the set of P satis-
fying (1) is nonempty. This caution is unfortunately in-
adequate. The mistake was made by jumping into a
Lagrange-multiplier argument without sufficient care
about possible solutions on the boundary of the domain.
The corrected result is Theorem 1 below; Theorem 2
is a slightly weaker but simpler statement.

Definition: For any Hermitian H, let E, =1~ O(H),
where O(H) is the null space of H. Thus, TrE,=rank H
Ey is “H’s projection.”

Theovem 1:3! projection E of maximal rank 7 out of
those Ep where P satisfies the constraints (1). The en-
semble of maximal entropy among P satisfying (1) is
given by (2) in terms of (» by ) matrices over the »-
dimensional constraint space C =ImE.

Definition: If the constraints (1) imply that P is singu-
lar, they will be called singular constraints; if not,
nonsingular,
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Theorem 2: If the constraints (1) are nonsingular,
then the ensemble of maximal entropy satisfying (1) is
given by (2).

Proof: Theorem 2 is an evident corollary of Theorem
1.

Ag for the proof of Theorem 1, only the modification
of the argument of Ref. 1 owing to care about the bound-
ary will be discussed.

The geometrical context will be the #* real-dimen-
sional vector space of Hermitian matrices. The domain
D over which the maximum is sought is the intersection
of the affine space of P satisfying the constraints (1)
with the nonnegative cone, D is convex. By “boundary”
B is meant the set of singular P< D, detP=0.

First, the original proof correctly gives the result (2)
if it is known that the solution does not belong to B.
Furthermore, if there is any point of D not in B, i.e.,
Py= D, detP,#0, then the solution indeed cannot belong
to B: This is because the entropy S=- TrP1nP has
a + < slope at the boundary owing to (d/dx)(- x lnx)
=+ at x=0, increasing towards the interior, hence
S also increases upon any small motion away from the
boundary of D, in particular over a line segment drawn
to Py,

The task remaining is to discuss singular constraints,
D =B, For this purpose, a minimal projection E is
sought such that PE=P for all Pc D, If suchan E</[
exists, then the problem can be reformulated in the
sub-Hilbert space ImE, and this iterated until the
former case BC D is obtained. (Indeed choosing E
minimal obviates repetitions.) The desideratum E < I
follows from “E=E for any P of maximal rank in D”
(of course Ep<I since any Pe D is singular), “E=E,”
follows from the following lemma:

Lemma:lf Pe D, <D, >0, 20, a+=1,
thenEpsEpsEap’BEo

Proof of Lemma: We must show that if (¢P+8Z)x=0
for a vector x, then Px=0. Indeed, a(x, Px)+ B(x,Zx)
=0. Both (x, Px) and (x,Zx) are nonnegative. Hence
(x,Px)=0, or TrPlx)(x| =0, or Plx){x| =0,* or Px=0,
which proves the lemma.
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Proof of Theorem 1, concluded: Suppose P is of maxi-
mal rank in D. Then the lemma shows any line segment
from P to any other T in D to pass through aP + 82 of
materially greater rank, a contradiction, unless
E,p.ec=Ep, which is therefore proven. If T is also of
maximal rank, then also E p, .- =Er, hence Ep=E.=E
is universal. If £ < D is however arbitrary, E=E,p ¢
= E¢ proves that ImE indeed contains ImEy for all
Z ¢ D, This allows collapse of the whole problem to the
sub~Hilbert space ImE=C.
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